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Abstract

Many scientific datasets contain sparse, irregular
observations of dynamic processes. Fast inference
techniques are required to infer the unseen evo-
lution of physical systems underlying growing
datasets, and estimate the parameters that govern
them. We first accelerate the convergence of Gauss-
Markov variational inference via efficient natu-
ral gradient computation and automatic step-size
adaptation. We then propose two general-purpose
schemes for initialization from sparse data, one us-
ing junction tree representations of Gauss-Markov
distributions, and another attention-based neural
network architecture that learns to predict corre-
lated temporal posteriors. We show that these ini-
tializers dramatically improve performance for eco-
logical models of soil decomposition and predator-
prey dynamics. We further extend our methods to
a semiparametric epidemiological model of SARS-
CoV-2 RNA wastewater measurements, which uses
Gaussian processes to model uncertainty in latent
reproduction rates. Our methods allow for quick
inference of both local states and global dynamical
parameters, and unlike prior work, can be applied
even when measurements are sparse and the gener-
ative process is not fully known.

1 INTRODUCTION

Generative models are an important tool for understanding
the world we live in. A scientist taking noisy measurements
of soil carbon might be interested in the ground truth con-
centration over time, as well as identifying the underlying
rate of decomposition governing the process. For both of
these goals, learning to infer the underlying process quickly
is crucial to a scalable scientific method.

We focus on generative models of temporal data whose

coarse structure is known, but where some dynamical param-
eters (such as reaction rates) must be inferred. Given noisy
measurements of physical processes, often taken at irregular
time intervals, scientists need tools to efficiently infer both
the evolution of the underlying processes and the dynamical
parameters. A popular technique for this setting is varia-
tional inference, which optimizes the fit of an approximate
posterior taken from a tractable family, often an exponential
family of distributions [Wainwright and Jordan, 2008] such
as Gaussians [Kucukelbir et al., 2017]. But if we restrict
ourselves to factorized (uncorrelated) Gaussians, we will
systematically underestimate uncertainty [Giordano et al.,
2018]. If we consider all Gaussian distributions with arbi-
trary (dense) covariance, the number of parameters grows
quadratically with data length, slowing computation and
inducing local optima [Sujono et al., 2022].

We expand a body of literature that resolves these issues by
encoding the Markov temporal structure of the true posterior
in our variational Gaussian. Unlike prior work [Archer et al.,
2015, Bamler and Mandt, 2017, Ryder et al., 2018, 2021],
we focus on realistic problem settings where observations
are taken at irregular time steps and may be sparse. We are
the first to apply natural gradients [Amari, 1998] broadly to
this problem setting, leveraging recent advances in efficient
and automatic natural gradient computation [Bendekgey
et al., 2023]. Our key novel contributions are in developing
schemes to initialize optimization, a design choice that can
dramatically speed convergence and avoid local optima, but
is not emphasized by prior variational inference methods.

Our first novel initialization exploits junction tree represen-
tations [Cowell et al., 1999] of covariances to initialize pos-
terior dependencies across time while incorporating sparse
observations in a principled way. Our second initialization
uses an attention-based [Vaswani, 2017] neural network
architecture to learn how to initialize Gauss-Markov dis-
tributions. Conventional amortized inference networks, as
developed for variational autoencoders (VAEs) [Kingma
and Welling, 2014, Mnih and Gregor, 2014, Rezende et al.,
2014], assume the full generative model is fixed. Our initial-



ization routines instead take the global dynamics parameters
as input, allowing them to work in diverse regimes at test
time. Rather than naively processing parameters with neural
network layers, our inference network draws samples from
the generative prior, and uses attention layers to choose
among the possible trajectories given sparse observation
queries. Natural gradient refinement of these strong initial-
izations quickly produces accurate posteriors.

After defining our modeling assumptions (Sec. 2) and dis-
cussing related work (Sec. 3), we develop methods for effi-
ciently computing natural gradients and adapting learning
rates in Sec. 4, and our novel initialization methods in Sec. 5.
We show that these techniques effectively uncover the in-
ner workings of ecological phenomena from sparse, noisy
observations in Sec. 6. Generalizing the state space models
assumed by most related work, we also extend our varia-
tional inference methods to a semiparametric epidemiologi-
cal model of SARS-CoV-2 RNA wastewater measurements
in Los Angeles, which uses non-Markov Gaussian processes
to model uncertainty in latent reproduction rates.

2  GAUSS-MARKOV VARIATIONAL
INFERENCE & STATE SPACE MODELS

A stochastic differential equation (SDE, Séarkka and Solin
[2019]) models the evolution of a latent state x over time ¢,

dzy = alwy, 0,1) dt + Bz, 0,0) 2 dWs, (1)

where x; is a D-dim. vector of state variables, a(x, 0, t)
is a D-dim. drift vector, 3(x:,0,t) is a D x D diffusion
matrix, and W is the standard Wiener (Brownian motion)
process. The dynamics depend on parameters § € RX.
For example, for the Lotka-Volterra model of predator-prey
dynamics [Renshaw, 1991] illustrated in Fig. 1, the two
latent state variables (D = 2) model the prey and predator
populations. Dynamical parameters § € R? specify rates of
prey reproduction, predation, and predator death. Detailed
equations for «(xy, 0, t) and B(xy, 0, t) are in the appendix.

We are given sparse, noisy observations y; of the state x:

p(ye | z¢) = F(ye; (), 0(2r)). ()

Here, F is some family of distributions whose mean ()
and standard deviation o (z;) depend on the latent state z;.
F could be normal, or a heavier-tailed distribution that gives
robustness to the outliers that are prevalent in many scien-
tific datasets. This generative process is an example of a
non-linear state space model [Anderson and Moore, 1979,
Sarkkd and Svensson, 2023]: given the latent state x;, the
past and future of the process are independent of y;.

Given observations y = (y¢, , Yt,, - - - ) Which may be sparse
and taken irregularly over time as in Fig. 1, our goal is to in-
fer the posterior of the latent state sequence. We temporally

discretize the SDE and learn a posterior p(x | y, ) on a fi-
nite number of steps z = (21, ...,zr) € RTP. Sometimes
we seek to infer latent trajectories x given known dynamics
parameters 6, and sometimes we jointly infer both = and
6. In both cases, optimization of the local posterior ¢(z; \)
must be fast and stable, since optimization of ¢(6;v) re-
quires good (nearly-converged) estimates of state posteriors.

2.1 VARIATIONAL INFERENCE

Variational inference [Jordan et al., 1999, Wainwright and
Jordan, 2008, Blei et al., 2017] determines an approxima-
tion ¢(x; \) of the true posterior distribution p(z | y, #) by
maximizing the evidence lower bound (ELBO):

L(A) = Egnllogp(z,y | 0) —logq(z; N)].  (3)

Maximizing the ELBO is equivalent to minimizing the KL
divergence D(q(xz; \) || p(z | y,0)) with respect to .

Whereas classic work [Winn and Bishop, 2005, Beal and
Ghahramani, 2006] employed carefully handcrafted fami-
lies of distributions ¢(z; A) to enable closed-form coordinate
ascent optimization, automatic differentiation variational
inference (ADV]) instead approximates all posteriors with
Gaussians [Kucukelbir et al., 2017]. For our Gauss-Markov
posteriors, the entropy E,(,.»)[— log ¢(z; A)] can be com-
puted in closed form (see appendix). Unbiased stochastic
estimates of the expected log-prior and log-likelihood may
be produced via Monte Carlo sampling from g(x; A).

When z is constrained, we let © = f(Z) and optimize a
Gaussian posterior on Z given a constraint-enforcing func-
tion f, such as exp or softplus for positive . This
change of variables requires the addition of a Jacobian log-
determinant to the loss. For notational simplicity, we use
q(x; M) to denote our variational posterior in later sections.

Inferring 6. In some cases, learning about z is not the
primary goal, and we instead hope to infer the generative
process 6. Given a global prior p() and sequences of obser-
vations y generated by 6, we optimize an expanded ELBO:

E(/\v V) = Eq(m;/\)q(e;l/) [logp(a:, Y, 9) - IOg Q(x; /\)Q(Gv V)]
“)
Because 6 is typically low-dimensional, we parameterize
the global parameters’ posterior ¢(6; v) via a Gaussian with
a full-rank covariance. We optimize Eq. (4) by coordinate
ascent: at each iteration, we draw a batch of observation
sequences y as in stochastic VI [Hoffman et al., 2013], and
optimize g(x; A) to obtain A*. We then update ¢(6; v) with
the natural gradient @,,E()\*, v) (see section 2.3). Each
update to ¢(6; v) requires a (nearly) converged estimate of
local state posteriors g(x; \), so inference must be fast.

Amortized Variational Inference. Because stochastic gra-
dient descent may converge slowly, some work instead trains
a neural network to output approximate posteriors. If trained
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Figure 1: Posterior distributions (after 100 optimization steps) for the Lotka-Volterra model of prey (top) and predator
(bottom) dynamics given sparse temporal observations (dots). Solid lines are posterior means, and shaded regions cover
two standard deviations. Gauss-Markov correlations between neighboring time steps are inferred but not visualized.
Variants of our GMVI, given initializations from Sec. 5, give accurate posteriors (left). BBVI variants (Mean-Field, Full-
Rank [Kucukelbir et al., 2017], Gauss-Markov [Bamler and Mandt, 2017]), normalizing flow [Ryder et al., 2021], and
VILDS [Archer et al., 2015] baselines (right) poorly estimate uncertainty and fail to cover the true state sequence (dashed).

on a large and representative dataset, amortized inference en-
coders may produce good approximate posteriors [Mnih and
Gregor, 2014, Rezende et al., 2014, Kingma and Welling,
2014]. However, our experiments and prior work show the
amortization gap [Cremer et al., 2018, Krishnan et al., 2018]
from optimal inference may be substantial.

2.2 GAUSS-MARKOV VARIATIONAL INFERENCE

Gaussian variational posteriors are commonly parameter-
ized via A = (i, X), where for state space models the mean
p € RTP and covariance ¥ € RTP*TD The covariance X
is typically forced to be diagonal (mean field inference) or
allowed to be a general positive definite matrix (full-rank
inference) [Kucukelbir et al., 2017]. Mean field approxima-
tions neglect (typically strong) temporal correlations in the
true posterior, and are known to systematically underesti-
mate uncertainty [Giordano et al., 2018]. Full-rank infer-
ence optimizes O (7 D?) parameters, which is prohibitively
expensive for long sequences and can infer spurious correla-
tions that lead to poor local optima [Sujono et al., 2022].

An alternative explored in some prior work is to define a
Gaussian posterior that shares the Markov structure of the
generating process. Under the SDE of Eq. (1), x4+, and
x;—. are independent given x;. Gauss-Markov variational
inference (GMVI) seeks a Gaussian that shares this structure,
and only infers parameters that directly couple neighboring
times. The inverse-covariance or precision matrix

All A12 A13
A21 A22 A23

A=3""= Ay Ay Agg ’ ©)

where each A,; is a D x D sub-block that defines the condi-
tional precisions between x4 and x;. When two components

s, t of x are conditionally independent given other compo-
nents, we have Ay, = 0 [Speed and Kiiveri, 1986, Cowell
et al., 1999, Wainwright and Jordan, 2008]. For our Gaus-
sian posterior to inherit the Markov structure of the prior,
we set Ag; = 0 for |s —¢| > 1, inducing a block tri-diagonal
matrix. The resulting A has O(T'D?) parameters, and we
optimize it in place of the covariance matrix. While the pre-
cision matrix A is sparse, the induced covariance ¥ captures
correlations between states separated by arbitrary time lags.

2.3 NATURAL GRADIENT PRECONDITIONING

Variational inference relies on (stochastic) gradient descent
to optimize the ELBO. Standard gradient descent implicitly
uses Euclidean distance as its notion of distance between
parameter vectors, which is a poor indicator of the diver-
gence between distributions and may slow convergence.
Natural gradients, denoted by V, instead implicitly assume
a KL-divergence metric between parameters [Amari, 1998]
by rescaling the gradient by the inverse Fisher information
matrix iy = Eg ;.5 [—V2 log g(z; )] of the posterior:

(6)

For exponential families including Gaussians, we can avoid
explicitly computing F) by employing the natural param-
eterization X\ = (n1,m2) = (Ap, —1A). This parameteri-
zation leads to cancellations in Eq. (6), yielding a simple
natural gradient that can be computed via automatic differ-
entiation [Malago et al., 2011, Khan and Nielsen, 2018].
However, natural parameters have constraints (—27s must
be positive definite) that naive updates may violate. For
conditionally conjugate models, step sizes may be easily
selected to maintain constraints [Hoffman et al., 2013], but
general state-space models lack such guarantees. In Sec. 4.1,
we show how modern automatic differentiation tools may
nevertheless be used to optimize Gauss-Markov natural pa-
rameters while guaranteeing that A stays positive definite.

VAL(A) = FTIVAL().



3 RELATED WORK

Some prior work has used block tri-diagonal precision ma-
trices A for variational inference. Bamler and Mandt [2017]
assume the state dimension D = 1, and propose a scheme
for optimizing the posterior mean p and the Cholesky de-
composition R, A = RRT, of the precision. Samples
may be drawn via the reparameterization + = y + R~ 7%,
z ~ N(0, Ir), allowing backpropagation of ELBO gra-
dients to A. For this scalar Gauss-Markov posterior, they
also show how (standard, not natural) gradients may be ef-
ficiently computed via a temporal recursion similar to the
classic Kalman smoother [Anderson and Moore, 1979].

Archer et al. [2015] uses this parameterization for amortized
inference. Their most accurate architecture parameterizes
the posterior Gaussian by multiplying Gaussian approxima-
tions of the prior and likelihood. The prior approximation is
restricted to be zero-mean, linear, and time-invariant.

A non-archival workshop paper by Sujono et al. [2022] con-
siders temporally sparse observations, and implicitly defines
q(x; M) via a linear dynamical system, training (via stan-
dard gradients) time-varying transition parameters to adapt
to observations. Fortuin et al. [2020] use Gauss-Markov
parameterizations for time series imputation via a model
integrating VAEs with Gaussian processes.

Ryder et al. [2018] propose recurrent neural networks, and
Ryder et al. [2021] propose normalizing flows, for unamor-
tized variational inference in state-space models. These mod-
els allow posteriors to be non-Gaussian, but fail to capture
the Markov structure of the true posterior. Their networks
are trained on subsequences and applied to a longer se-
quence, amortizing across time but requiring computation-
ally expensive retraining for each new observation sequence.

Our goals are distinct from latent SDE and neural ODE mod-
els that assume the differential equation dynamics and/or
observation model are complex functions that need to be
parameterized by a neural network, with inference possi-
bly occurring in an unidentifiable latent space [Hasan et al.,
2021, Rubanova et al., 2019, Tzen and Raginsky, 2019].
These papers require inference neural networks to approxi-
mate their deep generative processes. We instead consider
scientifically motivated, interpretable generative models and
seek to accurately model a small but crucial set of dynamics
parameters. Scientists need accurate uncertainty measures
for parameter estimates, motivating our approach in Sec. 5.

4 ACCELERATING GAUSS-MARKOV VI

Efficient natural gradient computation requires appropriate
parameterization of the variational posterior. Prior GMVI
methods [Archer et al., 2015, Bamler and Mandt, 2017]
optimized the mean y and Cholesky factor R of A. We in-
stead take A = (11, R), where 11 = Ap is the first natural
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Figure 2: Comparison of gradient-based optimizers for the
ELBO of Eq. (3) for two SDE models (see Sec. 6). We
initialize from a temporally-factorized ¢(z; A) that matches
the marginal mean and variance of the prior p(z | 6), and
plot mean and 95% confidence intervals across sequences,
versus iteration. For each model and method, we set the
learning rate <y to the largest value that avoids instability.
For natural gradients with Adam, descent is only possible
for tiny learning rates, and optimization stagnates.

parameter. Using I enforces the positive-definiteness con-
straint that directly optimizing ny = — %A may violate. This
choice also eases initialization: while initializing p requires
state estimates at all time steps, 17 defines a conditional
distribution at each time [Cowell et al., 1999], avoiding the
imputation heuristics required by prior work.

4.1 AUTODIFF NATURAL GRADIENTS

For training structured VAE models with latent representa-
tions defined by graphical models, Bendekgey et al. [2023]
introduced a method for computing natural gradients as
in Eq. (6) via automatic differentiation on unconstrained
reparameterizations of A\, guaranteeing that constraints are
satisfied after updates. We extend this approach to GMVI
by optimizing the unconstrained Cholesky factor R rather
than the constrained parameter —%A. We efficiently com-
pute v AL()\) via a straight-through estimator [Bengio et al.,
2013] and PyTorch’s forward-mode autodiff.

In the forward pass, (1)1, R) are mapped to moment param-
eters (i, + ') before computing the ELBO. Unlike
the low-dimensional setting of Bendekgey et al. [2023],
our application requires inverting the T'D x T'D preci-
sion matrix A. Exploiting its Markov structure, we com-
pute 11 and ¥ = A~! using an efficient belief propagation
algorithm [Wainwright and Jordan, 2008] related to the
Kalman smoother [Sirkki and Svensson, 2023]. As detailed
in App. B, performing these steps outside autodiff avoids
memory blow-up and compounding numerical errors. Belief
propagation implicitly ensures that p is temporally consis-
tent and informed by all observations.

Fig. 2 shows that natural gradients converge faster than
standard gradients, but only when using the unconstrained
Cholesky parameterization. Directly optimizing the con-
strained precision A (orange curve) requires a much smaller
learning rate to maintain positive-definiteness, making per-



formance similar to standard gradients with Adam [Kingma
and Ba, 2015]. Other autodiff natural gradients have as-
sumed conjugacy [Hoffman et al., 2013], required special-
ized loss modifications [Lin et al., 2020], or computed bi-
ased gradients [Johnson et al., 2016]. Instead, we efficiently
compute unbiased natural gradients of the true ELBO.

4.2 BATCH-ADAPTIVE NATURAL GRADIENTS

The Adam optimizer [Kingma and Ba, 2015] updates each
parameter Apg using Apg <— App — 7y \/%, where 1My, and
Upe are exponentially weighted estimates of the first and sec-
ond gradient moments for batch sequence b € {1,..., B}
and parameter ¢ € {1,..., L} of A, and ~ is the learning
rate. Applied to natural gradients, Adam performs poorly:
by rescaling each component independently, it reverts to Eu-
clidean geometry and distorts the natural-gradient manifold.

To preserve geometry while retaining adaptivity, we nor-
malize at the sequence level. For each sequence b, Ay <

Ape — g, where Oy < By + (1 — B)llgsl? is a run-
ning estimate of the squared /o-norm of the natural gra-
dient g = \V/ AL, shared across parameters within the se-
quence. This batch-adaptive normalization allows different
sequences to have different effective learning rates, improv-
ing the rate of natural gradient descent in practice (Fig. 2).

Prior work has shared normalizers across parameters for
memory efficiency in neural network training [Zhang et al.,
2024], and adapted learning rates for natural gradient de-
scent in simpler conditionally conjugate models [Ranganath
et al., 2013]. Neither approach enables per-sequence adapta-
tion of natural gradient learning rates, as we do.

S INITS WITH TEMPORAL STRUCTURE

Efficient gradient-based inference requires good initializa-
tion of the approximate posterior g(x; A). While most prior
work has relied on handcrafted (often undocumented) ini-
tialization heuristics, we propose two complementary and
general-purpose approaches for automatic initialization of
Gauss-Markov posteriors. The first is a principled but simple
junction-tree method that approximates the prior and likeli-
hood with Gaussians, and initializes g(z; A) to their product.
The second is a flexible attention-based neural network that
is trained to output correlated, Gauss-Markov posteriors.
The attention-based initializer (Sec. 5.2) makes integral use
of junction tree representations, and most improves on direct
junction tree initialization (Sec. 5.1) when the non-Gaussian
generative prior has multiple distinct modes.

For both initializers, we initialize once and then refine
q(x; \) with the natural gradient updates of Sec. 4. When
jointly inferring g(x; \) and ¢(0; v), we re-initialize g(x; A)
after each update of 6 before refining with natural gradients.

- () Do ) 0

-(m) | 0

Figure 3: Junction-tree algorithm for fast precision initial-
ization, visualized. We compute the correlations between
features at each time step (red) and between pairs of neigh-
boring time steps (purple), ignoring the other O(T?2D?)
possible correlations (gray). By inverting these D x D and
2D x 2D blocks, adding them together in the regions in
which they overlap (cyan), and subtracting a correction for
overlap (orange), we obtain the sparse A.

"

5.1 INITIALIZATION VIA JUNCTION TREES

We approximate the prior p(z | 8) with a Gauss-Markov
distribution p(z; €), the likelihood p(y | ) with a Gaussian
p(x;y) in z, and then initialize the variational posterior
q(x; \) o p(x; 6)p(z;y). To compute the product of two
Gaussians, we simply add their natural parameters. This
technique elegantly handles missing observations by setting
the natural parameters to 0 at time steps without data. The
mean /4 is then implicitly defined by the output of a Kalman
smoother on these natural parameters, unlike prior work
requiring interpolation heuristics to initialize ;1 (see Sec. 3).

For many scientific applications like the ones we consider in
Sec. 6, the likelihood function p(y | ) of Eq. (2) is easily
approximated via a Gaussian; see App. A.4. Producing a
Gaussian approximation of the prior is harder because it
does not factorize across time. We can compute an approx-
imation by drawing samples and computing the empirical
mean and covariance, but the empirical distribution will
not exactly satisfy the assumed Markov properties; in gen-
eral its precision matrix is dense. If we want to produce a
block tri-diagonal (and therefore Gauss-Markov) posterior
initialization ¢(z; A), we need our approximate prior p(x; 6)
to be Gauss-Markov. If we are overly restrictive and force
our prior approximator p(z; ) to factorize independently
across time, our resulting initial g(z; A) will also factorize,
an unrealistic restriction that starts us far from the optimum
(see the poor Gauss-Markov BBVI starting point in Fig. 7).

After drawing M samples, rather than computing all 72 D?
empirical covariances, we compute the covariances only
between neighboring time steps. We then rely on a key
exponential family property: there exists exactly one Gauss-
Markov distribution which has the sufficient statistics (mean
and positive definite local covariances) we’ve computed.
By applying the junction tree decomposition [Cowell et al.,
1999], we can find that unique A, and initialize a Gauss-
Markov distribution whose local properties match our prior.
More precisely, the junction tree algorithm maps the block
tri-diagonal entries of the covariance matrix (the covari-
ance is not assumed to be sparse, other entries are generally
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Figure 4: Attention architecture for predicting the posterior mean given sparse observations and M samples from the
generative prior, applied in parallel to a batch of B sequences y. Here, hff), hg), hgf) are multi-layer perceptrons (MLPs),

and W(i), ,Ei) are learnable query and key matrices in layer . We set hy(j) (y) = 0 for time steps with no observations.

nonzero) to the unique matrix with block tri-diagonal spar-
sity structure, whose inverse matches the observed local
moments. This mapping is unique whenever the observed
covariances may be embedded inside a positive definite
matrix, which happens with probability one if enough sam-
ples are drawn to produce strictly positive definite (not just
positive semi-definite) local moments.

Fig. 3 visualizes this approach intuitively: we invert each
overlapping diagonal 2D x 2D block and add them, sub-
tracting the inverses of the diagonal D x D blocks. These
inverses can be quickly computed in parallel, unlike gen-
eral matrix inversion algorithms which are iterative. From
general exponential family theory [Wainwright and Jordan,
2008], this initialization can also be interpreted as a maxi-
mum likelihood estimate of the Gauss-Markov parameters
given the M samples from the prior p(z | 6). See App. C
for a proof and more detailed algorithm specification.

In Fig. 7 we see this initialization dramatically outperforms
baselines, but for more sparse observations, there is a gap
between its performance and that of our learned attention-
based initializer (see Sec. 5.2). To understand why, consider
a prior p(x | ) that has multiple modes, but the true pos-
terior p(z | y,0) is unimodal due to the high confidence
we draw from observations. In this case, the general GMVI
restriction that ¢(z; A) be Gaussian comes at little cost, but
constructing it by first approximating the prior with a Gaus-
sian poorly captures the true posterior covariance.

5.2 ATTENTION ARCHITECTURES FOR GMVI

We now propose an attention-based neural network architec-
ture which learns initializations that: (1) like the junction-
tree method, adapt to the current value of € and directly

accounts for the prior, but (2) uses more than just the first
and second moments of p(z | #), and (3) can handle sparse
observations. Unlike standard encoders that implicitly adapt
their weights to a fixed generative model, our network must
be able to take 6 as input at test-time within a coordinate
ascent loop. While we could simply make # an input to a
conventional encoder, the mapping from low-dimensional 6
to high-dimensional p(z | §) may be hard to learn from a
modest training set. Our solution leverages the fact that this
mapping is already defined via the generative model.

We design our architecture to therefore take in samples from
p(z | ), and use irregular observations to output a weighted
combination of prior samples, effectively learning to choose
between prior modes. This naturally fits the attention frame-
work [Vaswani, 2017]: our network takes B observation
sequences (queries) and M prior sample sequences (keys),
and outputs a weighted sum of those prior samples (values).
Unlike standard transformers, which use positional encod-
ings to capture sequential data, permutation invariance is
desirable here as both prior samples and the batch lack order.

Inferring the posterior mean. Our initialization network
first estimates the posterior mean i = Zn]\le Wy Ty
as a convex combination of M prior sample trajectories
Ty, € RTP m =1,..., M, given parameters 6. Intuitively,
informative data leads to posteriors with less uncertainty
than the prior, so that mixtures of prior trajectories span
plausible posterior means. Any residual bias is corrected by
the natural-gradient refinement of Sec. 4.

The attention architecture of Fig. 4 refines i over n
layers with residual connections. Each layer contains
an attention module and multilayer perceptrons (MLPs)
{hff), hg(f), h(zi)}?zl, which operate independently across
time and output sequences of size T' X dpogel- Queries are



Algorithm 1 Attention-Based Encoder Architecture

Require: M prior samples z ~ p(x | 0) : M x T x D
Require: Observation sequence y : 7' X D
<+ 0, [l < None, hfll)(ﬂ) ~0
for i < 1tondo _
g =W (hi (1) + 1) )
for m < 1to M do
km < WI(;) h_g,f)(a:m)
Sm (Z;F:1 qzkmt) /V Tdmodel
l+—Ll+s
w + softmax(f)

fos= Y, WinTm
return [

Figure 5: Algorithm pseudocode for estimating the poste-
rior mean, performed in parallel for a batch of B (sparse)
sequences y. See Fig. 4 for the architecture and notation.

formed from observations and the running mean estimate
i1, while keys/values are transforms of prior samples .
The attention score s,,, = \/ﬁ ZtT:l q{ km¢ measures
the similarity between queries and keys across time. Log-
weights ¢, accumulate across layers (¢{ < ¢ + s), and
weights are calculated with w < softmax({), progres-
sively refining fi. When batching multiple observation se-
quences, all sequences can share the same M prior samples.
We set h?(f) (y) = 0 at unobserved times in each batch, so the
attention sum can be computed given sparse observations.

Inferring the posterior precision. Given /i, we obtain the
posterior precision through a variation of Alg. 1 detailed
in App. D. Instead of observations y, we use the mean-
prediction network output /i as the query. In addition to
accruing a modified mean estimate /i, we return the weights
Wy, from the final attention layer and compute

M
Dptt1 = Z @mm7n,t:t+1x%7t;t+1 - ﬂt:t—&-lﬂz:t—&-lv (7
m=1
an attention-weighted empirical covariance of the prior sam-
ples. We then construct the posterior by adapting the junc-
tion tree transform of Sec. 5.1: we define A by inverting the
covariances of Eq. (7), and add observation precisions to
all time steps with observations. This structured covariance
mapping improves the stability of amortized training.

6 EXPERIMENTS

We evaluate GMVI inference using synthetic data from
Lotka-Volterra models of predator-prey evolution over
time [Renshaw, 1991, Boys et al., 2008] and stochastic
Allison-Wallenstein-Bradford (SAWB) models of soil bio-
geochemistry [Allison et al., 2010]. We further evaluate our

Figure 6: Visualization of inferred Gauss-Markov posteri-
ors for the SAWB model given sparse data. Solid lines are
posterior means and shaded regions cover 2 standard de-
viations. The Gauss-Markov BBVI baseline [Bamler and
Mandt, 2017] fails to capture the true generating sequence.

approach on the epidemiological EIRR-ww model applied
to real SARS-CoV-2 (the causative agent of COVID-19)
RNA measurements from Los Angeles wastewater [Gold-
stein et al., 2024]. Exact formulations of p(zx,y, ), and
experiments on a simpler near-linear soil biogeochemical
model, are in App. A.3-A.4. Experimental details including
network architectures and hyperparameters are in App. A.S.

The Lotka-Volterra model exhibits nonlinear dynamics and
multimodality due to the interplay between predator and
prey populations. We study time series of length 7" = 150,
with Gaussian observations either densely sampled at all
time points (LVDense), or with waiting times drawn from
a Poisson distribution with mean 20 (LVSparse).

The influential SAWB soil biogeochemical model simu-
lates the evolution of carbon in soil as the climate around
it changes. As the climate warms, soil decomposes carbon
more quickly and releases CO, resulting in a positive feed-
back loop that accelerates rising global temperatures. We
consider long time series of 10 years, discretized at a resolu-
tion of 2 days, yielding T' = 1825. We assume observations
are taken every 60 days for 61 total observations (see Fig. 6).

For the EIRR-ww model, we primarily seek to infer the
time-varying transmission rate (7, also known as the effec-
tive reproduction rate) of COVID-19 in Los Angeles county
using wastewater genome concentration data. Conditioned
on 74, a latent dynamical system describes the evolution
of infected, infectious, and recovering individuals between
07/04/2021 and 02/23/2022. The data are sparsely sampled
and irregular in time, with up to three measurement repli-
cates per sampling day. To allow for high noise levels, the
likelihood is a heavy-tailed Student’s t distribution.

Our EIRR generative model is inspired by Goldstein et al.
[2024] but has some differences. First, we replace their la-
tent ODE dynamics of infected and infectious individuals
with an SDE whose drift matches, but contains added noise
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Figure 7: Loss trajectory versus inference iteration (top, linear scaling) and versus wall clock time (bottom, log scaling).
Results are aggregated across 1024 sequences (for Lotka-Volterra) and 64 sequences (for SAWB), with shaded regions
covering 95% confidence intervals and solid lines marking the mean across sequences. The optimal ELBO is the best
final ELBO observed among all runs. VILDS [Archer et al., 2015] is an amortized method which does not improve over
time, whose inference network is tested with both dense layers (as in the original paper) and transformers. Mean-Field
BBVI accuracy suffers from inaccurate independence assumptions, while Full-Rank BBVI [Kucukelbir et al., 2017] and
Gauss-Markov BBVI [Bamler and Mandt, 2017] and normalizing flows [Ryder et al., 2021] struggle to converge from
the weaker initializations assumed in prior work. (Normalizing flow also requires a problem-dependent, non-amortized
“pre-training” phase whose cost is not plotted; its true speed is slower.) No Full-Rank BBVI result is shown for the longer
SAWB test sequences because it runs out of memory, demonstrating the importance of modeling the true Markov posterior.

to allow for model misspecification. Second, their simple
random-walk prior model for r; only allowed rates to vary
on a weekly basis; we instead use a nonparameteric Gaus-
sian process [Williams and Rasmussen, 2006] whose Matérn
covariance kernel allows for short-term transmission surges
or “waves”, and enables us to infer r; at daily resolution.
This semiparametric model is non-Markov, but our varia-
tional inference framework still allows us to infer an accu-
rate Gauss-Markov posterior approximation, with changes
required only to evaluate the GP defining log p(x | 9).

Inferring x. In Fig. 2 we compare optimization methods
to investigate the impact of natural gradients and batch-
adaptive normalization on descent. All methods are initial-
ized with a posterior that factorizes across time, and matches
the mean and variance of the prior at each time. We denote
our best method, natural gradient optimization with batch-
adaptive normalization, as GMVI-Nat for the remaining
experiments. We initialize GMVI-Nat in two ways (Sec. 5).

In Fig. 7, we compare GMVI-Nat with our novel junc-
tion tree and attention network initializations to base-
lines. We first consider the unamortized (standard) gra-
dient optimization of Bamler and Mandt [2017], which
shares the independent-across-time initialization with Fig. 2

(Gauss—-Markov BBVI). As their hand-derived gradient
recursion is specialized to simple models with scalar states
(D = 1) and dense observations, we instead compute gra-
dients via automatic differentiation. We also compare to
variational inference with fully factorized (Mean-Field
BBVTI) and unconstrained (Full-Rank BBVI) Gaussian
posteriors, optimized via automatic differentiation (stan-
dard) gradients [Kucukelbir et al., 2017]. Finally, we
consider the unamortized, non-Markov normalizing flow
method of Ryder et al. [2021] (Normalizing Flow).

Our amortized baseline VILDS is based on an inference net-
work architecture that smooths predicted means over time.
While Archer et al. [2015] assumed dense observations, we
extend to allow sparse observations. We also train a variant
of VILDS that replaces fully-connected network layers with
transformers, to illustrate major differences from the novel
way in which our initialization network uses attention. Our
initialization network and VILDS are trained to optimize
Eq. (3) on training sequences before testing on distinct data.

Our initialization network could also be trained in a semi-
amortized fashion [Kim et al., 2018], where the loss after
(natural) gradient refinement is computed at training time.
However, we see little empirical improvement from this
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Figure 8: Top: Loss trajectory versus training iteration (left)
and wall-clock time (right, log scaling). Confidence inter-
vals and the optimal ELBO are determined via multiple
inference trials as in Fig. 7. Bottom: Comparison of poste-
rior reproduction number 7 (¢) estimates produced by GMVI
and an MCMC baseline. The MCMC approach requires 72
seconds for MAP initialization, and sampling takes 7,620
seconds in total, for a simpler model that assumes 7 is con-
stant within weeks (unlike our higher-resolution GP model).
Further details and log-probability traces are in App. A.5.

memory-intensive technique (see App. A.1), and repeated
inner-optimization dramatically slows training.

Fig. 7 shows the loss trajectory of VI methods over inference
iteration and time. Both of our initializations produce con-
sistently high-quality approximate posteriors, from which
natural gradient descent quickly converges to state estimates
that dramatically improve on baselines (see Fig. 1, 6).

Fig. 8 shows loss trajectories for the EIRR-ww model of
SARS-CoV-2 data over inference iteration and time, along
with a comparison of the inferred posterior reproduction
number to the MCMC baseline. Both initialization strate-
gies rapidly converge to high-quality approximate posteri-
ors, with the attention estimate leading to better uncertainty
estimates and a superior ELBO. Differences between our
inferred posterior, and the MCMC estimate from prior work,
seem primarily to be due to differences in modeling assump-
tions. Our GMVI produces approximate posteriors far faster
than the prior MCMC approach, taking only a few minutes
instead of multiple hours, in spite of incorporating a more
sophisticated Gaussian process prior.

Inferring 6. In Fig. 9, we show how these inference methods
can be used to infer the dynamics parameters 6. Lotka-
Volterra has 3 parameters: a prey growth rate 61, a predation
rate 6, and a predator death rate 63. Given 128 sequences
which share the same unknown 6, we perform coordinate
ascent on Eq. (4) to produce the visualized ¢(6; \). Our
novel inference techniques give a strong signal for updating
6 after only 100 inner optimization steps, while baselines

—— Gauss-Markov BBVI
—— GMVI-Nat + junction tree
~6000 —— GMVI-Nat + attention
—— Normalizing Flow

Figure 9: Dynamical parameter 6 inference given sparse
Lotka-Volterra observations. For each coordinate ascent
method, we perform 100 optimization iterations to estimate
q(x; \) followed by a natural gradient step to improve g(6).
The normalizing flow method [Ryder et al., 2021] optimizes
q(x; M), q(6; v) in parallel. We show the ELBO value (see
Eq. (4)) against outer optimization iteration (top), and the
learned posteriors after 200 updates to ¢(6; v) (bottom).

are too far from convergence to give high-quality estimates.

7 DISCUSSION

By learning strong initializations and refining via quick,
stable natural gradient steps, we more efficiently infer varia-
tional state and parameter posteriors for dynamical models.
Our approach flexibly handles sparse or dense observations,
allowing us to learn the underlying dynamics of the world
around us. Our quick convergence in a diverse set of regimes
may enable future applications to large-scale scientific data.
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A  EXPERIMENTAL DETAILS AND SUPPLEMENTARY RESULTS

In this section we provide supplementary results and provide of our training and testing regimes. Full code to replicate
experiments will be provided.

A.1 COMPARISON TO SEMI-AMORTIZED TRAINING

We train our neural network architecture to output high-quality posteriors, then measure the quality of those posteriors after
natural gradient refinement. A logical follow-up question, therefore, is whether performance can be improved by training
specifically for the task being evaluated at test time. Instead of training to optimize the loss at the output, we could take
refinement steps at training time too, and perform gradient descent on the ELBO of the refined posterior.

This method of semi-amortized variational inference [Kim et al., 2018] is very costly, as inner refinement iterations must be
performed for every gradient step of neural network training. To keep training time low, we performed 10 optimization steps
and compared the performance of the resulting neural network to the one trained to optimize its output (amortized). We saw
virtually no difference between the performances, so we demonstrated results in the main paper on the computationally-
cheaper amortized training regime. See Fig. 10 for an example comparison.
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Figure 10: Comparison of refinement loss after training fully amortized vs semi-amortized. Intervals almost perfectly
overlap; shared fluctuations are due to a shared random seed.



A.2 RESULTS ON LOTKA-VOLTERRA AND SAWB MODELS
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Figure 11: Empirical coverage of 95% credible intervals for Lotka- Volterra model in dense (top) and sparse (middle) settings
and SAWB model (Bottom), across inference methods after 500 iterations. For each method and test sequence, we draw 200
posterior samples from the posterior distribution g(z; A) and compute the empirical 2.5th and 97.5th percentiles at each
coordinate of time-steps and state-dimensions (7', D). We then compute the fraction of coordinates of the ground-truth
trajectory =* that fall within this interval, yielding one coverage value per test sequence. Boxplots summarize the distribution
of this per-sequence coverage across all B = 1024 test sequences for each method; the dashed line marks the nominal target
of 0.95. A well-calibrated posterior should place its coverage distribution near this line: intervals that are systematically too
narrow (overconfident) fall below it, as with VILDS and Mean-Field BBVI.
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Figure 12: Negative log-likelihood (NLL) gap versus inference iteration (top, linear scale) and versus wall-clock time
(bottom, log scale), where the gap is the shortfall between the variational posterior’s log density at the ground-truth latent
trajectory x* and the best final negative log-density observed among all runs. This shows how close the learned posterior
actually comes to the true latent trajectory. Results are aggregated across 1024 sequences (Lotka—Volterra) and 64 sequences
(SAWB), with shaded regions showing 95% confidence intervals and solid lines marking the mean across sequences.

A.3 RESULTS ON SCON MODEL

Here, we provide results on another generative model with near-linear Gaussian dynamics and dense observations. The
stochastic linear conventional (SCON) soil biogeochemical model is specified in Sec. A.4, and is linear except for the
diffusion turn and observation uncertainty scaling with x;.

This regime exposes a weakness of our attention architecture: it only takes in the observations indirectly, using them to
choose between prior samples. Thus, when samples are dense and informative, it may be better to “connect the dots" instead
of choosing between prior samples to find one that matches. This is particularly true when the prior p(z) is Gaussian or
near-Gaussian, because the posterior will be fully unimodal and the Gaussian approximation in our junction tree initialization
will be accurate.

Results can be seen in Fig. 14. Even in this regime, Archer et al. [2015] is unable to do more than slight smoothing over a
connect-the-dots solutions.
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Figure 13: Gap from optimal ELBO versus inference iteration (left, linear scale) and versus wall-clock time (right, log
scale), on the SCON model with near-linear dynamics. Both panels use a log scale on the y-axis. Shaded regions show
95% confidence intervals and solid lines mark the mean across test sequences. Both GMVI-Nat variants converge to a
substantially smaller gap than VILDS and Gauss-Markov BBVIL.
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Figure 14: Posterior mean trajectories (solid lines) and 95% credible intervals (shaded bands) for all three latent dimensions
of the SCON model (S, D, M; rows) after 100 inference steps, for a single sequence. Left: both GMVI-Nat variants (junction
tree and attention) closely track the true latent trajectory x (dashed) and remain tightly concentrated around it. Right:
Gauss-Markov BBVI shows visibly wider credible intervals and VILDS learns a posterior mean that fails to track the true
trajectory.

A4 GENERATIVE MODEL SPECIFICATIONS
All the models below are described by SDEs of the form
dzy = oy, t,0)dt + B(zy, 0,1)dW,. (8)
All models except for EIRR-ww use a simple Gaussian observation model:
Py | @) = Ny p = Azy, 0 = Cay). ©))

Thus we set f(z;) = Ay, g(2;) = Cz,. The natural choice for likelihood-approximating functions are f(y;8) = A~ly
and precision matrix (y; ) = (AT (Cy)~1A)~! where the inner inverse is performed element-wise.



Thus to define each model, we need to define (i) the dimensions of x;, (ii) the parameters 6 and corresponding drift
and diffusion terms «(xy,t,0), 8(x¢, 0,t), (iii) the observation model parameters A, C, (iv) the total time interval and
discretization resolution dt, (v) the scheme for how observation times are determined, and (vi) the priors on global parameters
and initial time step p(0), p(zo).

T . . .
Lotka-Volterra. We have state x; = [ut ’Ut] , where u; is the number of prey and v, is the number of predators alive at
time ¢. Given prey reproduction rate 6, predation rate 65, and predator death rate 83, we get drift and diffusion terms:

o 91ut — ngtvt
a(a:tﬁ) N |:92Utvt - 93%] (19)
And diffusion given by
| Orue + Oaupve —bOru vy
ﬂ(xt’ 9) o |: —ngtvt Ggutvt + vaj (11)

We set A = I,C = 0.21. To remove discretization artifacts, we replace all normal distributions (i.e. in p(x¢yq¢|xq:) and
p(y¢|2¢)) with transformed normal distributions for both sampling and loss evaluation to ensure positivity of , y ~ p(z,y|6).
We use the same transformation to constrain our posterior, z = softplus(Z — 1) + 1 (to ensure the populations don’t get
unrealistically close to) and we fit a Gaussian variational factor to Z.

We set the maximum time 7" = 30 and dt = 0.2, yielding 151 time steps. We consider 2 different regimes for observation
times: one in which an observation is taken at each time point, and one in which observation waiting time is drawn from a
Poisson distribution with mean 20.

The prior and initial state distributions are given by

01 -1 V0.1
) (12)

0, NsoftplusN<u: —6|,0= [+0.1
03 -1 1/0.1

Uug |91 1
R ERH) a»
For reference, the mean values of 01, 05, 03 are =~ 0.3, 0.002, and 0.3.

SAWB. The SAWB model [Allison et al., 2010] has a latent dimension of 4, with dimensions of the latent variables

Ty = [ST Dy M, Et] r corresponding to soil organic carbon (S), dissolved organic carbon (D) and microbial biomass
(M), and enzyme concentration (E). The drift vector is given by:

ot ausa o MU ROSES
Ip+(1—awmsa) ru M+ g P52+ B — 2R 4E5S (14)

. _Vyp-M-D .
uQ RontMID (TA{-F’I“E) M

T’E‘M—TL~E

Values in red are functions of time, but have had their dependencies dropped to simplify notation. /g, I, are independent of
0:
Is(t) = Ip(t) = 0.001 + 0.0005 - sin(27t,/24/365) (15)

and the remaining terms are functions of underlying parameters

Fay (1 1
wzw,refexp{— RV‘ (T—T f)} (16)

where R is the ideal gas constant 8.314 .J - K~ - mol ' and T specifies a “reference equilibrium temperature which we
set to 283 K. The current temperature 7" is given by the idealized equation

Trise't .
T =T+ —"" L 10sin(2rt/24
et g0 94 365 0N (2mt/24)

+ 10 sin(2t/24/365). (17)



’ Param ‘ Distribution ‘ Truncation ‘

UQ ref N(0.2,0.1) [0,1]
Q N(2-1073,1073) [0,1]
apSA N(05, 025) [07 ].]
Kpg N (500, 500) [0,10%]
Kug N(1,1) [0,10%]
VD E ref N(0.5,0.25) [0, 10]
VU B et N(0.01,0.005) [0,1]
FEay,,, N (50, 25) [0, 150]
FEay,, N(60,30) [0, 150]
M N(2-1073,1073) [0,1]
rE N(5-1076,2.5-1079) [0,1]
rr N(5-1074,2.5-107%) [0,1]
sg N(1073,107%) [0,1]
sp N(1073,107%) [0,1]
Sr N(1073,107%) [0,1]
SE N(1073,107%) [0,1]

Table 1: Priors on SAWB global parameters 6.

Because time is measured in hours, this accounts for daily and yearly cycles in temperature, and we use the high estimate of
Tiise = b Celsius temperature rise globally by 2100. The final time-varying parameter is given by:

uQ = uQet + Q + (T' — Trer)- (18)
We note the much simpler diffusion matrix:
sg-S 0 0 0
seat)=| o 0T a0 (19)
0 0 0 sp-F

and observation model A = I, C = 0.11. We assume observations are taken regularly every 2 days, dt = 48 and the entire
observation sequence lasts 10 years, 7' = 10 - 365 - 24 for 1825 total time steps in each sequence.
We set a prior distribution p(z) = N (zo; 4 = po,0 = 0.01p0 with o = [50 2 0.2 O.I]T. Our priors on our global

parameters are given in Table 1. Priors were implemented with truncated normal distributions.

As in the Lotka Volterra model, we replace all normal distributions with transformed normal distributions to ensure positivity
when sampling from p(z, y|@) or evaluating the log probability. To avoid warping when values get very small, as is possible
in SAWB, we use a scaled softplus f(z) = softplus(1000 - z)/1000 as our transformation.

SCON. The stochastic conventional soil biogeochemical modeluses one fewer latent dimension than SAWB z; =

[S’t D; Mt] T, and has drift given by
—ks aps - kp ay - kar - apmsc
asp ks —unm —kp am ki - (1—amse)| -
0 Upm —km
Is
+ 1. (20)
0

The values of Ig, Ip are given by Eq. (15) and the values of k; obey the Arrhenius temperature dependence equation
Eq. (16). SCON uses the same observation model and diffusion matrix as SAWB, except for the last latent and observation
dimension £ which is removed. The resulting model is only non-linear-Gaussian because of the dependence of the diffusion
matrix and observation noise on ;.



’ Param ‘ Distribution ‘ Truncation ‘

un N(2-1073,1073) [0,1]
aps N(05, 025) [O, 1]
asp N(05, 025) [07 ].]
anr N(0.5,0.25) [0, 1]
aysc N(0.5, 0.25) [0, 1]
Ksrer | N(5-1077,2.5-1077) [0,1]
KD et N(1073,5-107%) [0, 1]
Kt | N(2-107%,107%) [0,1]
Fag N (60, 30) [0, 100]
FEap N (50, 25) [0, 100]
Eayy N (50, 25) [0, 100]
sg N(1072,1073) [0, 1]
sp N(1073,107%) [0,1]
Sm N(1073,107%) [0,1]

Table 2: Priors on SCON global parameters 6.

We keep dt = 48 but set T = 365 - 24 to one year, resulting in a shorter sequence of length 182. We assume there are

observations at every time step. We use p(zo) = N (zo; = po, o = 0.549) with po = [56.8 2.7 6.0] " The details of

the prior on 6, which are implemented via truncated normal distributions, are detailed in Table 2.

T
EIRR-ww. We have state x; = [Tt E, L Rgl) Rgz)} . Here, r, is the log of the effective reproduction number

at time t, i.e. exp(ry) is the average number of individuals a person infected at time t would subsequently infect, if the
conditions of the epidemic at time t remained the same. The remaining 4 components are counts of individuals in various

states of infection. E is the number of infected but not yet infectious individuals. I; is the number of infectious individuals.

Rgl) is the number of recovered individuals who are not infectious, but still shed SARS-CoV-2 into the wastewater. REQ) is

the number of recovered individuals no longer shedding pathogen.

We model r; with a Gaussian Process with a mean of —1 and a Matérn 3/2 covariance kernel given by

3t -t 3t -t
kMa[érn-B/Q(tvtl) = 02 (1 + \/>|£|> €xXp <_\/>|£|> )

where 02 = 0.3 and ¢ = 14.

The drift and diffusion terms for the remaining 4 components are:

exp(ry) vI; — vE:

9 ’)’Et — l/It 1
a(mt, )_ VIt*’l]Ri(gl) (21)
1
nR;"
And diffusion given by
exp(ry) vl + vE; —~vE, 0 0
—’}/Et ’}/Et + VIt —Z/It 0
Plaw,9) = 0 vl vl +nRY  —pRY @2
0 0 —nRil) nRgl)
For the observation model, we have
p(yel,) = Generalized-t (p()\It +(1=NRM), 72, df) 23)

Wefixy=1,v=12,n=2% A=0997,p=02df =3,and 7 = 0.5.



Method LVDense Ir | LVSparse Ir

Gauss-Markov BBVI le-2 le-2
Mean-Field BBVI 1 1
Full-Rank BBVI le-3 3e-3
GMVI-Nat + junction tree 1 le-1
GMVI-Nat + attention 1 (1e-3) 1 (1e-3)
VILDS (1e-3) -
Normalizing Flow le-3 le-3

Table 3: Optimization learning rates for the fixed-6 Lotka-Volterra experiments. Training learning rates are shown in
parentheses, while learning rates used to optimize g(x) on the test data set are shown without.

Method \ LVSparse Ir | SAWB Ir
Regular grads + Adam le-4 le-3
Nat grads + Adam le-5 le-4
Nat grads le-3 le-4
Nat grads constrained le-3 le-5
Nat grads + Batch-adaptive 2 le5

Table 4: Optimization learning rates for Fig 2.

The initial state distributions are given by

B 9995 0.1
Iy Cse00 | ot
Riol “ M= [11055] 07 = |oa ) (24)
Rao 65000 0.1

A.5 ARCHITECTURE, HYPERPARAMETER, AND DATA SET SPECIFICATIONS
For all experiments, the random seed required to replicate our results will be included in our code repository.

Lotka-Volterra. The two fixed-8 experiments were done on a batch of 1024 sequences. Amortized methods were trained
on a training data set of 8192 sequences which share the same 6 as the test set. Both amortized methods were trained on
batches of size 128.

To estimate the ELBO, 128 samples from ¢(x) were drawn. M = 256 samples from p(z) were used to compute the
junction tree initialization for unamortized methods and perform the prior-sample-selection process of our attention network.
Learning rates are included in Table 3. We trained our attention network for 1000 gradient steps and the VILDS baseline for
5000 steps.

For the normalizing flow experiments, we utilized the authors’ codebase Ryder et al. [2021], making a few key modifications
to improve flexibility in modeling the initial state z(. In the original implementation, x is determined by a deterministic
function. We extend this approach by sampling x( according to Equation (24) and modifying the loss function to account
for this change, incorporating x( into the time series = in Equation (3). Additionally, we apply the transformation x =
softplus(Z — 1) + 1, as detailed in previous sections.

Another modification from the original normalizing flow approach is in how we partition the time series. While the original
implementation segments the time series into shorter sequences, we instead set the sequence length equal to the full
time series length 7T, to ensures a more comprehensive temporal representation. Finally, we pre-trained the variational
approximation for 500 iterations to obtain reasonable initial values, minimizing Ey ;~q[||z — §||2] where ¢ is the linear
interpolation of observations.

Lotka-Volterra, infer . Global parameter inference was done with a test set of 128 sequences, all drawn from the same 6.
These sequences had some sparsity, with observation waiting times drawn from a Poisson distribution with mean 5. Our
attention network was trained on a training data set of 1024 which did not share the same 0 as the test set. The training data



set consisted of batches of size 128, each of which was generated by a different 6 ~ p(6). Our network was trained for 1000
iterations with a learning rate of le-3.

For optimization, each method took 100 inner optimization steps of ¢(x) before taking a single natural gradient step to
improve ¢(#). GMVI reg used an inner learning rate of 1e-2 and an outer learning rate of le-2; GMVI nat + norm used an
inner learning rate of le-1 and an outer learning rate of le-1; and the refinement method GMVI nat + norm + attn used an
inner learning rate of 1 and an outer learning rate of le-1. To prevent quick descent to a very-tight ¢(6) that would make
natural gradient descent slow, the first 50 steps of optimization upweight the KL term KL(q(8)||p()) by the batch size 128.
Over the following 50 steps, that factor is annealed down to 1.

For the normalizing flow experiments, we pre-trained for 1000 iteration of simultaneously minimizing Eg 4[|z — §||2]
where 7 is the linear interpolation of observations and maximizing F,.,[||60 — 6*||2] where 8* = softplus([—1, —6, —1]).
Both training and pre-training were conducted with a learning rate of le-3.

EIRR-ww. To estimate the ELBO, 256 samples from ¢(z) were drawn. M = 2048 samples from p(x) were used to
compute the junction tree initialization for unamortized methods and perform the sample-selection process of our attention
network. To train the attention network for the EIRR-ww model, instead of sampling from the prior distribution, we sample
from the junction tree initial posterior distribution. We trained our attention network for 200 gradient steps.

The baseline MCMC method initializes with MAP (10 restarts) for 122 seconds, and the MCMC sampling with 4 chains
takes 7620 seconds. The reproduction number is updated an a weekly basis. Figure 15 depicts the MCMC loss versus
iteration.

MCMC Negative Unnormalized Log Posterior MCMC Negative Unnormalized Log Posterior

365 1

360

3554

3504

Negative Unnormalized Log Posterior
Negative Unnormalized Log Posterior

0 1000 2000 3000 4000 5000 6000 7000 8000 0 1000 2000 3000 4000 5000 6000 7000 8000
Time (sec) Time (sec)

Figure 15: MCMC unnormalized negative log posterior (loss) versus wall clock time (seconds) for the EIRR-ww model
on COVID-19 data in Los Angeles county Left: At each sampling iteration, we report the median and interquartile range
(25th—75th percentile) of the negative unnormalized log posterior (-log joint) across four chains. Right: Best-so-far MCMC
objective. For each chain, we track the cumulative minimum of the negative unnormalized log posterior (-log joint) over
iterations, then summarize across four chains with median and interquartile range.

Comparison of descent methods. Fig. 2 uses the same data and hyperparameters as Fig. 7. The only differences are
learning rates (specified in Table 4), and initialization, where all methods inherit the Gauss-Markov BBVI method of
independently matches the mean and variance of the prior at each time point and initializing cross-temporal variances to 0.

SAWB. Results are shown on a test data set of 64 sequences. We estimate the ELBO with 128 samples from the prior and
we estimate the prior with 256 samples for junction tree initialization. Due to the high memory cost of very long sequences,
we lower this value for our amortized training, only drawing 64 samples from the prior. The training data set contained 256
sequences which shared the same 6 as the test set, split into batches of 64. Training took 1000 iterations with a learning rate
of le-3, and ¢(«) optimization for GMVI reg, GMVI nat + norm, and GMVI nat + norm + attn used learning rates of le-3,
5e3, and le4 respectively.

SCON. Results are shown on a test data set of 128 sequences. We estimate the ELBO with 128 samples from the prior
and we estimate the prior with 256 samples for junction tree initialization. The training data set contained 1024 sequences
which shared the same 6 as the test set, split into batches of 64. Attention network training took 1000 iterations and VILDS



network training took 10000 iterations, both using a learning rate of le-3. ¢(z) optimization for GMVI reg, GMVI nat,
GMVI nat + norm, and GMVI nat + norm + attn used learning rates of le-2, le-2, 1le2, and le2 respectively.

Attention Network architectures. The attention encoder is a standard deep network applied once per sequence; we
set n = 3 layers for our experiments to balance accuracy and speed (see Alg. 1 in the main paper). The network is
trained end-to-end by backpropagating the ELBO of the initialized ¢(z; A) before refinement. The multilayer perceptrons
Uy (1), uy (), k(x) were implemented to work independently across time, containing 3 network layers, GELU activation
function [Hendrycks and Gimpel, 2016], and instance normalization [Ulyanov, 2016] after every activation. For Lotka-
Volterra experiments, we set the hidden dimension to 128 and for the SCON and SAWB experiments we used a hidden
dimension of 64.

VILDS architectures. We consider two variants of the VILDS recognition network, differing only in how they extract
local observation evidence prior to the closed-form linear-dynamical-system (LDS) update. In both variants, the recognition
network consists of three hidden layers of width 128, following an initial linear projection of the observation y; € R”
with GELU activation and instance normalization. The resulting hidden representation is mapped to the variational mean
{1+ and to the likelihood-approximating precision A,,, which are combined with the prior-approximating linear dynamical
system (whose parameters are learned directly) through closed-form Kalman-smoother-style message passing to yield the
full smoothing posterior.

In the dense variant, following the original VILDS formulation of Archer et al. [2015], the remaining two layers are
residual fully-connected blocks applied independently at each timestep. Because these are pointwise linear maps, the hidden
representation h; at time ¢ is a function of y; alone, with no information exchange across timesteps within the network.
All temporal dependence is instead introduced downstream via an explicit linear-Gaussian state-space model: a learned
transition matrix and process noise covariance combine the per-timestep local evidence potentials produced by the network
through closed-form Kalman-smoother-style message passing, yielding the full smoothing posterior.

In the transformer variant, the two residual dense blocks are replaced with standard Transformer encoder layers (four
attention heads of dimension 32 each), preceded by a sinusoidal positional encoding to restore the temporal ordering that
self-attention otherwise discards. This allows the hidden representation at each timestep to attend to observations at every
other timestep in the sequence before local evidence potentials are computed, so that the evidence at time ¢ can incorporate
information from temporally distant observations. The downstream combination of local evidence into a full posterior via
the linear-Gaussian dynamics is identical to the dense variant; only the feature-extraction front end differs.

The original VILDS recognition network Archer et al. [2015] is designed to condition on a fully dense observation sequence,
requiring input at every time step. To apply both VILDS architectures to sparsely-observed data, we first impute the
missing time steps for each sequence via per-dimension linear interpolation between the available observations, using linear
extrapolation to fill in any values before the first or after the last observed timestep. This dense, interpolated sequence is used
solely as the input to the recognition network (for both the MLP-based and transformer-based variants of VILDS). Critically,
the interpolated values are never substituted into the model likelihood: the evidence lower bound is still computed using
the true sparse observations. This ensures that interpolation serves only to provide a well-formed input to the recognition
network, without biasing the variational objective toward interpolated values.

B OPTIMIZATION AND NATURAL GRADIENT SPECIFICATION

In the section that follows, we repeatedly treat A as a natural parameter of ¢(z). Technically, — %A is a natural parameter. To
reduce notational bloat, we drop the occasional multiplication by —% whenever the natural parameter is constructed or —2
whenever it is converted into an unconstrained or moment parameter.

The training algorithm benefits from having a few functions defined in advance:
e uncToPrec takes a lower triangular matrix of unconstrained values and constructs a positive definite precision matrix

by: (a) softplusing the values along the diagonal to create a valid Cholesky factor, (b) multiplying that Cholesky factor
by its transpose to construct a positive definite matrix, and (c) adding 10~ to the diagonal to ensure numerical stability.

* precToUnc is the inverse: it computes the cholesky of a positive definite matrix and then applies the inverse of the
softplus transform to its diagonal.

* forwardProp takes a function, an input to that function (primal value), and a tensor of perturbations (the dual value)



Algorithm 2
Inferring ¢(6)

Require: Observation data y,b =1, ..., B, step size «, number of optimization steps 7, prior parameters (g, %o of p(6),
no < S o
L + precToUnc(X;!/100)
fort < 1toT do
Ap < uncToPrec(Ly)
pg < requiresGrad(A, 'n)
Sy requiresGrad(AQ_l + popd)
Yo < So — popd
for b <+ 1to B do
0y < sampleUsingMoments(ug, Sp)
Ny Lo < inferQX(yy, detach(by))
Ly — calcNELBO(Ny, Ly, 0p)
£ KL(p(6; p0: Z0) a(6: 10, 26)) + 34 b
Mg < Ng —aV,, L
g < forwardProp(precToUnc, Xy, Vg, L)
Lo+ Ly —ag

Figure 16: Psuedocode for optimizing the parameters 79, Lg of ¢(#) via natural gradient descent. 7y is the first natural
parameter of ¢(6) (equal to the precision matrix times the mean) and Ly is an unconstrained reparameterization of the
precision matrix. The initial divide-by-100 ensures that the initial posterior ¢(6) is centered around the mean of p(6) but has
significantly smaller variance to prevent the sampling of extreme values of 6 during the first iteration. Optimization guides
the posterior away from this initialization.

of the same shape as the input. forwardP rop then computes a Jacobian-vector product, pushing the perturbations
through the function at the input.

* requiresGrad represents the Pytorch function which creates a leaf node in a computation graph. It is included
in the following algorithms to make them easier to follow. Later in each algorithm, derivatives will be taken with
respect to the tensors outputted by requiresGrad. This means that all computation which uses these tensors happen
inside automatic differentiation, and all computation before the requiresGrad call happens outside of it (and
therefore does not require the memory overhead of automatic differentiation). Similarly, det ach matches Pytorch’s
implementation, removing a tensor from the computation graph and treating it like a fixed value. It is necessary to
detach 6 before optimizing ¢(z), to avoid storing the entire optimization history for 7y, Ly’s gradient update step.

Fig. 16 details the outer optimization of the global latent variables 6. It includes as an inner loop the optimization of the
state variables x4, further specified in Fig. 17. Within Alg. 2, some of the arguments to inferQX (as specified in Alg. 3)
are dropped for brevity. The calcNELBO function in Alg. 2 is not specified separately; it is a single iteration of Alg. 3,
returning the loss £ instead of using it to update 7, L.

B.1 NATURAL GRADIENT COMPUTATION

Both algorithms make use of the natural gradient technique of Bendekgey et al. [2023]. Prior work [Khan and Nielsen,
2018] has shown that a natural gradient with respect to a distribution’s natural parameters is equal to a regular gradient with
respect to the distributions moment parameters. For a normal distribution with mean p and covariance matrix Y, the moment
parameters are
Elz]=p and Elzz™) = % 4 pu”. (25)
And the natural parameters are
n="1u and A=%"1 (26)

Therefore, letting V denote the natural gradient, it follows that

VL =V,L. Q27



Algorithm 3
Inferring ¢(z)

Require: Observation data y, global parameters 6, step size «, number of optimization steps 7', number of samples for
estimating ELBO M, transformation function f(Z) that maps unconstrained samples to samples in the support of p(z)
(and returns the log absolute determinant of the Jacobian of the transform at ).

Ney Ly < initializeQx(0) // Jjunction tree or attention initialization
fort < 1toT do
A, < uncToPrec(L,)
ta, Sz, H + requiresGrad(expectationsViaKalmanSmoother(n,,Ay))
Yo Se— Mmuf
for m < 1to M do
T < sample(ug, Xo)
Tm,logdetd < f(Zm)
by — —logpx(zy,) — logpy(y, ¢m) — H — logdetJ
L 37y bm
Ne < Nz —aV, L
g < forwardProp(precToUnc,X,,aVg, L)
L, L,—ag
return 7, L,

Figure 17: Psuedocode for optimizing the parameters 7),., L, of g(x) via natural gradient descent. 7, is the first natural
parameter of ¢(x) (equal to the precision matrix times the mean) and L, is an unconstrained reparameterization of the
precision matrix.

It also follows that

VAL = VgL, (28)

where S = E[zx7T] as specified above.

Unfortunately, if we take a natural gradient step with respect to A, we might end up with a new matrix that is no longer
positive definite. Only under strict prior-posterior conjugacy assumptions can we assume this won’t happen, and our SDE
priors are not conjugate to our Gaussian approximate posteriors. The solution is derived in Bendekgey et al. [2023], which
shows that if we want to optimize a parameter of unconstrained values L, and we have

A=T(L) (29)
for some transformation function 7", then
~ oT—1(A)

Computing this natural gradient requires us to take the regular gradient with respect to the moment parameter S, then
compute a Jacobian-vector product by pushing that gradient forward through T—!, the inverse transformation.

An added benefit of this technique is that computing the moment parameters i, .S from the natural parameters 1, A happens
outside of automatic differentiation and does not require backpropagating through; we only need to push forward the
gradient with respect to S. These moment parameters are computed using a variant of the Kalman smoother, which mixes
information across time to produce a smooth posterior, without having to perform any iterative-across-time computation
inside of automatic differentiation.

Some prior works such as Johnson et al. [2016] compute natural gradients of non-conjugate losses by removing the
non-conjugate parts of the loss from the gradient computation, thus obtaining biased natural gradients. Our natural gradients
however, lack those modifications and are therefore unbiased Monte Carlo estimators of the true natural gradient.



C EXPLOITING THE STRUCTURE OF GAUSS-MARKOYV DISTRIBUTIONS

In this section, we provide proofs of central claims of our paper: that Gauss-Markov random variables have block-tridiagonal
precision matrices, and that we can compute a precision matrix A whose inverse matches observed local covariances
efficiently.

C.1 GAUSS-MARKOV DISTRIBUTIONS HAVE SPARSE PRECISION MATRICES

We begin with the general theorem for all (not necessarily Gaussian) random variables.

Theorem 1. Suppose x is a vector-valued random variable, and let x;, x; be scalar components of x. If ©; L x;|x_;;, then
the i, j entry of Cov(x) ™1 is 0.

Proof. Speed and Kiiveri (1986) prove that the 4, j entry of Cov(z) ™! is 0 if and only if z;, z; are conditionally uncorrelated
given all other components of z. Conditional independence implies conditional uncorrelation, completing our proof.  [J

An extension of this theorem exists for Gaussian variables:

Lemma 1. Suppose x is a vector-valued random variable whose distribution is Gaussian, and let x;,x; be scalar
components of z. The i, j entry of Cov(z) ™1 is Oif and only if z; L x;|x_;;.

Proof. Same as Thm. 1, noting that for multivariate Gaussians, variables are conditionally independent if and only if they
are conditionally uncorrelated. This is a central theorem of Speed and Kiiveri (1986). O

In a Gauss-Markov distribution, we assume there are D-dimensional observations at each of T time steps. With a bit of
notational abuse, we denote the D-dimensional subvector of x corresponding to time step ¢ with ;. For most rows of the
precision matrix, there are 3D non-zero entries, because a single component of x; has no Markov assumption separating it
from the D dimensions at the previous, current, and next time step. This structure can be seen on the right of Fig. 2 of the
main paper, where light blue blocks of size 2D x 2D reflect the dense set of dependencies between the dimensions of z;
and xy41.

C.2 FAST MATRIX INVERSION VIA JUNCTION TREE REPRESENTATION

Given the set of local covariances Cov(x¢, x¢41), we want to compute a block tri-diagonal precision matrix whose inverse
matches those observed covariances.

Theorem 2. Let G be a graphical model encoding the Markov assumptions of random variable x. Let C be the maximal
cliques of G, and let S be the set of separator sets, i.e. maximal sub-cliques which are fully contained by multiple c € C. Let
ds denote the number of maximal cliques that separator set s is a subset of.

Given the positive definite covariances P, c € C of all x components in the same clique c,

1. There is a unique precision matrix A whose inverse matches P, for all c € C, and

2. A can be computed via

Aj= > [Pl = D (de— D[P 31)

ceClij€c seS|ijes

Proof. Consider a Gaussian random variable z with mean 0 and covariance J, such that the Markov structure of z is encoded
by G. We can write its Gaussian density as follows:

p(z) o< exp{ - % Zzizj [J_l]ij}. (32)
ij



However, we can also rewrite this distribution using the junction tree decomposition (Cowell et al., 1999):

HCEC pc(zc)

33
565[ S(ZS)]dS ( )

p(z) = i

717

where p.(z.) and ps(zs) are the marginal distributions of those subsets of z. The marginals of Gaussian distributions are
Gaussian, with covariance matrices obtained by simply taking sub-blocks of the original covariance matrix. Thus,

pe) cesp{ 2 (3 sl

ceCijec

=Y - DEsIL) |- 34

s€ESijEs

Note that this expression has no dependence on the entries of J outside maximal Markov cliques C. Thus, if we set
Je. = P,, Js = Ps we find the resulting Gaussian distribution in Eq. (34) and therefore the full precision matrix A to be
uniquely defined.

Deriving the algorithm for computing A simply requires us to match coefficients between Eq. (32) and Eq. (34). As they are
two different ways of writing the same distribution, the coefficients must match. In Eq. (32), we see entries of the entire
precision matrix A = J 1. In Eq. (34), we invert smaller blocks corresponding to the cliques and separator sets of G, and
subtract them. Setting J. = P,, J; = Ps we get Eq. (31). O

In the context of a Gauss-Markov distribution, the cliques are of size 2D, and contain the components at neighboring time
steps. The separator sets are of size D, and contain components within a single time step (they are contained in the clique
corresponding to (t — 1,¢) and (¢,¢ + 1), and thus ¢ = 1,¢ = T are not separator sets). We therefore have |C| =T — 1, and
|S| = T — 2, allowing us to construct A with only O(T") matrix inversions, each of size O(D) x O(D).

For the existence of the precision matrix A constructed by Theorem 2 to be guaranteed, the covariances P, must be strictly
positive definite. Because the graphical model underlying our Gauss-Markov distribution is decomposable, this happens
with probability one if the number of prior samples M > 2D, as established by Lauritzen [1996, Proposition 5.9].

D NETWORK ARCHITECTURE FOR COVARIANCE PREDICTION

The algorithm for producing a posterior precision matrix is specific in Alg. 18. The only changes from the mean-prediction
network are that (i) the mean prediction is taken as input, instead of the (possibly sparse) observations, (ii) the predicted
covariance is constructed by a weighted empirical covariance instead of a weighted mean, and (iii) the precision matrix is
constructed from a predicted covariance matrix via the block tridiagonal inverse algorithm detailed in Sec. C.



Algorithm 4
Attention-Based Encoder Architecture, Precision Matrix

Require: M prior samples x ~ p(x|0) : M x T x D and one prediction mean p* : T x D.
0+ 0, [+ None, AL(@) <0
for i < 1ton do _
G WS () + 2 (0))
for m < 1to M do
Fm < W S (2,)
§m — (ZZ:1 qzkmt) /V Tdmodel
(e 0+3
W + softmax(/)
=, WmTm
P S i (vma) - "
return JunctionTreeInverse(P)

Figure 18: Specification for estimating the posterior precision given samples from the generative prior and the output of the
mean-prediction network, performed in parallel for a batch of B sequences p*. All networks share architecture details with
the mean-prediction network. Note that not all 72 D? dense entries of P are computed; only the O(T'D?) entries requires to
apply the junction tree decomposition of Sec. C.

E KALMAN SMOOTHER AND ENTROPY COMPUTATION

The following algorithm details the Kalman smoother used to compute the moment parameters of a Gauss-Markov distribu-
tion given the natural parameters. It is adapted from Bendekgey et al. [2023], which requires a redundant parameterized
obtained from a Gauss-Markov distribution defined by a linear dynamical system. The entropy of the Gauss-Markov
distribution, which depends only on the precision matrix A, is computed as part of this inner loop.

Because the entropy is computed outside of automatic differentiation, its contribution to the gradient is not automatically
accounted for. Fortunately, the gradient of the entropy with respect to the moment parameters is the natural parameters:

V.H=n and VsH =A (35)
Thus we can modify the gradients obtained in Als. 2-3 to correctly account for the entropy by simply adding the natural

parameters.

Input: Natural parameters 7 (vector) and A (positive definite precision matrix). Let 7); be the length-D subvector of 7
corresponding to timestep ¢, and A; ; be the D x D subblock of the precision matrix corresponding to timesteps ¢ and j
(note that A;; # 0 only when |7 — j| < 1).

Initialize:
Fyjp =AM (36)
fin=m (37)
H= (33)
Filter: fort =1,..., 7T — 1
1
H=H- glog\FtM (39)
Fopijeer = Megr o — Neyae Ftﬁl : A;f+1,t (40)
Je1je41 = Mer1 — Ny 'Ft|_t1 S 41)



Finalize:

1 DT
H=H - 510g|FT‘T| + 7(1 + log 27)
Y = FT_|1T
pwr =X f7IT
Srr = Y17 + s

Smoother: fort =7 —1,...,1

Civ1 = Fopr — Feprpeer + A
_ T “1
Ft|T - Ft|t - At+17t : Ct+1 ' At+1,t

for = foe — Aam : Ct_—&-ll(ft+1|T — fea1je + Me1)

_ —1
Yt = Fyp
T -1
Star1 = et Mgy O
My = Xy ft\T

Sip =2 + Mtli?

_ T T
Str,e = Bj i1+ ey

Return: moment parameters i and S, and entropy H of ¢(z).

(42)
(43)
(44)
(45)

(46)
(47)
(48)
(49)
(50)
(D)
(52)
(33)
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