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Abstract— In this paper, we investigate a general class of
partial channel state information feedback strategies for com-
munication over flat fading multiple antenna channels with t
transmitters and r receivers. Specifically, we consider scenarios
where the partial channel state information is sent back from the
receiver to the transmitter in the form of n beamformer vectors
with corresponding power allocations [1]. We show that, in order
to maximize the channel capacity, a globally optimal strategy is
to feedback then dominant eigenvectors ofHHH.

I. I NTRODUCTION

Multiple antenna (MIMO) systems have received much
attention in the recent years due to the higher capacity that
they inherently offer compared to single antenna (SISO) sys-
tems. Studies of the information theoretic capacity of MIMO
systems have typically assumed knowledge of channel state
information (CSI) either at both the transmitter and the receiver
(complete CSIT) [2], [4], or only at the receiver (no CSIT) [2],
[3], [5]. Complete CSIT inherently provides higher capacity
than no CSIT, especially at low transmit powers and when
the number of transmit antennas is more than the number of
receive antennas. However, achieving the higher capacity of
complete CSIT entails perfect knowledge of the instantaneous
channel at the transmitter. In general, this requires a fairly high
feedback data rate from the receiver to the transmitter.

In order to achieve most of the gains of complete CSIT
without requiring a very high feedback data rate, we consider
partial channel state information feedback schemes. We con-
sider the transmission ofn > 1 data streams by employing
n different (possibly orthonormal) beamformers, one for each
data stream, and regard then beamforming vectors (and an
associated set of optimal transmit powers) as partial channel
state feedback information. The reason for choosingn > 1 is
because, optimum beamforming (n = 1) has a non-negligible
probability of achieving the waterfilling capacity at practical
signal to noise ratios only for the smallest (e.g.,2×2) MIMO
systems [6]. Hence, in order to reap the benefits of the MIMO
system, it is necessary to either use space-time block coding to
obtain diversity gain, or transmit on at least a few beamforming
directions to obtain multiplexing gain. It has been suggested
[8] that the optimum beamformer is likely to be the matrix
V1 whose columns are the firstn dominant eigenvectors of
HHH, where H ∈ Cr×t is the MIMO channel matrix.
(AH denotes the conjugate-transpose of the matrixA.) This
choice is intuitively satisfying, since the matrix with rank

n ≤ m , rank(H) that is closest (in the 2-norm sense)
to H =

∑m
i=1 σiuiv

H
i is Hn =

∑n
i=1 σiuiv

H
i , and Hn has

n right singular vectorsV1 = [v1, v2, . . . vn]. In this paper,
we prove this proposition. The result is important because
it legitimizes the choice of dominant eigenvector feedback
among partial channel feedback schemes. Using the dominant
eigenvectorsV1 as beamforming vectors for transmission is
called extended maximum ratio transmission (EMRT) [1]. In
section II, we describe the system model and set down the
notation. In section III, we prove the optimality of EMRT,
and summarize our conclusions in section IV.

II. SYSTEM MODEL AND PRELIMINARIES

A. Channel Model

We consider multiple antenna systems witht antennas at
the transmitter, andr antennas at the receiver. We model a
slow, flat-fading channel by a channel matrixH ∈ Cr×t. The
channel input isx ∈ Ct and the channel output isy ∈ Cr,
and the input-output equation is:

y = Hx + η (1)

where η ∈ Cr is the noise vector withi.i.d. circularly
symmetric complex zero-mean, unit variance Gaussian random
variables as its entries, i.e.,E{ηηH} = Ir, where E{·}
denotes the expectation operation, andIr is ther× r identity
matrix. The channel inputx, the transfer matrixH, and the
receiver noiseη are assumed to be mutually independent.

We denote the singular value decomposition ofH by H =
UΣV H , and the rank ofH by m. V ∈ Ct×t andU ∈ Cr×r

are unitary matrices spanning the input spaceCt and the
output spaceCr, respectively.Σ ∈ Rr×t contains the singular
valuesσi, 1 ≤ i ≤ m, with σ1 ≥ σ2 ≥ . . . ≥ σm > 0.
The total power constraint is imposed asE{xHx} ≤ PT .
For notational convenience, we also defineV1 = [v1, . . . , vn],
wherevi is the i-th column vector ofV .

B. Ergodic Channel Capacity

In the sequel, our performance measure will be ergodic
channel capacity [2]. The ergodic channel capacity of a
random MIMO channel with transmit power constraintPT

is given by:

C(PT ) = EH{C(PT ; H)}



where EH{·} denotes the expectation over channel realiza-
tions; andC(PT ; H) is the conditional capacity for a given
channel realizationH with a power constraintPT . That is,

C(PT ; H) = max
p(x): E{xHx}≤PT

I(x; y)

The mutual informationI(x; y) satisfies the following inequal-
ity:

I(x; y) ≤ log det(Ir + HΦxHH) (2)

where log(·) is the base-2 logarithm, det(A) denotes the
determinant ofA, and Φx = E{xxH}. The equality in (2)
holds if and only if x is a circularly symmetric Gaussian
random vector. Thus, if we maximize the mutual information
for every channel realizationH, we would then maximize the
ergodic channel capacity. The channel capacity conditioned on
H is given by:

C(PT ; H) = max
tr Φx≤PT

log det(Ir + HΦxHH) (3)

We assume that perfect CSI is known at the receiver. In
a system wheresingle transmit data stream is transmitted
over t transmit antennas after passing through a beamformer
w ∈ Ct, the optimum choice of the beamformerw is the
first eigenvector ofHHH, or, v1. This transmission scheme is
called maximum-ratio transmission (MRT). The choice of the
beamformer asw = v1 is optimal in terms of maximizing the
received signal-to-noise ratio [7]. In addition, it can be shown
that this choice of beamformer is also optimal in the sense of
maximizing the mutual information.

C. Preliminaries

We now make a few key observations and summarize a few
results that motivate and facilitate the development of the main
proof.

1) MIMO channels with complete CSIT:We denote by
CHH the conditional capacity of MIMO channels with CSI
H fully known to both the transmitter and the receiver. With
complete CSIT, it is optimum to use them columns of
V , the eigenvectors ofHHH, as beamforming vectors, with
corresponding optimal power allocation determined by water-
filling over m independent spatial channels [2]. The capacity
is given by:

CHH(PT ; H) = max
P1≥0,...,Pm≥0
P1+...+Pm≤PT

m∑

i=1

log(1 + Piλi)

=
m∑

i=1

[log(νλi)]+ (4)

whereλi = σ2
i is the i-th largest eigenvalue ofHHH, and

Pi is the transmit power allocated on thei-th data stream
(i.e., x = V s, with Φs = diag(P1, . . . Pt)). [a]+ is defined as
max{a, 0} andν is the water-filling level satisfying the power
constraint:

m∑

i=1

[
ν − 1

λi

]+

= PT

The optimum power allocationPi for 1 ≤ i ≤ n can be shown
to be given by:

Pi =

[
1 +

n∑

l=1

(PT λl)−1 − n(PT λi)−1

]+

PT /n (5)

Note that given a channel matrixH, there is a critical total
transmit powerP (c)

T (n) such that forPT ≤ P
(c)
T (n), the water-

filling procedure would allocate non-zero power only for the
first n spatial channels. For this range ofPT , the problem of
finding optimum beamforming vectors is trivial: we simply
use the optimum solution with complete CSIT and note that
the transmitter only needs to known beamforming vectors,
which are the firstn eigenvectors ofHHH. P

(c)
T (n) is given

by:

P
(c)
T (n) = nλ−1

n+1 −
n∑

i=1

λ−1
i (6)

The goal of this paper is to prove that the set of beamforming
vectors which are optimum forPT ≤ P

(c)
T (n) are also

optimum whenPT > P
(c)
T (n).

2) Interlacing property of eigenvalues:Here, we state a
result from matrix algebra that is useful for our analysis. It
relates the eigenvalues of a Hermitian matrix to that of its
principal submatrices. LetH = [H1|H2], whereH1 is the first
n columns ofH andH2 is the remainingt− n columns. Let
λ1, . . . , λm be them non-zero eigenvalues ofHHH arranged
in decreasing order, andλs1, . . . , λsn be that ofHH

1 H1. Then,
since HHH ∈ Ct×t is Hermitian and sinceHH

1 H1 is a
principal submatrix ofHHH, for everyk such that1 ≤ k ≤ n,
the eigenvaluesλsk of HH

1 H1 satisfy (see thm. 4.3.15 in [10]):

λt−n+k ≤ λsk ≤ λk (7)

We will use this property in proving the optimality of EMRT.

III. E XTENDED MAXIMUM -RATIO TRANSMISSION

When n (1 < n < m) spatial channels are known at the
transmitter, a generalization of the MRT for a system withn
transmit data streams is to employn different beamformers,
one for each data stream. That is, the transmitter uses then
given spatial beamforming vectors to transmitn data streams
alongn spatial directions.

In this scheme, the transmitted signalx ∈ Ct can be
modelled as

x = w1s1 + . . . + wnsn = Ws (8)

where W = [w1, . . . , wn] ∈ Ct×n is referred to as the
beamformer matrix, and it is assumed that the columnswi of
W are linearly independent. The vectors = [s1, . . . , sn]T ∈
Ct contains the information being transmitted on then beams.
In this section, we will show that then dominant eigenvectors
of HHH, i.e., V1, which are considered as partial spatial
information of the channel, are the optimal choice of the
beamformer matrix in the sense of maximizing the channel
capacity for any givenH.



Under this formulation, the transmit covariance matrix
Φx = E{xxH} is given by Φx = WΦsW

H where Φs =
E{ssH}. If Φs is not constrained to be diagonal, then one
can constrain matrixW to have orthonormal columns without
loss of generality. To elaborate, if̃W is an orthogonal basis
for the span ofW, thenW = W̃Q, whereQ is an invertible
n × n matrix. ThenΦx = WΦsW

H = W̃ Φ̃sW̃
H , where

Φ̃s = QΦsQ
H . This implies that(W,Φs) and (W̃ , Φ̃s) are

equivalent parameterizations. Furthermore withW constrained
to have orthonormal columns we have1 tr Φx = tr Φs, allowing
the power constraint to be satisfied by controllingΦs. Thus,
the constraints we impose onW andΦs are as follows:W ∈ S
and trΦs ≤ PT , whereS is the set oft×n complex matrices
defined as follows

S ,
{
B : B ∈ Ct×n;BHB = In; dim(span(B)) = n

}
(9)

We can now restate the optimization problem (3) as follows:

C(PT ; H) = max
W∈S;

tr Φs≤PT

log det(Ir + HWΦsW
HHH) (10)

Thus, we wish to find the argumentsW and Φs that solve
(10). The method we use is as follows. Given some choice
for the beamforming matrixW , we maximize the capacity for
that W over all possible choices forΦs. Then, we find the
supremum of this capacity over all possible choices of rank-n
beamforming matricesW .

Denote the capacity (10) given a particular choice forW
by C(PT , W ). Now, the problem of maximizing the channel
capacity for a given choice ofW is equivalent to the complete-
CSIT problem with a new (virtual) channel matrix̃H , HW .
Therefore, the solution given by (4) can be directly applied,
and the channel capacity is upper-bounded by:

C(PT ,W ; H) ≤ CH̃H̃(PT ; H̃)

= max
P1≥0,...,Pn≥0
P1+...+Pn≤PT

n∑

i=1

log(1 + Piλ̃i)

=
n∑

i=1

log(1 + P̃iλ̃i) (11)

where we have used tildes to highlight the dependence of
the parameters oñH rather than onH itself (for example,
λ̃i, 1 ≤ i ≤ n are the eigenvalues of̃HHH̃). The upper
bound is achieved by choosingΦs = Ṽ diag(P̃1, . . . , P̃n)Ṽ H

thereby decoupling the channelH̃ into n parallel independent
channels, wherẽV is a matrix whose columns are the eigen-
vectors ofH̃HH̃, and P̃1, . . . , P̃n is the water-filling power
allocation.

Next, we state the following lemma that helps us maximize
C(PT ,W ) over all possible choices ofW .

Lemma 1:With P̃i and λ̃i, 1 ≤ i ≤ n as defined by (11),
n∑

i=1

log(1 + P̃iλ̃i) ≤
n∑

i=1

log(1 + Piλi) (12)

1tr denotes the trace operator.

whereλi = σ2
i are then largest eigenvalues ofHHH, and

Pi are the optimal (water-filling) power allocation acrossn
parallel independent channels with gainsσi, 1 ≤ i ≤ n.

Proof: We haveH̃ = HW . Denote byW⊥, a matrix
with t − n orthonormal columns that are also orthogonal to
the space spanned byW , i.e.,

(W⊥)HW⊥ = It−n, WHW⊥ = 0

For example,W⊥ can be chosen as the eigenvectors corre-
sponding to the nonzero eigenvalues ofIt − WWH . Next,
let Ĥ , H[W |W⊥] = [H̃|HW⊥]. Then, ĤHĤ has the
same eigenvaluesλi as HHH since H and Ĥ are related
by multiplication by an orthonormal matrix[W |W⊥]. Also,
since H̃HH̃ is a principal submatrix ofĤHĤ, by virtue
of the interlacing property (7), we havẽλi ≤ λi, whence∑n

i=1 log(1 + P̃iλ̃i) ≤
∑n

i=1 log(1 + P̃iλi). Now, we can use
the water-filling procedure as in (4) and (5) to re-distribute
the total available powerPT among then channels with gains
σi, and the resultant optimal power allocationPi, 1 ≤ i ≤ n
would satisfy

∑n
i=1 log(1 + P̃iλi) ≤

∑n
i=1 log(1 + Piλi),

which completes the proof. Note that we have slightly abused
the notation here: in(4), Pi was the optimal power allocation
assuming complete CSIT (that is,Pi was the optimal power
allocation acrossm = rank(H) decoupled channels), whereas
here, Pi is the optimal power allocation acrossn < m
decoupled channels with gainsσi, 1 ≤ i ≤ n.

Note that the upper bound of (12) can be achieved by
choosingW = V1, and using the water-filling power allocation
across the decoupled channels with gainsσi, 1 ≤ i ≤ n. Thus,
we state the following result:

Theorem 1:In the beamforming scheme of (8), the condi-
tional capacity for any channel instantiationH has a global
maximum given by

C(PT ; H) =
n∑

i=1

log(1 + λiPi) (13)

whereλi is thei-th largest eigenvector ofHHH, andPi, 1 ≤
i ≤ n is given by (5), that is

Pi =

[
1 +

n∑

l=1

(PT λl)−1 − n(PT λi)−1

]+

PT /n

This maximum can be achieved when (a)W = V1 and (b)
the powersPi are chosen by water-filling acrossn decoupled
channels with gainsσi, 1 ≤ i ≤ n.

In other words, feedback of the dominant eigenvectors of
HHH along with the waterfilling power allocationPi on
each (decoupled) channel maximizes mutual information of
an EMRT MIMO system.

Proof: From (11) and (12), we have

C(PT ,W ;H) ≤
n∑

i=1

log(1 + Piλi) (14)



Since the right hand side of the above equation is independent
of W , we have

sup
W∈S

C(PT , W ; H) ≤
n∑

i=1

log(1 + Piλi) (15)

whereS is as in (9). However, withW = V1, we have

HW = UΣV HV1 = UΣ1

where Σ1 ∈ Rr×n is a diagonal matrix withσ1, . . . , σn,
the n largest singular values ofH, as its diagonal elements.
Substituting in (10) we have

C(PT , V1; H) = max
tr Φs≤PT

log det(Ir + UΣ1ΦsΣH
1 UH)

= max
tr Φs≤PT

log det(Ir + Σ1ΦsΣH
1 )

= max
tr Φs≤PT

log det(In + Φsdiag(λ1, . . . , λn))

=
n∑

i=1

log(1 + λiPi) (16)

In the above, we have used the determinant identitydet(I +
FG) = det(I+GF ). The last equality in (16) follows because
the water-filling solutionPi, 1 ≤ i ≤ n maximizes the
conditional capacity as in (4). Thus, the upper bound of (14)
is achieved by choosingW = V1 and the water-filling power
allocation.

It is worth noting that the optimum receive filterR is UH
1 ,

where UH
1 ∈ Cn×r is a matrix consisting of the firstn

rows of UH . That is, the received vectory is pre-multiplied
by UH

1 to obtain UH
1 y = Σ1,1s + UH

1 η, where Σ1,1 =
diag(σ1, . . . , σn). The MIMO channel is thus decoupled into
then strongest parallel spatial sub-channels. Furthermore, due
to the water-filling power allocation, more power is allocated
to the stronger modes. It is also interesting to compare this
result with [9], where the authors jointly design the transmit
filter W and the receive filterR to minimize the mean-squared
error (MMSE) subject to a total average transmit powerPT

constraint. Further, a fixed data-rate is assumed to be used for
all the n data-streams. The optimization problem is:

min
tr Φs≤PT

Es,η

{‖s− (RHWs + Rη)‖22
}

(17)

where‖·‖ is thel2 (Euclidean) norm onCn [10]. The authors
solve the optimization problem stated in (17) using the method
of Lagrange multipliers to obtain:

W = V1

R = UH
1

Φs =
[

1
ν

Σ−1
1,1 − Σ−2

1,1

]+

(18)

where ν in the last equation is chosen such that the total
transmit power trΦs ≤ PT is satisfied. The optimum transmit
and receive filters under the capacity maximization criterion
and the MMSE criterion are identical, but the optimum power
allocation is completely different: water-filling maximizes
channel capacity, whereas the so-calledinversewater-filling

minimizes the mean-square error. In order to maximize the
capacity we transmit higher data-rate on better channels, while
to minimize the mean-square error under a fixed data-rate
assumption, we apply more power to weaker modes of the
channel.

IV. CONCLUSION

We have shown that the EMRT using then dominant
eigenvectors ofHHH as the spatial beamforming vectors forn
independent data streams is optimal in the sense of maximizing
the channel capacity. Equivalently, the firstn eigenvectors,V1,
are optimal choice of spatial information of the channel when
n is limited to be less thanm, the rank ofH.
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