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Abstract—In this paper, we investigate a general class of n < m = rank(H) that is closest (in the 2-norm sense)

partial channel state information feedback strategies for com- to H = Z’,’ilgiuile is H, = Z?_l O',L-ui[}i[{, and H,, has
munication over flat fading multiple antenna channels with ¢ n right sina_ular vectors; = [v; ;}; vn]. In this paper
- ) v U 1

transmitters and r receivers. Specifically, we consider scenarios . " e
where the partial channel state information is sent back from the We p.“_)V(_a this propogltlon. The result '? important because
receiver to the transmitter in the form of n beamformer vectors it legitimizes the choice of dominant eigenvector feedback
with corresponding power allocations [1]. We show that, in order among partial channel feedback schemes. Using the dominant
to maximize the channel capacity, a globally optimal strategy is eigenvectorsl;, as beamforming vectors for transmission is
to feedback then dominant eigenvectors of ™ H. called extended maximum ratio transmission (EMRT) [1]. In
section I, we describe the system model and set down the
notation. In section lll, we prove the optimality of EMRT,

Multiple antenna (MIMO) systems have received muchnd summarize our conclusions in section V.
attention in the recent years due to the higher capacity that
they inherently offer compared to single antenna (SISO) sys- Il. SYSTEM MODEL AND PRELIMINARIES
tems. Studies of the information theoretic capacity of MIMQ\ . channel Model
systems have typically assumed knowledge of channel stat?N . . .

e consider multiple antenna systems witlantennas at

information (CSI) either at both the transmitter and the receiv,ﬁ]r ¢ it & ant t th _ W del
(complete CSIT) [2], [4], or only at the receiver (no CSIT) [2], € transmitlér, and antennas at the recever. Ye moadel a

g;)w, flat-fading channel by a channel matfike C™**. The

I. INTRODUCTION

[3], [6]. Complete CSIT inherently provides higher capacit . - " . ,
than no CSIT, especially at low transmit powers and whe annel input isz € C* and the channel output i € C”,

the number of transmit antennas is more than the number""(glfOI the input-output equation is:

receive antennas. However, achieving the highgr capacity of y=Hz+1n 1)

complete CSIT entails perfect knowledge of the instantaneous

channel at the transmitter. In general, this requires a fairly higihere n € C” is the noise vector withi.i.d. circularly

feedback data rate from the receiver to the transmitter. symmetric complex zero-mean, unit variance Gaussian random
In order to achieve most of the gains of complete CSIVariables as its entries, i.eE{nn"} = 1I,, where E{.}

without requiring a very high feedback data rate, we considéenotes the expectation operation, dpds ther x r identity

partial channel state information feedback schemes. We c#fatrix. The channel input, the transfer matrixt/, and the

sider the transmission of > 1 data streams by employingreceiver noise) are assumed to be mutually independent.

n different (possibly orthonormal) beamformers, one for each We denote the singular value decompositiontbby H =

data stream, and regard thebeamforming vectors (and anUXVH and the rank off by m. V € C*** andU € C™*"

associated set of optimal transmit powers) as partial chanag® unitary matrices spanning the input space and the

state feedback information. The reason for choosing 1 is output spaceC", respectively € R™** contains the singular

because, optimum beamforming € 1) has a non-negligible valueso;, 1 < i < m, with oy > 03 > ... > 05, > 0.

probability of achieving the waterfilling capacity at practicalhe total power constraint is imposed &z"z} < Pr.

signal to noise ratios only for the smallest (€2)x 2) MIMO  For notational convenience, we also defifie= [v1, ..., v,],

systems [6]. Hence, in order to reap the benefits of the MIM@®herev; is thei-th column vector of/.

system, it is necessary to either use space-time block coding to

obtain diversity gain, or transmit on at least a few beamformi

directions to obtain multiplexing gain. It has been suggestedin the sequel, our performance measure will be ergodic

[8] that the optimum beamformer is likely to be the matrixhannel capacity [2]. The ergodic channel capacity of a

V1 whose columns are the first dominant eigenvectors of random MIMO channel with transmit power constraiRf

HPH, where H € C"™! is the MIMO channel matrix. is given by:

(A" denotes the conjugate-transpose of the matkix This

choice is intuitively satisfying, since the matrix with rank C(Pr) = Ex{C(Pr; H)}

Ergodic Channel Capacity



where Ex{-} denotes the expectation over channel realiz&he optimum power allocatioR; for 1 < i < n can be shown
tions; andC(Pr; H) is the conditional capacity for a givento be given by:

channel realizatiortf with a power constrainPr. That is, "

C(Pr;H) = max I(z;y) P = 1+Z(PT)\Z)_1 —n(Pr\)~'| Pr/n (5)
p(z): E'{me}SPT =1
The mutual informatiorf (z; y) satisfies the following inequal-  Note that given a channel matri{, there is a critical total
ity: transmit powetP\” (n) such that forP; < P (n), the water-
H filling procedure would allocate non-zero power only for the

I(z;y) < log detl, + Ho, HT) 2) ﬁrst?zpspatial channels. For this range Bf,pthe problim of
where log() is the base-2 logarithm, detf denotes the finding optimum beamforming vectors is trivial: we simply
determinant of4, and ®, = E{zz'}. The equality in (2) use the optimum solution with complete CSIT and note that
holds if and only if z is a circularly symmetric Gaussianthe transmitter only needs to know beamforming vectors,
random vector. Thus, if we maximize the mutual informatiowhich are the first: eigenvectors of// H. Pj(f) (n) is given
for every channel realizatio, we would then maximize the by:

ergodic channel capacity. The channel capacity conditioned on © . G
H is given by: P (n) =nA i = DN (6)
i=1
. — H
C(Pr;H) = tr gj?ﬁ% log dell, + H®, H™) ©) The goal of this paper is to prove that the set of beamforming

i i (c)
. . <
We assume that perfect CSI is known at the receiver. Yr?CtorS which are optimum foP’r < Pp’(n) are also

a system wheresingle transmit data stream is transmitte®Ptimum whenr > P (n). _

over ¢ transmit antennas after passing through a beamformer?) INntérlacing property of eigenvaluestiere, we state a
w € Ct, the optimum choice of the beamformer is the result from matrlx algebra that is u_;eful for our analysis. .It
first eigenvector o7 H, or, v,. This transmission scheme is'élates the eigenvalues of a Hermitian matrix to that of its
called maximum-ratio transmission (MRT). The choice of thBfncipal submatrices. Lell = [, |H,], whereH, is the first
beamformer as = v; is optimal in terms of maximizing the 7 columns of H and 1, is the remaining —n columns. Let

received signal-to-noise ratio [7]. In addition, it can be showf: - - -» Am D€ them non-zero eigenvalues deﬁI arranged

that this choice of beamformer is also optimal in the sense |8fdecrelz_alsmg order, andy, ..., Ay, be that ofHy” H,. Then,

maximizing the mutual information. since HTH € C™! is Hermitian and since{{H, is a

principal submatrix off  H, for everyk such thatl < k < n,

C. Preliminaries the eigenvalues,;, of H{ H, satisfy (see thm. 4.3.15 in [10]):
We now make a few key observations and summarize a few A\ <A <\ @)

results that motivate and facilitate the development of the main fmnh = sk = 2k

proof. We will use this property in proving the optimality of EMRT.
1) MIMO channels with complete CSITwe denote by

Cyy the conditional capacity of MIMO channels with CSI Ill. EXTENDED MAXIMUM -RATIO TRANSMISSION

H fully known to both the transmitter and the receiver. With \yhen n (1 < n < m) spatial channels are known at the
complete CSIT, it is optimum to use the columns of yansmitter, a generalization of the MRT for a system with
V, the eigenvectors off " H, as beamformmg vectors, With transmit data streams is to emplaydifferent beamformers,
corresponding optimal power allocation determined by wat€dne for each data stream. That is, the transmitter uses, the
filing over m independent spatial channels [2]. The capacigiven spatial beamforming vectors to transmitiata streams

is given by: alongn spatial directions.
m In this scheme, the transmitted signal € C! can be
Cuu(Pr;H) = s Zlog(l + PiA;) modelled as
Pi+.. 4Py, <Pr 1=l
m Tr=wis +... +w,s, =Ws (8)
= 1 Nt 4 .
Z;[Og@)”)] “) where W = [wy,...,w,] € C*" is referred to as the
. = _ beamformer matrix, and it is assumed that the columnsf
where \; = o7 is thei-th largest eigenvalue off " H, and 11 are linearly independent. The vector= [si, ..., s,]7 €

P; is the transmit power allocated on thieh data stream C* contains the information being transmitted on theeams.

(e, x = Vs, with &, = diag(Py, ... ;). [a]" is defined as |n this section, we will show that the dominant eigenvectors

max{a, 0} andv is the water-filling level satisfying the powerof H¥” H, i.e., V;, which are considered as partial spatial

constraint: ” N information of the channel, are the optimal choice of the
Z {V — 1} = Pr beamformer matrix in the sense of maximizing the channel
= Ai capacity for any giver.



Under this formulation, the transmit covariance matriwhere \; = o? are then largest eigenvalues off ? H, and

®, = E{rxxz"} is given by ®, = Wo W where ®, =

P; are the optimal (water-filling) power allocation across

E{ssf}. If ®, is not constrained to be diagonal, then onparallel independent channels with gains 1 < i < n.

can constrain matri¥¥ to have orthonormal columns without

Proof: We haveH = HW. Denote byW~, a matrix

loss of generality. To elaborate, i is an orthogonal basis with + — n orthonormal columns that are also orthogonal to

for the span ofi¥, thenW = WQ, where(@ is an invertible
n x n matrix. Then®, = Wo,WH = Wo WH, where
b, = QP,Q. This implies that(W, ®,) and (W, ®,) are
equivalent parameterizations. Furthermore Withconstrained
to have orthonormal columns we have®, = tr &, allowing
the power constraint to be satisfied by controllihg. Thus,
the constraints we impose 6# and®, are as followsiV € S
and trd, < Pr, whereS is the set oft x n complex matrices
defined as follows

S£{B:BeC”"" BB =1I,;dim(spanB)) =n} (9)

We can now restate the optimization problem (3) as follows’=i—1108(

(10)

C(Pr;H) = max log de(I, + HW o W gH)
. < Py

Thus, we wish to find the argument® and &, that solve

(10). The method we use is as follows. Given some chorﬁg
for the beamforming matrix}’, we maximize the capacity for

that W over all possible choices fob,. Then, we find the

supremum of this capacity over all possible choices of rank-

beamforming matricedV’.
Denote the capacity (10) given a particular choice Wor

by C(Pr,W). Now, the problem of maximizing the channel
capacity for a given choice d¥ is equivalent to the complete-

CSIT problem with a new (virtual) channel matdk £ HW .

Therefore, the solution given by (4) can be directly applie

and the channel capacity is upper-bounded by:

C(Pr,W;H) < Cpzgz(Pr;H)

max

n

E log(1 + PA;)
P >0,...,P,>0
P1+ AP, <Pp =1

Z log(1 + P)\;) (11)

the space spanned B, i.e.,
WwhHiAwL =1,_,, wHEwt =0

For example, W+ can be chosen as the eigenvectors corre-
sponding to the nonzero eigenvalues lpf— WW*H, Next,

let H 2 H[W|WL] = [HIHW™L]. Then, H¥H has the
same eigenvalued; as HZ H since H and H are related
by multiplication by an orthonormal math\Wﬂ Also,
since HZ H is a principal submatrix ofd# H, by virtue

of the interlacing property (7), we have, < );, whence
1+ P);) <0 log(1+ P;);). Now, we can use
the water-filling procedure as in (4) and (5) to re-distribute
the total available powePr among then channels with gains
o, and the resultant optimal power allocatiéh), 1 <i <n
would satisfy 7 log(1 + PA;) < 2, log(1 4+ Pi)y),
eh'Ch completes the proof. Note that we have slightly abused
e notation here: ii4), P; was the optimal power allocation
assuming complete CSIT (that i&; was the optimal power
allocation across: = rank(H) decoupled channels), whereas
here, P, is the optimal power allocation across < m
decoupled channels with gainasg, 1 < i < n. [ ]
Note that the upper bound of (12) can be achieved by
choosing = V1, and using the water-filling power allocation
across the decoupled channels with gaind < i < n. Thus,

ye state the following result:

Theorem 1:In the beamforming scheme of (8), the condi-
tional capacity for any channel instantiatidh has a global
maximum given by

H) = log(1+ A\P,)
i=1

C(Pr; (13)

where)\,; is thei-th largest eigenvector df 7 H, and P;, 1 <
1 < n is given by (5), that is

where we have used tildes to highlight the dependence of

the parameters ot rather than onH itself (for example,
X, 1 < i < n are the eigenvalues oHHH) The upper
bound is achieved by choosin, = Vdiag(P;, ..., P,)V?

thereby decoupling the channAl into n parallel independent
channels, wher& is a matrix whose columns are the eigen

vectors of HZ H, and P, ..., P, is the water-filling power

allocation.

Next, we state the following lemma that helps us maX|m|zle,

C(Pr,W) over all possible choices dV'.
Lemma 1:With P, and);, 1 <i < n as defined by (11),

n
Z log(1 +
i=1

1tr denotes the trace operator.

i=1

12)

+

PT)\) PT/TL

Z (PrA)~

This maximum can be achieved when (&) = V; and (b)
the powersP; are chosen by water-filling acrossdecoupled
channels with gaing;, 1 <i <n.
In other words, feedback of the dominant eigenvectors of
HH along with the waterfilling power allocatio®; on
each (decoupled) channel maximizes mutual information of
an EMRT MIMO system.
Proof: From (11) and (12), we have
C(Pp,W;H) Z

(1+ Pi\i) (14)



Since the right hand side of the above equation is independarihimizes the mean-square error. In order to maximize the

of W, we have capacity we transmit higher data-rate on better channels, while
n to minimize the mean-square error under a fixed data-rate
sup C(Pr,W;H) < Zlog(l + P\;) (15) assumption, we apply more power to weaker modes of the
wes i=1 channel.
whereS is as in (9). However, wittV = Vi, we have IV. CONCLUSION
HW =UxVHV, = U, We have shown that the EMRT using the dominant

eigenvectors o ¥ H as the spatial beamforming vectors for
independent data streams is optimal in the sense of maximizing
the channel capacity. Equivalently, the firseigenvectors},

are optimal choice of spatial information of the channel when

where ¥; € R™" is a diagonal matrix withoy,...,o,,
the n largest singular values aff, as its diagonal elements.
Substituting in (10) we have

C(Pr,Vi;H) = , max log detl, + UL, 3, SHUH) n is limited to be less tham, the rank ofH.
s >4UT
= max log de(], + £,®,2H) ACKNOWLEDGEMENT
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solve the optimization problem stated in (17) using the method
of Lagrange multipliers to obtain:
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where v in the last equation is chosen such that the total
transmit power td, < Pr is satisfied. The optimum transmit
and receive filters under the capacity maximization criterion
and the MMSE criterion are identical, but the optimum power
allocation is completely different: water-filling maximizes
channel capacity, whereas the so-callederse water-filling



