
Chapter 42

Randomized Parallel Algorithms for Matroid Union and Intersection,

with Applications to Arboresences and Edge-Disjoint Spanning Trees

H, Narayanan* Huzur Sarant Vijay V. Vazirani$

Abstract

The strong link between matroids and matching is

used to extend the ideas that resulted in the design

of Random NC algorithms for matching to obtain

RNC algorithms for the matroid union, intersection and

mat thing problems, for linearly representable matroids.

As a consequence, we obtain RNC algorithms for the

well-known problems of finding an arboresence and a

maximum cardinality set of edge-disjoint spanning trees

in a graph. The key tools used are linear algebra and

randomization.

1 Introduction

We obtain Random NC algorithms for the funda-

mental problems of matroid union and mat roid in-

tersection, for linearly represent able matroids.

A key step in the matroid union algorithm is

a simple method, using randomization, for obtain-

ing a linear representation for the union (it is well

known that the union will be a matroid, and will

also be linearly representable). Once this is done,

it is straightforward to find a maximal indepen-

dent set in the union matroid. This set is parti-

tioned into independent sets in the corresponding

matroids using our RNC matroid intersection al-

gorithm.

An RNC algorithm for the matroid intersec-

tion problem, which is a generalization of bipar-

tite matching, is obtained using the Binet-Cauchy

Theorem and the Isolating Lemma of [MVV]. Sim-

ilar techniques, together with a theorem of Lov&sz

[L02], yield an RNC algorithm for the matroid

mat thing problem as well. This problem, also

called the matroid parity problem, generalizes ma-

troid intersection and general graph matching.

Using the matroid union and intersection algo-

rithms, we obtain RNC algorithms for the matroid

covering and packing problems. For the case of

a graphic matroid, these correspond to the well-

known problems of finding an arboresence in a

graph (i.e. the minimum number of forests that

cover all edges), and of finding a maximum car-

dinality set of edge-disjoint spanning trees in it.

The latter has obvious applications to fault toler-

ant communications [IR,Gu]. It also has applica-

tions in the analysis of electric networks [IF, OIW],

and in the study of rigidity of structures [LY].

The first polynomial time algorithms for ma-

troid union and matroid intersection were given by

Edmonds [Edl] , and Loviisz [L02] gave the first

such algorithm for the matroid mat thing problem

on representable matroids.

Our results draw on the ideas used in the de-

sign of RNC algorithms for the maximum mat th-

ing problem [KU WI ,MVV]. Broadly speaking, the

solution for matching consisted of taking the prob-

lem into linear algebra, and the use of random-

ization for ext ratting a maximum mat thing. In-

deed, we are also forced to work within the realm

of linear algebrzq our results hold only for linearly

represent able mat roids. However, since almost all

useful matroids have this property, this is not a ma-

jor restriction. It is interesting to see matroid the-

ory and the mat thing problem playing their typical

roles once again – the former unifies and generalizes

concepts, and the latter ‘serves as an archetypical

example of how a “well-solvable” problem can be

studied’ (quoted from [LP]).
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2 Preliminaries base of Al, and X ~ S – B}.

Let us first review some basic definitions and Given a set S and a partition SI, S2,. . . sk of S,

notation from matroid theory; details may be found the matroid obtained by taking T = {1 ~ S :17 II

in [Ai,La,We]. Sj I < 1,1< j < k} is called a partition matroid.

A matroid ill is a finite set S = {el ,..., en} and It is easily seenthat partition matroids are linearly

a collection Z of subsets of S (called independent represent able ( pick k linearly independent vectors

sets) such that the following hold and let all elements in S’i be represented by the ith

I.@Gz vector).

Let iV1l, ik12,. . . &f~ be matroids on S. Let

~={x:x=x~u...uxk such that X;is

3. If U, V E Z with IUI = IVI +1 then there exists ‘dependent ‘n ‘~~ 1 ~ i ~ ‘}- ‘hen Z ‘s ‘he

xEU– Vsuchthat VU{x}GZ. collection of independent sets of a matroid on S.

A subset of S which is not independent, is called We call this matroid the union of Jfl, . . . . 111~ and

dependent. The rank of a set A ~ S, (denoted by denote it by V$=l ill;. If X is an independent set in

P(A)) is the cardinality of a maximal independent v~=l M;, then a partition of X into sets Xl,.,., X~

subset of A. The rank of the matroid M is the rank such that X; is independent in illi is called a proper

of S. A maximal independent set of Jl is called a partition of X.

base. A fundamental consequence of the matroid The intersection of matroids can be defined

axioms is that all bases of a matroid have the same analogously. However, the collection of sets so

cardinality, thus every maximal independent set is obtained does not form the independent sets of

actually maximum. a matroid. As a consequence, a maximal set

A matrix B over a field F is a linear represen- in this collection need not be maximum. The

tation of J/f if there is a one-to-one correspondence problem of finding a maximum cardinality set

bet ween the elements of S and the columns of B, in the intersection of two matroids is called the

such that a subset of S is independent in Al if and matroid intersection problem.

only if the corresponding set of columns of B are The matroid matching problem is: given ma-

independent over F. If the rank of 1? is r then B troid ill = (S, Z), and a partition of S into pairs

need have only ~ rows. A matroid h4 is said to be (ZI, ZZ) . . . (Xzn-l, Zzn), pick the largest number of

linearly representable over F if their exists such a pairs so that the picked elements form an indepen-

mat rix. dent set.

For convenience, we will restrict our attention The (i,j)t~ entry of a n x n matrix A will

to matroids that are linearly representable over the be denoted by A(i, j) and its determinant will be

rationals; it is easy to check that our results are denoted by IA[.

valid as long as IFI is large enough as a function

of n and r. Henceforth, ‘representable’ will mean IAI = ~ sign(a) va/tie(a)

‘represent able over Q‘.
o

Given a graph G, the matroid G obtained by

taking S to be the set of edges of G and Z to be

the forests of G, is called a graphic matroid. Every

base of G corresponds to a spanning forest in G.

It is easily seen that if we delete any one row of

the vertex-edge incidence matrix of G, we obtain

a linear representation of G over GF(2). A linear

representation of G over Q is obtained by changing

one 1 to a – 1 in each column of the above matrix.

The dual of a matroid M, denoted by M*, is

the matroid whose independent sets are {X : 3B a

Here, the sum is taken over all permutations over

{1 ,. ... n}, sign(o) is +1 if a is even and –1 if o is

odd, and value(u) = ~~=1 A(i, a(i)).

In this paper, we state all our results assum-

ing the arithmetic CREW PRAM model of com-

putation [KR]. The arithmetic operations we re-

quire are addition, multiplication and subtraction

of O (n log n) bit numbers, where n is the size of the

ground set. We use M(n) to denote the number of

processors required to multiply two n x n matrices

in O(log n) time, M(n) = o(n2.5).
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3 Obtaining a representation for the union this term is of the form Czil . . . Zil, c G Q. Further-

mat roid more, a monomial of this form is not generated by

If matroids ikfl, Jfz,..., ~k over set S are linearly any other permutation T. Therefore, if Cl and C2

represent able, then the union v~=l Ikfi is also lin- are both non-singular then so is C. Similarly, if C

early represent able. However, the standard way of is non-singular then for a suitable choice of il . . . il

constructing such a representation does not seem to (corresponding to a monomial with non-zero coef-

be parallelizable. We first give an RNC algorithm ficient in ICI), Cl and C2 must be non-singular.

for constructing a linear representation of the union The rest of the proof is now straightforward.

of k matroids, for any k z 1. Suppose S’ ~ S is independent in Ml V ilZ2. Let

We will give details for k = 2; the generaliza- (S1, S2) be a proper partition of S’, and let ISI] = k

tion will be obvious. Let the ranks of &fl and iM2 and /S21 = 1. Then, the columns of AI(A2)

be rl and ~2 respectively. Let Al be a ~1 x n matrix corresponding to S1 ( Sz ) are linearly independent,

representing &fl and A2 be a 7-2 x n matrix repre- and one can pick k(l) rows to get a k x k(l x 1) con-

senting lkf2. Obtain A~ from A2 by multiplying the singular matrix Cl (C2 ). Then by the above stated

columns of A2 by distinct variables Z1, X2, . . . . Zn, property, the (k+ 1) x (k+/) matrix C, consisting

i.e. A~(i,j) = A2(i, j) . Xj. It is easy to verify of all the picked rows and columns is non-singular.

that a set of columns of AL is independent if and To prove the other direction, pick a maximal

only if the corresponding set of columns of A2 is non-singular square submatrix, C, of the linearly

independent. linearly independent columns of B. These columns

Define l?, an (~1 + ~2) x n matrix, whose first correspond ‘0 ‘ome set S’ C s. BY ‘he abOve-

rl rows are the same as the rows of Al and the last stat ed property, there exist non-singular submatri-

r2 rows are the same as the rows of AL, i.e. ces Cl and C2 of C. These yield a partition of

S’ into (S1, S2) such that S~ is independent in M;,

{

Al(i,j) ifi<~l i = 1,2. This implies that S’ is independent in

‘(i?~) = A~(~ – ~1, j) otherwise ikfl V M2. ■

LEMMA 3.1. A set S ~ S is independent in The construction given above clearly general-
M1 V M2 if and only if the corresponding columns izes to k matroids Ml,. . . . Mk of rank rl,. . . . rk:

of B are linearly independent. multiply the columns of M2, . . . . it!fk with distinct

Proof Let us first state a key property of

matrix B that makes the lemma hold. Let C be

a (k + 1) x (k + 1) submatrix of B that picks k

rows from Al and 1 rows from AL, and some set

of k + I columns. Corresponding to a set of 1 of

these columns, we can define two submatrices Cl

and C2, of C as follows: C2 consists of 1 rows of

A! and these 1 columns, and Cl consists of the

variables, q,. ... ~(&l)n, and ‘stack up’ the re-

sulting matrices, together with Ml, to obtain an

(r~ +... + rk) X n IWtriX ~. shCe matroid UIIiOn iS

associative, the proof that this construction works

follows immediately using induction.

LEMMA 3.2. Given matroids Ml . . . Mk, the

matrix B obtained above is a linear representation

unpicked rows and columns. Let the indices of We next show, using randomization, how to

these columns be il, . . . . iz in B. Consider ICI = obtain a linear representation of V:=l ikfi using only

Em sign(r)value(r), where as usual, the sum runs rational entries, i.e. with no variables.

over all permutations r mapping rows of C onto LEMMA 3.3. Let B be obtained from B by sub-
columns of C. Let P be the set of permutations st~tuting ea& in&&mina& randomly and inde-

mapping rows of Cl onto columns of CI, and rows pendentzy from {I, . . . . 2n(~,2)}. Then

of C2 onto columns of C2. Then it is easy to see

that

~ sign(~)walue(n) = ICI[[C2[;

k

PT[~ is a LineaT representation of ~ M;] > ~

7rEP i=l
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Proof. Note that it is enough to show that our Next, we would like to obtain a proper partition

substitution maintains the independence of every of 1. For this we need a parallel algorithm for the

base of l?. Let the rank of the union matroid be matroid intersection problem.

~. Then, it can have at most (~) distinct bases.

Corresponding to each base ~ there is an r x ~ 4 Matroid intersection and mat roid

non-singular submatrix of B, Cp. Consider the mat thing

polynomial 4.1 Matroid intersection

P = qw’pl>
We use the Isolating Lemma of [MVV] and

where the product is taken over all bases of 1?.

The degree of p is no more than (;) ~. Now, it
the Binet-Cauchy Theorem to obtain an RNC

is enough to obtain a substitution for the indeter-
algorithm to compute the maximum cardinality set

minates such that p evaluates to a non-zero value.
in the intersection of two matroids. Recall that the

Binet-Cauchy Theorem states that, given two n x m
By lemma 3.4, it is sufficient to substitute for the matrices ~ and ~

variables randomly and independently from the in-
7

tegers {1,2, . . ., 2r (~)}, ire, using at most nlogn IABTI = ~lAJIB.1

bits for each number, since 2r (~) < 2n ~J2) for a
.r,

n~r~O. ■
where the sum is taken over all possible ways, a,

LEMMA 3.4. ([ SC, ZI]) Let P(XI, XZ, ...,
of choosing n columns out of m, and by A.(B.)

‘~) we mean the n x n submatrix of A(B) consisting
be a non-trivial polynomial of degree d over field of columns chosen by a.

F and let S G F. If X1, X2,. . .,xn are randomly We shall need the following slightly modified
and independently chosen from S then, version of the Isolating Lemma (this is a straight-

Pr[the substitution is a zero of p] < d/[S/ forward extension of the original Lemma).

LEMMA 4.1. (ISOLATING LEMMA [MVV])

Hence we get: Let (X, F) be a set system, where X = {q, x2,
THEOREM 3.1. Given the linear representa- . . . , x.} and F ~ 2X is a family of subsets of X.

tions of k matroids, Ml, A4z, . . . . Mk with rank% Let {cl, C2,.. . , Cn}, Ci E Q be a set of initial weights

rl, rz, . . .,Tk, there is a RNC” algorithm for on the x ‘s. pick WI, W2, . . . . Wn randomly and in-

obtaining a representation of the union using dependently from [1 . . . 2n]. Define the weight of xi

n(~!=l r;) < n2k processors. to be Ci + Wij and let the weight of a set be the sum

Once we get a representation, &, for the union of the weights of its elements. Then,

matroid M = V:=l ikfi, we can find the lexicograph-

ically first base, 1, for J4 by finding the lexico- P~[3! minimum weight set in%] > 1/2.

graphically first base of B. Since the lexicographi-

cally first base of a matrix can be obtained in NC2 THEOREM 4.1. There is an RNC2 algorithm

we get: using O (n4.5 ) processors for the matroid intersec-

COROLLARY 3.1. Given k matroids, Ml,..., tion problem, for linearly representable matroids.

Mk via their linear representations over Q, there Proof. Let the two matroids Ml and Jlz be
is an RNC2 algorithm that uses O (nM(n)) proces- represent ed by the matrices A and B respectively.
sors for obtaining the lexicographidiy first maxi- without 10SS of generality assume that A and B

mal independent set in the union v~=l Mi. have the same number of rows, say r, (since the

REMARK 3.1. Notice that even if the random smaller matrix can be padded with rows of zeroes).

substitution was a zero of p, if a set of columns are In general, the required maximum cardinality sub-

independent in S then they must be independent set of S may have fewer than r elements; if so, by

in B. Therefore, 1 is guaranteed to be independent the Binet-Cauchy Theorem IABT I = 0, and we get

in l.f. no information from this determinant. We will get
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around this by first augmenting A and B with ex-

tra columns. Let el, e2, ..., e~ be the unit vectors

over Q“. Obtain r x ~2 matrices C and D such that

for each 1< i,j < r, there is an index 1 ~ k ~ r2,

such that the kt~ column of C is e; and the kt~

column Of D is (?j.

Let [A, C] represent the r x (n + r2) matrix

whose first n columns are the same as those of A,

and the last r2 columns are the same as those of C.

Similarly, obtain [B, D]. The augmented matrices

have the following property: any subset of indices

from [1 . . . n] such that the corresponding columns

are linearly independent both in A and in B can

be extended to a set of ~ indices from [1 . . . n + r2]

such that the corresponding columns are linearly

independent both in [A, C] and [B, D].

Randomly and independently pick WI,. . . Wn+rz

from [1. . . 2(n+~2)]. For 1< i < n, multiply the it~

column of [A, C] by ZW’, and for n+ 1 < i < r2 +n,

multiply the it~ column of [A, C] by zWj+2rim~T2 )

to obtain a new r x (n + T-2) matrix E. Compute

\E[B, D]TI. This can be done in iVC2 using 0(n45)

processors (see [BCP]).

We now apply the Isolating Lemma. Here, the

set system, X consists of the set of n + ~2 indices

and 7 consists of all choices of ~ indices such that

the corresponding columns are independent both in

[A, C] and in [B, D]. Then with high probability,

the minimum weight set of indices, a, is unique for

the chosen weight distribution, and has weight Wa.

By the Binet-Cauchy Theorem [E[B, D]TI # O,

since the coefficient of the minimum power of z

(i.e. zW~) is non-zero. The minimum weight set

indices a can be obtained as follows:

For i = 1 to n + r2, in parallel do:

decrease w; by 1, keeping the

rest of the weights unchanged,

and compute IE[13, D]TI . If the

coefficient of Xw” changes,

then pick index i.

end;

of

Because of the choice of weights, the subset of these

indices in the range [1 . . . n] will constitute a max-

imum cardinality subset of S that is independent

in both matroids. ■

REMARK 4.1. The algorithm given above ex-

tends to the weighted matroid intersection prob-

361

lem, provided the weights are given in unary. Let

the ith element of the ground set have weight

W;; find a minimum weight maximum cardinal-

ity set in the intersection of the two matroids. In

this case, we multiply the ith column of [A, C] by

~~;+2(m+~2)~t for 1 ~ i ~ n, and by ~WI+ZT(7Z+T2)~

for n < i s n + T2, where W is the weight of the

heaviest ground set element. Extending this to the

case of binary weights is left open.

4.2 Matroid matching

In this section we shall give an RiVC algo-

rithm for the matroid matching problem for rep-

resent able matroids: given m pairs of vectors over

Qzn, {a(l),b(l)}, . . . . {a(~), b(m)}, pick the largest

number of pairs so that the picked vectors are lin-

early independent. Let us first define the wedge

product, of vectors a, b over Q2n as an 2n x 2n ma-

trix A such that

A(i, ~) = aibj – ajbi.

Denote this by (a A b). We will need the following

theorem of Loviisz:

THEOREM 4.2. ([ L02,LP])

Let {a(l), b(l)},. . .. {a(m), bfn)} be pairs of vectors

over Q2n, then there ezists a set of . ‘

union is a basis ifl IB1 # O, where

n paws whose

B = ~(a(i) A b(i))zi.

;=1

Here the xi’s are distinct indeterminate.

THEOREM 4.3. There is an RlVC2 algorithm

using O (n4.5) processors for the matroid matching

problem, for linearly representable matroids.

Proof As in Theorem 4.1, we will first deal

with the issue that there may not be n pairs

(a;, b;) whose union is a basis, by throwing in

(~n) additional pairs of vectors. Let el,.. .,e2m be

the unit vectors in Q2n. The added vectors are

chosen in such a way that for every pair of indices

(i, j), 1 ~ i < j s 272, (ei, ej) is included.

As before, as a result of the augmentation, any

subset of the original m pairs that are linearly
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independent can be extended to n pairs using the 5.1 Obtaining a representation for the dual

added pairs. Let mat roid

First, we need a parallel algorithm for obtaining a

represent ation of the dual mat roid. The standard
m+(;”)

B = ~ (a(i) A b(i))xi.
method parallelizes in a straightforward manner;

essentially, it involves finding a base for the null-
‘i=l

space of A, where A is a r x n matrix representing

&f. Denote the submatrix of A consisting of the

Randomly
first ~ (last n – r) columns of A by Al (A2). The

and independently

pick WI,. . .W ~+(i.) from [1..
columns of A can be permuted in NC to ensure

. 2(TTZ + (~m) )1. ‘or that Al is non-singular.

1 ~ i ~ m, substitute xi = ZW~, and for m + 1 ~

i s m + (~), substitute z; = z w,+zn(~+(j”)) , and For each n–r dimensional unit vector e;,

compute IB 1.
l<i<n–r in parallel do:

Note that B is skew-symmetric, and hence Compute Zi = –A~lAzei.

IBI = (pf(B))2, where pf(B) is the pfaffian of B. Output the n dimensional vector

LOVASZ [L02] shows that pf(B) is linear in each of whose first r components
the variables z; and each monomial in the polyno- consi.st of Z; and the remaining
mial p~( B) is the product of n distinct variables n — ~ components consist of e~.
x;. We will now apply the Isolating Lemma with end;
X as the set of m + (~n) indices, and F consisting

of all choices of n indices such that the correspond- Let C be the matrix consisting of these n – r

ing monomial has non-zero coefficient in pf(B). n-dimensional column vectors (in any order). Then

Then, after the random substitution given above, B = CT is a linear representation for h!”. Since

with high probability, there is a unique term hav- matrix inversion is in NC2 (see [Cs] ) we get:

ing the minimum power of z (say Zw) in pf(B). LEMMA 5.1. There is an NC2 algorithm us-

Consequently, the polynomial IB I will also cent ain ing O (nM(n)) processors for obtaining the linear

a unique term having minimum power of z, ~2w. representation of the dual, M*, for a linearly rep-

Hence IBI # O. The indices contributing to this resentable matroid ~.

term can be obtained as in Theorem 4.1, by de-

creasing wi by 1 in parallel for each i. By the 5.2 The partitioning algorithm

choice of weights, the number of indices in the

range [1 . . . m] is maximized. Hence, this set of
We may assume without loss of generality that

indices is a solution to the matroid matching prob-
1 is the ground set for &fl and ik12 (if not, we

lem.
. can restrict Ml and i142 to I, and pick only the

corresponding columns of matrices A and B). The

partitioning algorithm is as follows:

As in the case of matroid intersection, the 1. Find a representation B* for M;.

above algorithm extends to the weighted problem,

if the weights are given in unary. Once again,
2. Apply the matroid intersection

the weighted matroid matching problem for binary algorithm on A and B*.

weights is left open.
3. Let 11 be the set found in step 2.

5 Partitioning the independent set
Output (11, 12) where 12 = 1 – II .

Suppose set 1 is independent in All V i112. In this
LEMMA 5.2. Assuming that the matroid inter-

section, we show how to obtain a proper partition section algorithm in step 2 is successful, (11,12) is

of I. a proper partition of I.
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I%ooJ It is sufficient to prove that 12 is inde-

pendent in Jf2, since clearly 11 is independent in

Ml. Since 11 is independent in lkf~, 12 contains

a base of ikf2. We will finish the proof by showing

that 112I must equal the cardinality of a base of Alz.

Let (1(, 14) be a proper partition of 1 that max-

imizes [121’. Then 14 must be a base of M2; if

not, we should be able to move an element from

1: to l.j (note that I; U 14 is the ground set of lf2).

Clearly, ~~ is independent in All and ikf~. There-

fore 1111 > I1;I, and so \lzl S 11~1. The lemma

follows. ■

When we are given I over Ml V Mz V . . . V Mk,

using the previous algorithm, we can first partition

it into 11 and 12 such that 11 is independent

in MI V... V Mk/2 and Iz is independent in

Mk/2fl V . . . V Mk. For this, we need to construct

representations for the two matroids Ml V.. .vMk/2

and &fk/z~~ V . . . V ~k. Clearly, this just involves

choosing the appropriate rows of the representation

of Ml VM2V . . . V Mk. Now recursively, in parallel,

solve the problem for 11 and 12. Note that this will

take at most log n iterations of the above algorithm.

THEOREM 5.1. There is an RNC3 algorithm

using O (n4”5 ) processors for the following problem:

given matroids Ml,. . . . Mk, via their linear repre-

sentations and an independent set I in v~=l Mi,

jind a proper partition of I.

6 Covering and packing problems

We give RNC algorithms for solving the covering

and packing problems for a linearly representable

matroid M. Let Mk denote V:=l M~.

The matroid covering problem is: find a mini-

mum cardinalit y collection C of independent sets in

Al such that UXCC X = S. Let [Cl = k, then k can

be at most n, assuming that there are no trivial el-

ements in S (i.e. elements which participate in no

independent set ). Clearly k = min{i : p(Mi) = n}.

Thus, we can carry out a binary search in the inter-

val [1 . . . n] to obtain k. This would involve at most

log n iterations of the matroid union algorithm. We

can then partition S into k independent sets using

the algorithm of Theorem 5.1 to get the required

cover.

THEOREM 6.1. There is an RNC3 algorithm

using O (n4.5 ) processors for obtaining a minimum

cardinality cover by independent sets of a linearly

representable matroid M.

Since the graphic matroid of a graph is linearly

represent able (see section 2), we get:

COROLLARY 6.1. There is an RNC3 algo-

rithm using O (n4”5) processors for obtaining an ar-

boresence of a graph G.

The matroid packing problem is: find a maxi-

mum cardinality set of mutually disjoint bases of

M. Let k be the cardinality of this set and r be the

rank of M. Clearly, k = max{i : p(M;) = ri}, and

k < [n/r]. To find k, we can do a binary search

over the range 1 . . . in/rj. A partition of any base

of Mk will then give the required set of bases.

THEOREM 6.2. There is an RNC3 algorithm

using O (n4-5 ) processors for obtaining a maximum

cardinality set of disjoint bases of a linearly repre-

sentable matroid M.

COROLLARY 6.2. There is an RNC3 algo-

rithm using O (n4”5 ) processors for $nding a maxi-

mum cardinality set of edge-disjoint spanning trees

of a graph G.

7 Las Vegas extensions

The algorithms presented so far have all been

Monte Carlo, i.e. they work with high probability.

We now give parallel algorithms for verifying the

solutions obtained, thereby giving their Las Vegas

extensions, i.e. the running time of the algorithm is

probabilistic; however, it is guaranteed to produce

the correct solution.

The matroid intersection algorithm can be

made Las Vegas as follows: suppose the inter-

section computed is 1. Now, for each element

e E S – 1, check using Edmonds’ matroid intersec-

tion algorithm whether the set can be augmented

with e (this will be a transitive closure comput a-

tion in an appropriately defined graph, see [PS]).

If this fails for each element, then 1 is the largest

set in thk intersection.

Next, we make the matroid union algorithm

Las Vegas. Let 1 be the lexicographically first

maximal independent set found in Ml V . . . V Mk,

and let 11, ..., ~k be the partition of I obtained.
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Notice that randomization is used at two points: represent ability to algorithm design has been noted

in finding 1, and in partitioning it. Because of previously. For example, LOV6SZ [Lol] has

Remark 3.1, 1 must be independent, though it given a polynomial time algorithm for the matroid

may not be the lexicographically first maximal mat thing problem if the given mat roid has a linear

independent set. We can verify this solution as represent ation; however, the general problem is not

follows: polynomial time solvable [Lol ,JK] (interestingly,

1. Verify that I; is independent in M;, 1 < this result does not depend on the P # NP

i < k; if not, halt. This can be don= hypothesis). In the spirit of [Lol ,JK] can one

easily since linear representations of Al; are prove negative results in the parallel setting? For

available. (Notice that a failure here indicates other work along these lines see [KUW2].

a bad choice in the randomization done in 2) The ideas in this paper can also be applied
the partitioning phase. Hence, if this test is to findingbranching(s) in digraphs. In a directed

passed, then the partitioning of 1 is correct.) graph G = (V, E), a branching rooted at vertex v is

2. Verify that 1 is the lexicographically first
a set of edges that are acyclic, vertex v has indegree

maximal independent set of Ml V . . . V lf~
zero, and every other vertex has indegree one.

as follows: Let el, . . . . em be the ordering on
LOV5.SZ [L03] gives an NC2 algorithm for find-

the elements of S, and let l(;) denote the
ing a branching in a directed graph. It is well-

known that sequentially a branching can be found
restriction of 1 to {el, ..., e~}. It is sufficient

to verify that for each i, 1 ~ i < n : if
using matroid intersection. Let us first remark that

e;+l # 1 then l(;) U {ei+l } is dependent in the
our parallel matroid int ersection algorithm gives an

union matroid. This can be done in parallel
RN(72 algorithm for finding a branching, although

for each i, as in the matroid intersection case
the algorithm in [L03] is superior not only because

given above. Notice that a partition of l(i) is
it is deterministic, but also because it uses fewer

available.
processors. The advantage of the matroid approach

We next turn to covering. Suppose our algo-
is that it extends to the problem of obtaining k

edge-disjoint branching rooted at v, using:
rithm found that k = min{i : S is independent in

M;}. Now we only need to verify that S is not
THEOREM 8.1. ([ED2]) A set E’ ~ E can be

k 1. This can easily be done byindependent in Al –
partitioned into k edge-disjoint branching rooted

finding a maximal independent set in ~~-1. Fi-
at v ifl

(i) When considered as a set of undirected edges,
nally, for packing, the k found can be verified by

checking if p(ikf~+l) < r(k + 1), where r is the
E’ can be partitioned into k spanning trees.

rank of ill. We leave the open problem of obtain-
(ii) Every vertex other than v has indegree k.

ing a Las Vegas extension for the mat roid mat thing

problem. Let Al be the graphic matroid on E obtained

by ignoring edge directions, and let P be the

8 Discussion and open problems partition matroid on E where the elements of the

1) Our results hold only for linearly representable it~ partition are the edges that point into the vertex

matroids. Although almost all int cresting matroids i. To find a set E’ (if it exists) of edges which

have this property, it is still interesting to check can be partitioned into k edge-disjoint branchingfi

whether there exist fast parallel algorithms for the rooted at v, obtain a maximum cardinality set in

matroid union and intersection problems when the the intersection of ikf~ and Pk. The problems of

matroids are not linearly representable. We may partitioning E’ into k branching, and of making

assume that a rank oracle or an independence this algorithm Las Vegas are left as open problems.

oracle is given for the matroids. In the sequential 3) What is the parallel complexity of finding

setting, either of these oracles suffices for running

Edmonds’ algorithms. The importance of linear
a) a lexicographically first intersection of two

matroids
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b) a lexicographically first maximum cardinality

intersection of two matroids.

Special cases of(a) and (b) are lexicographically

first maximal and maximum mat thing respectively,

in bipartite graphs. Analogous problems can also

be stated for the graphic matroid. Finding a lexico-

graphically first maximal matching is known to be

CC-complete. On the other hand, the parallel com-

plexity of lexicographically first maximum mat th-

ing is unresolved. Is problem (a) CC-complete?
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