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- Financial exchanges (stocks, derivatives, gold, currencies,
etc.)

- Electricity exchanges

- Sports / election betting

- Virtual goods (video game items, NFTs, etc.)
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ORDER BOOK EXCHANGES

Most exchanges rely on order books:

- Participants submit BUY or SELL orders at different price
EVES

- Standing orders form the order book

- When lowest ask and highest bid cross, a trade is made



ORDER BOOK EXAMPLE

An order book:

202560 for sale starting at $1.19 3557901 requests to buy at $1.17 or lower
Price Quantity Price Quantity
5119 2 $1.17 4602
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$1.23 1167 $1.11 7078

$1.24 or more 200792 $1.10 or less 3531131
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An order book:

202560 for sale starting at $1.19 3557901 requests to buy at $1.17 or lower

Price Quantity Price Quantity
$1.19 2 $1.17 4602
$1.20 8 $1.16 4728
$1.21 6 $1.15 5694
$1.22 585 $112 4668
$1.23 1167 $1.11 7078

$1.24 or more 200792 $1.10 or less 3531131

(Steam community market)
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DOWNSIDE OF ORDER BOOK EXCHANGES

Traditional order book exchanges have three main downsides:

- Buyers / sellers may need to wait
- Prices can shift quickly if there are too few standing orders

- Highly centralized



ILLIQUID ORDER BOOK

Price Quantity
- With few participants, there $510.00 3
. $427.88 al
are large gaps in the order e .
book $380.00 1
$379.00 al
- Such a market is illiquid an $3205lorless 183

inefficient (lowest ask is $700)
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MARKET MAKERS

- A market maker is an entity which both buys and sells the
same good on an exchange

- Market makers can be part of the exchange, partnered with
the exchange, or independent
- Win-win-win situation:
- Exchange gets more trades
- Traders get convenience: faster execution, stable prices

- Market maker profits from bid-ask spread and/or
commission
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CONSTANT FUNCTION MARKET MAKERS

Definition
A Constant Function Market Maker with trade function

f R, — R holds two assets X and Y. It accepts a trade
changing its holdings from (x,y) to (x",y") iff f(x,y) = f(x",y").

Example:
- I 'hold x = €100 and y = $110 with f(x,y) = xy
- | will accept $1.1 for €1 because 99 - 111.1 ~ 100 - 110
- | will accept $12 for €10 because 90 - 122 ~ 100 - 110



LEVEL SETS AND EXCHANGE RATES

Acceptable holdings Exchange rate if holding (1,1)



CFMM SuUcCCESs

CFMMs are popular in prediction markets and decentralized
finance. Uniswap alone trades over $1 billion per day.

Daily Weekly Menthly Cumulative

@ ethereum (@ Arbitrum (@ Optimism ) Celo (@ BSC (@ Base () Era @ Avalanche (il Polygon
1'& Zora () Incentives
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How DOES IT ACTUALLY WORK?

How is it possible to profitably trade with zero knowledge?
= arbitrage
Example:

- x = €100 and y = $110

- Exchange rate changes to €1 = $1.2.

- Rational agents will trade with us until we have y = 1.2x
because they make risk-free profit (arbitrage)

1
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DIVERGENCE LOSS

CFMMs lose money:

- Assume initial exchange rate is €1 = $1.1.
- We start with x = €100 and y = $110 (net worth 220).
- The exchange rate changes so that €1 = $1.2.

- Arbitrageurs will make sure that y = 1.2x. Since x - y stays
the same, we can solve x = €95.74 and y ~ $114.89.

- Networth is now =~ $229.78.

- But our original holdings would have been worth $230!

12
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SLIPPAGE

Definition
If the real exchange rate is p and a trade is made at an
exchange rate p’ = (1 + €)p, then e is the slippage.

In CFMMs like uniswap, traders submit maximum slippage with
orders:

- Slippage covers fees

- Slippage handles divergence of CFMM spot exchange rate
from real exchange rate

Order succeeds if the entire trade can be done within maximum
slippage!

13



GOAL

Question
What is the best choice of f to maximize chance of trading?

Question
What is the best choice of f to maximize expected fee revenue
minus divergence l0ss?

14



SPOT EXCHANGE RATE

Definition

A

The spot exchange rate isp = =/

Note: for f(x,y) = xy this gives <.

of

ay’
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SPOT EXCHANGE RATE

Definition

of

The spot exchange rate isp = %/a—y.

Note: for f(x,y) = xy this gives <.

Lemma
Under reasonable assumptions on f, p determines x = X(p)

andy = Y(p).

15



LiQuiDITY

Definition
The liquidity at exchange rate p is

dyp)  dYp)

or alternatively

dX(p)  ,dX(p)

KPPy T



LiQuiDITy I

Lemma
We can write:

p L(t)
Y = [ =t

o [(t
X(p) :fp %dt
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GOAL

Question
What is the best choice of f to maximize chance of trading?

We need to answer:

Question
What is the probability that a trade fails for some slippage €?



ASSUMPTIONS

Our model is:

- Fixed reference exchange rate p

- Agents accept slippage of small e relative to p

- At each time step, BUY or SELL with equal probability
- All trades have equal size k in Y (not needed)

19



CFMM INEFFICIENCY

Theorem

The probability that a trade fails is =~

k
2In(1+e)L(p)’
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CFMM INEFFICIENCY

Theorem

k

The probability that a trade fails is ~ TRAT L)

Proof. A trade is accepted if p remains within (1%5 (1+ e)ﬁ).

Therefore y € (g(ue) Y(a+ €)P))

p(l+e) L(t)

() -y = [ S

p/(1+¢€)
~ 2In(1 + €)L(p)

20
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CFMM INEFFICIENCY Il

2In(1+€)L(p)

Since trades have size k, there are = k

are a random walk on a path.

states. Trades

——0— 00— 00— 00— 00— 0

k

Probability of being on the boundary: 2 PITRESTATOR

Probability of failure on the boundary: % O

A



PRICE BELIEFS

Theorem

Let ¥(px, py) be a distribution over prices (in $). If agents
trade $1 worth of goods, then expected inefficiency is
(proportional to):

f j,, Y(px, Py) d

d
wry PYLox/py) X .

22



OPTIMIZING OVER BELIEFS

Theorem
The optimal CFMM is given by

P(px,py)
min ffpx v PYL(px/py)

ro L(p)
fo 5 dp <Y,
f‘” L(p)
P p?
XoPx + YoPy < B,
L(p) = 0.

dp < Xo,

) dpx dpy
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ANALYTICAL SOLUTIONS

Theorem
f(x,y) = xy corresponds to uniform beliefs on a square.

Theorem

a—1

f(x,y) = x*y corresponds to ¥ (px, py) = (’;_’;)m on a square,

Theorem

=2 _e¢ X _pY — _ PxPy
fGxy) =2 e —e7¥ corresponds to $(px, py) = =55
a square.

2%



NUMERICAL SOLUTIONS

nstant Product

ed Product
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CONCLUSION

- Technique can be applied to maximize CFMM profit as well

- Constant product rule not optimal under reasonable beliefs
on prices
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THANK YOUR FOR LISTENING!
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