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Abstract
We study non-parametric measures for the problem of com-
paring distributions, which arise during the anomaly de-
tection of (time) series. We present an unified framework
where: first, we can compare non-parametric stochastic
distance-based approaches; and second, we apply and ex-
tend information-theoretic measures to continuous series.

Non-parametric measures take two distributions as in-
put and produce two numbers as output; that is, respectively
the difference between the input distributions and the statis-
tical significance of this difference. Some of these measures,
such as Kullback-Leibler measure, are defined for compar-
ing probability distribution functions (PDFs) and some mea-
sures, such as Kolmogorov-Smirnov measure, are for cumu-
lative distribution functions (CDFs). We first show how to
adapt the PDF based measures to compare CDFs, result-
ing in a total of 23 CDF based measures. We then provide
a unified functional form that subsumes all these measures.
We present our methodology to determine the significance (of
the measures) by simulations only. Finally, we evaluate these
measures for the anomaly detection in continuous series.

1 Introduction
In the era of information technology, the volume of data
transmitted, handled and elaborated is overwhelming. For
example, Yahoo! collects multiple terabytes of data each
day, and this volume is increasing. The main reason for
collecting this data is to improve the software and hardware
systems so as to make them understand what users want and
answer user requests almost immediately. It should then
be clear that there is a need for automatic detection of the
system variations to cope with this volume and speed.

One common way to model the data is in terms of (time)
series. Then, the variations can be detected by parametric
and non-parametric methods. For example, Holt–Winters
[18, 49] is an example of the former. In this work, we turn
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our attention to the latter (set of methods). In particular,
we investigate the application of non-parametric measures
to compute the distance between variations summarized as
distributions (for an comparative study see [29] or for an
overview [17]) .

Some distance measures can work with probability dis-
tribution functions (PDFs) (e.g., Kullback–Leibler [28]),
and others with cumulative distribution functions (CDFs)
(e.g., 1933 Kolmogorov’s seminal paper [27] and expanded
in [25, 8]). For reference, we will call the former as PDF
measures and the latter as CDF measures. We have learned
that: First, multiple measures are more useful than just rely-
ing on a single one (e.g., Gestalt effect); second, CDF mea-
sures are easier to work with because they do not suffer from
the division-into-buckets problems and also they have nice
properties like monotonic growth. As such, our contribu-
tion is an extension of almost all PDF measures to work with
CDFs, unifying all the measures into a single functional form
in the process. In addition, we determine how to provide sta-
tistical significance when working with these CDF measures.

This paper is organized as follows: in Section 2, we in-
troduce the related work; in Section 3, we introduce our no-
tations and the set of measures. In Section 4, we specify
the measures for distribution functions and, in Section 5, we
present our approach for the evaluation of the measure sta-
tistical significance; in particular, in Section 5.4, we explain
how we combine measures to have an agreement-based ap-
proach and compare our approach with the state-of-the-art
approaches. In Section 6, we present our experimental re-
sults and, in Section 7, our final considerations.

2 Related Work
Distribution comparison is a fundamental technique and
has many applications in statistics (e.g., hypothesis testing)
and other areas. Many distribution comparison measures
have been proposed starting from the early 1930s. For
example, a simple search at Google’s scholar search engine
returns thousands of results to papers and citations for each



distribution comparison measure.
Distribution comparison measures can be applied be-

tween one discrete and one continuous distribution (i.e.,
model) or two discrete distributions (i.e., both empirical).
We turn our attention to the latter measures because of our
interests and their applications in the web search. For the
discrete case, inputs to distribution comparison measures are
either probability distribution functions (PDFs) or cumula-
tive distribution functions (CDFs). In the sequel, for ease
of reference, we will refer to such measures as PDF-based
measures and CDF-based measures, respectively.

Due to the fundamental nature of distribution compari-
son, there have been many measures proposed to date. For
example, Kullback–Leibler measure [28] and Kolmogorov–
Smirnov measure [27] are examples of well-known PDF-
based and CDF-based measures, respectively. We present
a full list in Table 1 and each measure is discussed in detail
in Section 4, .

Three attempts to survey the existing measures are [34]
(about 64 measures), [30] surveying 7 measures for language
modeling, and [38] for a broader classification. There
have also been attempts to generalize and unify some of
the measures. Such a work includes [1], [42]. In them,
Kullback–Leibler is shown to be a special case. In this paper,
we also propose a generalized functional form. To the best
of our knowledge, we are unaware of any past attempts to
generalize PDF-based measures so that they can also take
CDFs as inputs and provide a significance (i.e., quantile).

As for anomaly detection over time series, the literature
is again fairly large. A short but representative list is for ex-
ample, martingale methods [44, 15, 16], Kullback–Leibler’s
application [6], information-theoretic approaches for mate-
rial modeling [52], image formation [35] or channel denois-
ing [46] or symbolic sequences [12]. All derive from the
seminal work by [39] who introduced the concept of entropy
for discrete set of probabilities for communication and the
Jensen–Shannon divergence (Shannon entropy in combina-
tion with Jensen inequality [20]) has been first introduced by
[37] or [50] (respectively, suggested as first reference by [31]
and [9]). As the original authors said Kullback–Leibler is the
generalization of Shannon’s entropy.

Some of the anomaly detection methods require the
specification of a handful of parameters or the automatic
estimation by means of a minimization process. One well-
known example of such parametric methods is Holt–Winters
method [18, 49]. Distribution comparison falls in the cat-
egory of non-parametric methods. For anomaly detection
using distribution comparison measures [26], a typical ap-
proach is to specify two windows on the time series, one
being the reference window and the other being a moving
window whose deviation from the reference window is of
interest. When each window is considered as a distribution
(in the PDF or CDF form, or other using DSP techniques

[51] or linked-based [10]), anomaly detection reduces to the
comparison of (two or more) distributions. We also follow
this last approach.

In relation to the previous work, our contributions can
be summarized as follows:

1. We propose a unified functional form of almost all of
the distribution comparison measures.

2. We generalize PDF-based measures to take CDFs as
input.

3. We show how to provide statistical significance with
these measures.

4. We give experimental results for a single application,
namely, anomaly detection on time series.

3 Statistical test, unified measure, and notations
In this section, we introduce our terminology and definitions.

Statistical test. Given two arbitrary (empirical) CDFs
FR and FW , a (non-parametric) statistic test is composed of
three components:

1. The null hypothesis H0 : FR ∼ FW ; that is, the
distributions are the same.

2. The (distance) measure D(FR, FW ), which quantifies
the distance between these distributions. We use the
term “measure” after [1].

3. The statistical significance, typically with significance
levels at 0.05.

Unified Measure. We present a generalized measure D
that unifies all the measures in this paper. It also helps us to
abstract the components of a measure and provide a notation
for them.

(3.1) D : RN × RN → R
D : Dp,ϕ,γs,ψk

(r,w) =ϕ(N) ∗ γs
(
‖ψk(r,w)‖p

)
p ≥ 0
ϕ : N→ R
γs : R→ R
ψk : RN × RN → RN

In Equation 3.1, the measure D takes in the N -element
vectors r and w, representing the input distributions FR and
FW , respectively. Then, it produces the final output in four
steps (described inside-out):

1. compare the elements of the input vectors in a one-to-
one basis using the function ψk;

2. aggregate the result using a vector p-norm ‖.‖p;



3. scale the result using the function γs; and

4. normalize the result using the function ϕ so that the
final result will be independent of N for large N .

Each of these functions in the definition of D takes
different forms for different measures, as shown in Table 1.
The only exception is the vector p-norm, which is defined as
follows:

‖x‖p =
(∑

i

|xi|p
) 1

p

,

‖x‖∞ = max
i
|xi|, and

‖x‖0 =
∑
i

xi.

Notice that the definition of ‖x‖0 is not standardized in the
literature; for example, ‖x‖0 is

∑
sign(xi) in [11], and in

some other sources, ‖x‖0 is the number of non-zero elements
of x. Our vector norm helps simplifying the definition of D.

Terminology about series. A (time) series S is com-
posed of elements si = (xi, yi) where i is a strictly increas-
ing and non-negative integer, called an epoch to indicate
time. The epoch helps ensure a total order of the elements
of S. For reference, we identify the most recent or the last
element of S by st.

The reference window R and test window W are the
ordered set of N successive elements of S. When reduced
to vectors, these windows are represented as r and w. In
practice, these windows typically do not overlap, and both
can be made more recent (closer to “now”) depending on the
need for defining a new reference.

We compute the distance between the two windows R
and W using D(R‖W ), as defined in Equation 3.1. To
compute the distance, we can use the input vectors for these
windows to represent a PDF or CDF, both empirical.

4 Distance Measure Specification
In practice for a finite number of samples, a measure is
a quantitative comparison of the distance of two vectors.
For example, the Euclidean distance of two n-dimensional
vectors is a norm and a metric (i.e., E ≥ 0, E(a,b) =
E(b,a) and E(a,b) + E(b, c) ≥ E(a, c)). In this spirit,
we can extend the use of the measures commonly used
for vectors such as the Euclidean distance or PDFs such
as information-theoretic measures and to take two CDFs as
input parameters.

Considering the scenario where we want to compare two
series in R, notice that we can always define the intervals
using CDFs, and we can always compare two CDFs as
vectors or without any arbitrary determination of buckets
or reduction to discrete values. Moreover, we notice that

two series drawn from the same process will converge to the
same CDF (respectively to the same vectors or PDFs) and all
the measures will converge to zero. However, the measure
output for different CDFs can be unbounded and, certainly,
larger than in the case of PDFs (e.g., [0, 2] [31]); however,
for symmetric measure, the measure output will always be
bound to the number of samples in the series.

In particular, symmetric measures are more suitable for
our needs (such as Kullback–Leibler-J Equation 4.3, Jensen–
Shannon Equation 4.5, and Variational Equation 4.9). Sym-
metry assures that the measure is not biased by the reference
window. However, we can find application for positive mea-
sures, such as χ2 in Equation 4.6, because these measures
may give better discrimination power when applied to em-
pirical distributions (especially with few observations or be-
cause we need to model a non-symmetric measure [30]).

We show that 17 of the measures in Table 1 have output
CDFs that are independent of the input CDFs. For example,
the Kolmogorv–Smirnov has a limit distribution, which is
normal, independently of the input stochastic processes. We
show this independence in Section 5.3 following the reason-
ing used for Kolmogorov–Smirnov measure and presenting
experimental evidence. Unfortunately, we have found that
the generalized functions Kr, Ks, and K2

s used for PDFs
(Equation 4.11, 4.10, and 4.12), in general will not work for
CDFs, because we cannot find a CDF for their output mea-
sures (see Section 5.2).

To conclude this section, we must specify that we do not
use the geometric measure cos(a,b) [45], [22]. We do not
use cos() because this measure compares only the direction
of two vectors without considering their magnitude, which
we consider important. Also, we did not investigate the
relative frequency model proposed in [40], which was
designed to overcome the drawbacks of the cosine measure
but for histograms built on top of (bag of) words, thus
discrete entities, and easy to put into buckets. Also, we do
not consider the resistor distance [21], another symmetric
version of the Kullback–Leibler measure.

4.1 Information-Theoretic measure extensions In this
Section, we present the information-theoretic measures ex-
tended, and thus applied, to CDFs, which is one of our main
contributions.

Kullback–Leibler-I (KLI) [28]. It is an asymmetric
measure and Fr, FW 6= 0 (we assume that undefined values
have no contributions). Notice that KLI(FR, FW ) = 0 iff
(i.e., if and only if) FR = FW ; however if FR 6= FW ,
KLI(FR, FW ) can be arbitrary large.

(4.2) KLI(FR, FW ) =
X

y=sy∈R∪W

FR(y) log2

(
FR(y)

FW (y)

)
The KLI measure can be interpreted as the average
of the relative information of the two windows (i.e.,



Name Eq. Measure p ϕ(N) γs(x) ψk(x, y)

Bhattacharyya 4.8
P

i
√
xiyi 0 NA ι

√
xy

Camberra 4.18
P

i
|xi−yi|
xi+yi

0 1√
N

ι
|x−y|
x+y

χ2 4.6
P

i
(xi−yi)

2

xi
0 1 ι

(x−y)2

y

Cramer–von Mises 4.16
P

i

`
xi − yi

´2
2 1 x2 x− y

Euclidean
p

(
P

i(xi − yi)2) 2 1 ι x− y
Hellinger 4.7 1

2

P
i

`√
xi −

√
yi

´2
0 1 ι (

√
x−√y)2

Jin-K KLI
`
x, x+y

2

´
0 1√

N
ι x log2( 2x

x+y
)

Jin-L 4.4 KLI
`
x, x+y

2

´
+KLI

`
y, x+y

2

´
0 1 ι x log2( 2x

x+y
) + y log2( 2y

x+y
)

Jensen–Shannon 4.5 1
2

`
KLI

`
x, x+y

2

´
+KLI

`
y, x+y

2

´´
0 1 ι 0.5(x log2( 2x

x+y
) + y log2( 2y

x+y
))

Kolmogorov–Smirnov 4.13 maxi |xi − yi| ∞
√
N ι x− y

Kullback–Leibler-I 4.2
P

i xi log2
xi
yi

0 1√
N

ι x log2( x
y

)

Kullback–Leibler-J 4.3
P

i(xi − yi) log2
xi
yi

0 1 ι (x− y) log2( x
y

)

Kr 4.10 1
(r−1)

log2

`P
i x

r
i y

1−r
i

´
0 NA log2(x) xry1−r

Ks 4.11 1
s−1

`
− 1 +

P
i x

s
i y

1−s
i

´
0 NA

(x−1)
s−1

xsy1−s

K2
s 4.12 1

(s−1)s

`
− 1 +

P
i x

s
i y

1−s
i

´
0 NA

(x−1)
s(s−1)

xsy1−s

Minkowsky 4.17
`P

i |xi − yi|r
´ 1

r r = 3 log2N ι x− y
φ 4.14 maxi

|xi−yi|q
min
`

xi+yi
2 ,1− xi+yi

2

´ ∞
√

N
log2 N

ι
|x−y|q

min( x+y
2 1− x+y

2 )

Variational 4.9
P

i |xi − yi| 1 1√
N

ι |x− y|

Ξ 4.15 maxi
|xi−yi|q

xi+yi
2 ∗

`
1− xi+yi

2

´ ∞
√

N
log2 N

ι
|x−y|q

x+y
2 (1− x+y

2 )

Table 1: The measure Dp,ϕ,γs,ψk
(FR = x, FW = y). Note ι = identity function.

ER[log2(Fr/Fw)]).
Kullback–Leibler-J (KLJ) [28] and J stands for Jef-

frey’s [1]. It is a symmetric measure and Fr, FW 6= 0.
Notice that KLJ(FR, FW ) = 0 iff FR = FW ; however
if FR 6= FW , KLJ(FR, FW ) can be arbitrary large.

(4.3) KLJ(FR, FW ) = KLI(FR, FW ) +KLI(FW , FR)

Another example of symmetrization of the KLI is by [21].
Jin-L (JinL) [31]. It is a symmetric measure and

it is always defined (assuming that 0 = 0log2(0/0)).
JinL(FR, FW ) = 0 iff FR = FW ; and FR 6= FW ,
JinL(FR, FW ) can be at most 2N .

JinL(FR, FW ) =KLI

„
FR,

FR + FW

2

«
+

KLI

„
FW ,

FR + FW

2

«(4.4)

Jensen–Shannon (JS) [20, 39]. We describe this
measure using Kullback–Leibler, but historically the JS
was formulated using the entropy (i.e., H(FR) =
−
∑k−1
i=0 FR(i) log2 FR(i) = E[I(FR(i))] expectation of

the information) and Kullback–Leibler is the generalization
of this entropy.

JS(FR, FW ) =
1

2

ˆ
KLI

„
FR,

FR + FW

2

«
+KLI

„
FW ,

FR + FW

2

«˜(4.5)

χ2 (χ2) [23, 43, 19]. It is an asymmetric measure and
it is defined for FR 6= 0 (we do not count the contribution
for FR = 0). Notice that χ2(FR, FW ) = 0 iff FR = FW ;
however, if FR 6= FW , χ2(FR, FW ) can be arbitrary large.

(4.6) χ2(FR, FW ) =
X

y=sy∈R∪W

(
FR(y)− FW (y)

)2
FR(y)

Hellinger (H) [13, 43] also Kolmogorov’s [1]. It
is a symmetric measure always defined. The square root
operation normalizes the components values to make the
component-wise comparison less biased (i.e., all compo-
nents are between 0 and 1, components close to 0 are moved
towards 1/2, and components close to 1 are moved towards
1/2). Notice that H(FR, FW ) = 0 iff FR = FW .

(4.7) H(FR, FW ) =
1

2

X
y=sy∈R∪W

(p
FR(y)−

p
FW (y)

)2
Bhattacharyya (B) [4, 24]. It is a symmetric measure

always defined. Notice that B(FR, FW ) <= N iff FR =
FW ; however, if FR 6= FW , B(FR, FW ) tends to 0. Notice
that if applied to x and y PDFs, Bhattacharyya and Hellinger
measure are related such that 1 − B(x,y) = H(x,y);
however, for CDFs, Hellinger is more suitable because we
can determine a significance measure. We present here
Bhattacharyya for completeness.

(4.8) B(FR, FW ) =
X

y=sy∈R∪W

p
FR(y)FW (y)



Variational Distance (V) [36, 1]. It is a symmetric
measure always defined. Notice that V (FR, FW ) = 0 iff
FR = FW ; however, if FR 6= FW , V (FR, FW ) is no larger
than 2N . This measure is also known as Manhattan measure
or Kolmogorov’s variance distance [1].

(4.9) V (FR, FW ) =
X

y=sy∈R∪W

|FR(y)− FW (y)|

In the following as notational device, we indicate the
sum

∑
y=sy∈R∪W FR(y)xFW (y)1−x as Bx(FR, FW ) [5].

Generalized Kr (Kr) [42]. This is a generalization of
measure based on the Kullback–Leibler methodology.

(4.10) Kr(FR, FW ) =

8><>:
if r = 1 KLI(FR, FW )

if r > 0
1

(r−1)
log2

`
Br(FR, FW )

´
Generalized Ks (Ks) [42]. For specific values of s and

for PDFs, this can generate Bhattacharyya, Hellinger and
Kullback–Leibler.

(4.11) Ks(FR, FW ) =

8><>:
if s = 1 KLI(FR, FW )

if s > 0
1

s−1

`
− 1 + Bs(FR, FW )

´
Generalized K2

s (K2
s ) [42]. For specific values of s

and for PDFs, this can generate Bhattacharyya, Hellinger,
Kullback–Leibler and χ2.

(4.12) K2
s (FR, FW ) =

8>>><>>>:
if s = 1 KLI(FR, FW )

if s = 0 KLI(FW , FR)

if s > 0
1

(s−1)s

`
− 1 + Bs(FR, FW )

´
Notice the equivalence K2

1/2(x,y)=2K1/2(x,y) =
4(1−B(x,y))=4H(x,y) and K2

2 (x,y)=2K2(x,y) =
χ2(x,y), where x and y are PDFs. We present these mea-
sures (Ks, K2

s , and Kr) for completeness, but we could not
find a significance measure (but we did for some of the in-
stances such as χ2).

4.2 Classic distribution-function measure We present
the set of measures D(FR, FW ) in the literature that are
already used for CDFs.

Kolmogorov–Smirnov (KS) [27, 25, 8]. It is a symmet-
ric measure always defined. Notice that KS(FR, FW ) = 0
iff FR = FW ; if FR 6= FW , KS(FR, FW ) is no larger than
1.

KS(FR, fW ) = sup
y∈R
|FR(y)− FW (y)|

≥ max
y=sy∈R∪W

|FR(y)− FW (y)|
(4.13)

φ (φ) [26]. It is a symmetric measure always defined.
Notice that φ(FR, FW ) = 0 iff FR = FW ; if FR 6= FW ,
φ(FR, FW ) is no larger than 2.

φ(FR, FW ) = sup
y∈R

|FR(y)− FW (y)|q
min

`FR(y)+FW (y)
2

, 1− FR(y)+FW (y)
2

´
≥ max

y=sy∈R∪W

|FR(y)− FW (y)|q
min

`FR(y)+FW (y)
2

, 1− FR(y)+FW (y)
2

´

(4.14)

Ξ (Ξ) [26]. It is a symmetric measure always defined.
Notice that Ξ(FR, FW ) = 0 iff FR = FW ; if FR 6= FW ,
Ξ(FR, FW ) is no larger than 2.

Ξ(FR, FW ) = sup
y∈R

|FR(y)− FW (y)|q
FR(y)+FW (y)

2
∗
`
1− FR(y)+FW (y)

2

´
≥ max

y=sy∈R∪W

|FR(y)− FW (y)|q
FR(y)+FW (y)

2
∗
`
1− FR(y)+FW (y)

2

´

(4.15)

Cramér–von Mises (W 2) [33]. It is a symmetric
measure and it represents the Euclidean distance of a vector.
Notice that W 2(FR, FW ) = 0 iff FR = FW ; if FR 6=
FW , W 2(FR, FW ) is no larger than 2N (the number of
the window samples). This definition has been recently
proposed [33] and it does not follow exactly the original
Andersos’s definition [2].

W 2(FR, FW ) =

Z ∞
−∞

`
FR(y)− FW (y)

´2
dy

=
X

yi=sy∈R∪W

(yi+1 − yi)
`
FR(yi)− FW (yi)

´2
∼

X
y=sy∈R∪W

`
FR(y)− FW (y)

´2

(4.16)

Minkowsky (Mr) [3, 48]. It is a symmetric
parametrized measure and the generalization of both the Eu-
clidean (r = 2) and Variational (r = 1) distance of a vector.
Notice that Mr(FR, FW ) = 0 iff FR = FW . In our experi-
ments, we set r = 3.

(4.17) Mr(FR, FW ) =
( X

y=sy∈R∪W

|FR(y)− FW (y)|r
) 1

r

Camberra (C) [7, 48]. It is a symmetric measure and
it is a relative measure of the Euclidean distance as φ is
a relative measure of the Kolmogorov–Smirnov distance.
Notice that C(FR, FW ) = 0 iff FR = FW ;

(4.18) C(FR, FW ) =
X

y=sy∈R∪W

|FR(y)− FW (y)|
FR(y) + FW (y)



4.3 Rank function measure Wilcoxon-Mann-Whitney
(Wilcox) [47, 32]. it is a symmetric test and it is based on
the rank of the events happening in each series. This is a
standard test and it is available in R. We also used t-test.

5 Significance or p-value of a measure
For some measure Ds, the distribution of the measure val-
ues is well studied and known, e.g.,

√
NKS(FR, FW ) for

CDFs extracted by windows with N points or χ2(fR, fW )
for PDFs with N buckets. For some others, the distribu-
tion can be determined by simulation, e.g., φ(FR, FW ) or
Ξ(FR, FW ). Thus, we aim at the determination of the mea-
sure significance by either tables or simulations, and thus
we would like to avoid bootstrap, i.e., simulation on the fly.
Bootstrap is a powerful approach but it will require a train-
ing set and, thus, an a priori knowledge of the series, giving
pressure on the final user of this statistical measures.

We have found empirically that simulation suffices for
most of the D(FR, FW ) used in this paper and we did obtain
a distribution function of the measure values. However,
we could not find a distribution function for the following
measures:

1. KLI (because it produces negative measures),

2. Bhattacharyya, generalized Ks, K2
s , and Kr (because

we cannot find a normalizing function ϕ(N) see Table
1 thus a CDF).

5.1 Simulation, D, and its CDF We can describe our
simulation process as follows. We take a measure D̄, e.g.,
D̄ = KS. We select the number of sample N , e.g., N =
1000. We generate (randomly) M pairs of N samples each,
e.g., M = 5000, taken from the same stochastic process.

Thus, we collect the measure values (x) and we de-
termine a CDF and we define it as F 1

N (x). If we repeat
the process k times, we may have different CDFs F iN with
i ∈ [1, k]. In practice, what we obtain is a cloud of func-
tions {F iN}1≤i≤k. When we change N , the number of sam-
ples, we are going to have clouds, i.e., {F iN}(1≤i≤k,N). For
any number of samples N , we want to determine the nor-
malizing function ϕ(N) that makes it possible to compare
the measures with respect other sample sizes (FN0 ∼ FN1 ).
In Figure 1, we show the simulation for

√
N ∗ KS() (i.e.,

ϕ(N) =
√
N ) for different sample sizes N ∈ [1, 20] ∗ 100

and thus the cloud of distributions.
To combine the deterministic nature of ϕ(N) with the

stochastic nature of the measure value, we need to estimate
ϕ(N) and to do so we take 1

ϕ(N) ∼ E[Dϕ=ι], which
is the average distance for the different measures with no
normalizing factor, see Table 2. Then, we plug in the
value(s) in the measure D. Before we proceed further, a
bibliographic note about how to estimate the average E[D].
This estimate boils down to the properties of a random walk

and the area below its path; even though there is no clear and
complete treatment for all these measures our experimental
results confirm the results in the literature for the variational
distance E[V (R‖W )] = 1

4

√
πN , see [14, 41].

Thus, our simulations obtain CDF clouds as a function
of N . We define a representation of the behavior of the
measure CDF as a stochastic function

(5.19) FD(x) ∈ N (µ̄(x), σ̄(x)),

where µ̄(x) is an estimate of the representative CDF and
σ̄(x) is a function representing our confidence about the
representative function.

We assume that we have found a representative distribu-
tion when 90% of FN are included in the intervals µ̄(x) ±
2σ̄(x), giving empirical justification in saying the CDFs
FN (x) (as functions) have a normal distribution. Moreover,
the empirical µ̄(x) should be a smooth function without pre-
senting anomaly accumulations or steps because of the merg-
ing of FN (x) with different N . Thus, we may take µ̄(x) as
representative distribution function of the measure (i.e., for
Hellinger).

In the following, we present our approach and findings:
we start by showing how to determine empirically the func-
tions µ̄(x) and σ̄(x) (Section 5.2); we then show that the
µ̄(x) is a CDF that is independent of the inputs CDFs (Sec-
tion 5.3).
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Figure 1: The Kolmogorov–Smirnov-measure CDFs

5.2 Window-Size independence, how ϕ(N) comes to
play In Figure 2, we present the result of the simulation for
the measure Hellinger (H) and, in Figure 1, Kolmogorov–
Smirnov (

√
NKS). For every window size between 100

and 2000 at increments of 100, we generated 1000 intervals
withdrawn from the same normal distributionN (0, 1). Then



Table 2: Simulation of the expectation for the null hypothesis H0 measure (i.e., E[D]).
N 10 100 1000 10000 100000 1000000 1/ϕ(N)

E[φ] 0.70104 0.28269 0.09925 0.03391 0.01141 0.00374 ∼ log(N)/
√
N

E[Ξ] 0.80613 0.30643 0.10466 0.03523 0.01169 0.00383 ∼ log(N)/
√
N

E[KS] 0.34440 0.11867 0.03830 0.01227 0.00383 0.00124 ∼ 1/
√
N [8]

E[KLI] 1.04086 1.95563 1.00179 1.76800 -0.10939 51.66521 N/A
E[KLJ] 2.10635 2.87245 2.84168 2.94492 2.81301 3.06639 constant
E[JnK] 0.40072 0.63525 0.14532 0.51653 -0.40636 25.44923 N/A
E[JinL] 0.83340 0.74388 0.71258 0.73634 0.70326 0.76659 constant
E[JS] 0.41670 0.37194 0.35629 0.36817 0.35163 0.38329 constant
E[χ2] 1.91610 2.11921 2.00276 2.04105 1.95051 2.12593 constant
E[V] 2.8322 8.88756 28.09942 89.08333 272.74629 915.27286 ∼

√
N

E[H] 0.34231 0.26507 0.24784 0.25529 0.24374 0.26568 constant
E[B] 10.15768 100.23492 1000.25215 10000.24470 100000.25625 1000000.23429 ∼ N
E[W] 0.70672 0.67146 0.66599 0.67193 0.63212 0.71241 constant
E[E] 0.78139 0.76166 0.75571 0.75984 0.73908 0.77774 constant
E[Mr=3] 0.53319 0.35486 0.23930 0.16416 0.10910 0.07781 ∼ 1/log3(N)
E[C] 4.65470 16.74404 54.79298 177.49281 557.46331 1809.98318 ∼

√
N ∼ N 540

1000
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Figure 2: The Hellinger-measure CDFs

we computed the value of the measures determining the CDF
supporting the similarity assumption H0.

In Figure 1 and 2, for window sizesN0=100 (dark blue)
and N1=2000 (azure), both measures have CDFs that are
similar. This is possible because of ϕ(N).

Average µ̄(x). For each window size, we have a
different CDF FN (x). We determine the average of the
distribution as follows:

(5.20) Fµ̄(x) =
1
M

∑
N

FN (x)

Notice that Fµ̄ is still a distribution and it could be
used as representative of the family of distributions. In
fact, F1(x) + F2(x) is not a valid distribution, however,
1
2 (F1(x) + F2(x)) is. In Figure 1, we draw the average µ in
red. With our assumption about the nature of the distribution
function, Fµ̄(x) most likely should tend to µ̄(x).

Variance σ̄(x). A natural definition of distribution
variance is as follows:

(5.21) Fσ̄(x) =

√
1
M

∑
N

(FN (x)− Fµ̄(x))2

In general Fσ̄ is not a distribution and more precisely the
application of subtraction and power reduce the result not to
be a valid distribution (because the result FN (x)−Fµ̄(x) can
be negative for some x). In Figure 1, we plot Fµ̄(x)+2Fσ̄(x)
using a dark-red color, and we plot Fµ̄(x)− 2Fσ̄(x) using a
pink color.

We assume that we have found a representative distri-
bution when 19 of the 20 CDFs, i.e., 90% of them, are



included in the intervals Fµ̄(x) ± 2Fσ̄(x) suggesting that
the CDFs FN (x) (as functions) has a normal distribution
N (Fµ̄(x), Fσ̄(x)) and as M gets larger this should con-
verge to our assumption N (µ̄(x), σ̄(x)). Moreover, the em-
pirical Fµ̄(x) should be a smooth function without present-
ing anomaly accumulations or steps because of the merging
of FN (x) with different N . Thus, we may take Fµ̄(x) as
representative distribution function of the measure (i.e., for
Hellinger). 1

5.3 Input-Distribution independence Take FR(y) as Y .
That is, consider the output of a CDF as a stochastic variable.
Assume that GR(Y ) is the inverse function of FR (with the
proper definition for a finite number of samples N ). The
event {FR(y) ≤ t} is identical to the event {y ≤ GR(t)},
which has probability FR(GR(t)) = t. This leads to P [Y ≤
t] = t with t ∈ [0, 1] (See [8] Ch.1 Section 12). Thus,
when we consider as input Y = FR(y), we actually obtain
a measure for which the distribution of the input should
not affect the distribution of the measure because FR is
uniformly distributed independently of R.

What we have found experimentally is that Fµ̄(x) is
independent of the distribution of the inputs (i.e., R and W )
(as we show in Figure 3). Moreover, the distribution function
Fµ̄(x) could be used as representative distribution.

In practice, we repeat the previous simulation (Section
5.2) for window size 100–2000 collecting 1000, 2000, 5000,
and 10000 measure samples per window size using two
different stochastic processes: normal distribution (N (0, 1))
and uniform distribution (U(0, 1)). For each stochastic
process, we obtain 4 representative distribution functions.
We then compare them in a 4× 4 table (by size and by input
distribution and as we report in Figure 3 the last tile, 10000
sample per window size, because of space restrictions).

By visual inspection and by applying the measures
here implemented (e.g., φ) or just already tabulated (e.g.,
Kolmogorov–Smirnov), we have found that the measure dis-
tributions are equivalent. This gives us strong evidence that
our measures such as Jensen–Shannon applied to CDFs have
the same properties of the Kolmogorov–Smirnov measure;
thus, we have found that JS has a measure distribution inde-
pendent of the nature of the input stochastic processes and it
can be simulated just once.

We then use the larger set (the simulation using 10,000
samples) to determine different p-values and thus measures
thresholds for each p-values. For example, for each mea-
sure we determine the threshold value having the equiva-
lent p-value of 95%. This means that if we consider two
interval R and W ; we determine FR and FW ; we mea-
sure JS(FR, FW ) and the measure has value larger than the

1Notice that in practice, we could not find a CDF for Bhattacharyya
measure because we could not find a smooth CDF.

threshold, we know that only 5% of intervals drawn from
the same stochastic process have same or larger measure; we
may decide to reject the assumption thatW andR are similar
because there is too little of a probability.

In the following experiments, we use the simulation dis-
tributions and we tabulate the p-value and thus the signifi-
cance of the measures.

5.4 Disagreement (with Multiple Measures) A measure
is designed to detect and to quantify the differences between
its inputs. Different measures are keen to quantify different
properties of the inputs and, thus, they are not all alike and
they do not perform all the same.

In this paper, we investigate and quantify how the
aggregation of different measures can affect the sensitivity of
a non-parametric measuring system. Consensus is a simple
approach of using M different measures and a decision is
taken only when a quorum of the measures agrees. All the
measures presented in this paper are designed to work better
in verifying that two distributions are statistically equivalent
(H0 hypothesis, otherwise, they state no equivalence).

We quantify the detection power of different measures
and we determine what is the minimum quorum or rate (e.g.,
10% or 20% disagreement means that 1 or 2 measure in
a set of 10 measures suggest that the two distributions are
different) for a consensus approach. In particular, we want
to show that our measure extensions as in Section 4.1 are a
good addition.

In the following section, we discuss our experimental
setup and results.

6 Experimental results
We organize the measures in two sets: standard and exten-
sion.

Standard. In this set we have: Wilcoxon-Mann-
Whitney, t-test, Kolmogorov–Smirnov, φ, and Ξ (total of 5
measures).

Extension. In this set we have: Kullback–Leibler (sym-
metric), Jin-L, Jensen–Shannon, χ2, Hellinger, Variational,
Cramér–von Mises, Minkowsky, and Euclid (i.e., total of 9
measures), for which only Cramér–von Mises has been pre-
viously used in the literature, however none have be used
for series in the continuous domain R (at least to our knowl-
edge).

We show that our extension measures are competitive
with the standard ones and they may be used separately or
together. The overall measure will permit a better and more
effective statistical test for series with real values.

6.1 Setup We apply the standard and extension measures
separately and together on the following series.

For 1000 times, we repeat the following process:
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Figure 3: The 1000 measure samples for R and W drawn from the same normal N (0, 1) and uniform U(0, 1) stochastic
processes with length 100,200, ... 2000. Notice that we plot the CDF obtained using Wilcox’s and t’s test, for which we
know that measure CDF is independent of the input.



• We choose (randomly) the window size W ∈ [1, 10] ∗
100 (and have no bias on a single window size);

• We choose (randomly) the number of windows in the
series M ∈ [2, 20];

• We choose (randomly) a window E in the series that
will be withdrawn from the same distribution as the first
window (in [2,M ]).

Then, we generate the series in three different ways as
follows: changing both average and variance, average only,
and variance only.

Changing Both Average and Variance. Using a nor-
mal distribution generator N (0, 10), we determine the ref-
erence average m0 and variance v0. We generate the two
windows (the reference R and E) by either using a normal
distribution N (m0, v0) or a uniform distribution U(m0 −
v0,m0 + v0). Then, for every other window, we select at
random mi and vi from N (0, 10). See Figure 4 for a trial
with eight different windows where the first and the fourth
are from the same stochastic process. The system using a
20% disagreement threshold recognizes the similarity with
a sharp positive pulse and the system correctly flags all the
others interval as different.

Changing Average Only. We generate the two win-
dows (i.e., R and E) either using a normal distribution or a
uniform distribution as before (m0 and v0). Then, for every
other window we select at random mi = m0 + r ∗ m0

i where
r = ±1, switching its sign with equal probability. Thus, as
M is larger, the windows become closer to the reference R.
See Figure 5 for a trial with eight different windows where
the first and the fourth are from the same stochastic process.
The system using a 20% disagreement threshold recognizes
the similarity with a sharp positive pulse and the system cor-
rectly flags all the others interval as different.

Changing Variance Only. We generate the two win-
dows (i.e., R and E) either using a normal distribution or a
uniform distribution as before (m0 and v0). Then, for every
other window we select at random vi = v0 + r ∗ v0i where
r = ±1, switching its sign with equal probability. Thus, as
M becomes larger, the windows become closer to the refer-
ence R. See Figure 6 for a trial with eight different windows
where the first and the fourth are from the same stochastic
process. The system using a 20% disagreement threshold
recognizes the similarity with a rather slow positive pulse;
however, it recognizes other intervals as similar (false simi-
larity or false positive).

As shown for the two experiments where we change
either the average (e.g., Figure 5) or the variance (e.g., Figure
6), we generate a series that converges to the first window
and, thus, the reference. Nonetheless, there is only one
window in the series that has the same attributes of the
reference (for a total of 1000), but for large enough M , the

measures will find it harder and harder to distinguish them
(e.g., Figure 6).

Window sliding. The moving window that sweeps the
series use a step of 100 epochs or points.

Disagreement. We quantify the number of times the
system recognizes two windows as the same for different
level of disagreement (0.1, 0.2, 0.3, 0.4., 0.5., 0.6., 0.7, 0.8,
0.9, 1). That is, with a disagreement of 0.1, two windows are
recognized as equal if at most 1 over 10 measures does not
say so (and at least 9 do).

Matching and found. With a match, we identify the
positive response of the system for the two windows R and
E, which we know are equal. With a found, we identify the
positive replies of the system independently of the position
in the series (because a sliding window as a fixed step of
100 instead of the effective window size). For example, in
Figure 5 we have 1 match and 2 found. The golden standard
for matches is 1000 (the number of windows that are actually
drawn from the same distribution).
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Figure 7: Average and variance change: Sum of false
positive and false negative

6.2 Summary results In Figure 7, we present the num-
ber of times we commit an error (found − 1000+1000 −
matching), that is, when the system says that two windows
are equal minus the golden standard 1000 (false positives),
plus the number of misses of the system (false negatives).
This is the summary for the experiment where both average
and variance change. Notice that the standard approach has
a smaller error for the range 0.1 and 0.2 for uniformly dis-
tributed series. However it has the same error of our ex-
tensions for series using normal distributions. Overall, our
extension work well with a steady performance as function
of the disagreement factor.

In Figure 8, we present the error for average change
only and variance change only. Notice that for average only,
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Figure 4: Average-and-variance change sample trial.
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Figure 5: Average-change sample trial.
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Figure 6: Variance-change sample trial: The first and the fourth windows are drawn from the same stochastic process; each windows has
900 samples and the sliding windows goes by 100 samples. We show in the first strip the series, in the second every measure normalized
to 1, in the fourth the positive or no response for every measure, and, in the last, the system response with 20% disagreement. Notice that
for variance only Wilcox and t-test always consider the intervals as different.
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Figure 8: Sum of false positive and false negative: Average
change only (top) and variance change only (bottom)

the combination of both standard and extension measures
present the smallest error and thus a Gestalt effect.

6.3 Average and variance results In Figure 9, we present
the number of perfect matching and the number of found
matching by all approaches. The standard approach ap-
pears to be superior using the right combination of consen-
sus/disagreement for series built using uniform distributions.
However, our extensions deliver a predictable and ultimately
better performance for inputs drawn from a normal stochas-
tic process.

6.4 Average only results Our extensions seem always
superior than the standard approach, see Figure 10. Making
our approach more sensitive in detecting average variation.

6.5 Variance only results In Figure 11, we can see a
similar performance as in Figure 9, where the standard
measures offer a more sensitive tool for the true similarity
(or anomaly) detection.
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Figure 9: Average and Variance Change: Matching (top) and
log
(

1
|1000−Found|

)
(bottom)

7 Conclusions
We presented and tested 23 measures. We compare their
discriminating performance for time series in the continuous
domain R. Our main contributions are a unified treatment
of all the measures and the modification of PDF-based
measures to work with CDFs. We have validated our
contributions with experimental results. We believe our
contributions enrich the state-of-the-art tool set available to
researchers for the practical evaluation of non-parametric
measures.

In this work, we considered fixed the number of mea-
sures and the p-value. We are planning to investigate further
the relation between the number and type of measures, the
p-value factor and the nature of the series.

The authors would like to thank Deepak Agarwal,
Daniel Kifer, Tony Thrall, and Ann Kalinowski for their in-
valuable advice and time for numerous discussions.
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copy detection mechanism for digital documents, in Proceed-
ings 2nd Conference on the Theory and Practice of Digital
Libraries, 1995.
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