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Abstract—Caches are crucial components of modern processors; they allow high-performance processors to access data fast and,
due to their small sizes, they enable low-power processors to save energy—by circumventing memory accesses. We examine efficient
utilization of data caches in an adaptive memory hierarchy. We exploit data reuse through the static analysis of cache-line size
adaptivity. We present an approach that enables the quantification of data misses with respect to cache-line size at compile-time using
(parametric) equations, which model interference. Our approach aims at the analysis of perfect loop nests in scientific applications; it is
applied to direct mapped cache and it is an extension and generalization of the Cache Miss Equation (CME) proposed by Ghosh et al.
(1999). Part of this analysis is implemented in a software package, STAMINA. We present analytical results in comparison with
simulation-based methods and we show evidence of both the expressiveness and the practicability of the analysis.

Index Terms—Cache-line size adaptivity, spatial locality, interference, parameterized loop nests.

1 INTRODUCTION

IN modern uniprocessor systems, the memory hierarchy is
an important concern for performance, area, and energy.
It is also the component requiring most of the die area in
systems-on-chip and it is the principal power consumer,
accounting for as much as 20-50 percent of the total chip
power [1], [2]. In recent years, there has been a great
endeavor to engineer several levels of cache for the
exploitation of performance and power. In particular, we
have studied the effect of adaptivity in cache subsystems
and we have built an architecture as a prototype that
enables static and dynamic adaptation of memory hier-
archy: its configuration and policies [3]. In this paper, we
turn our attention to (compiler-driven) cache-line size
adaptation of direct mapped data caches [4], [3]. In fact,
the architecture changes the cache-line size dynamically (by
hardware monitoring or application instruction) during the
execution of the application. To fully exploit the potential of
this adaptation, we need a way to target it, that is,
(statically) determine the application cache behavior to
trace adaptation for maximum performance and minimum
energy dissipation. The related work on cache behavior
analysis can be distinguished in profiling-based and static
approaches.

Profiling is an approach that uses the direct measure of
performance as feed-back to drive the fine-tuning of some
architecture parameters. The main goal is to improve
performance of an application when applied on a repre-
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sentative input [5]. The approach is flexible and it can be
used for the analysis of the whole application, as well as
part of it. However, profiling has two limitations: The
performance of an application is often dependent on the
inputs and, of course, the analysis cannot be faster than the
execution of the application itself.

Static approaches are basically independent of the inputs
and, thus, the analysis can be performed just once at
compile time. In particular, static approaches analyze
mostly perfect loop nests and these loop nests are
ubiquitous in scientific applications. (As reported by Ghosh
et al. [6], 244 loop nests are statically analyzable, 289 are
parameterized loop nests, and 189 are not analyzable—
Table I, page 707—for SPECfp 95 benchmarks.) In fact, static
approaches model data-cache misses of a memory reference
in a perfect loop nest by using cache miss equations (CME)
[6]. When the CMEs are defined for a given memory
reference and a loop nest, every iteration in the loop nest (or
a sampled version such as in [7], [8]) is checked as to
whether or not it satisfies the equations. If an iteration
satisfies the equations, then the memory reference has a
cache miss at that particular iteration. Thus, the approaches
count the solutions of the equations to achieve an estimation
of the number of cache misses. As an extension of this idea,
Vera and Xue [9] propose an approach to analyze the whole
program based on their cache-miss solver developed by the
same group [8]. For parameterized loop nests, the authors
(both Ghosh et al. and Vera and Xue) suggest that the
approach can be applied at runtime in similar fashion,
because the parameters are known. However, there are two
limitations in the current static approaches. First, the loop
nest bounds must be known at compile time. This is not
realistic (e.g., 289 loop nest in SPECfp) because they are
often parameterized. Also, even if the analysis is performed
at runtime, it may be impractical because these loop nests
can be very large. Second, the analyzable loops are sensitive
to tiling loop transformation. For example, if tiling is
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performed on the three-loop-algorithm for matrix multi-
plication and the tile sizes do not evenly divide the loop

extern double A[2000] [1024],B[100] [1024];

void foo(int m, int start) {

bounds, the inner loop bounds cannot be represented by int i,3;

. . . . £ i=0:1 . q * =i 1 *
affine functions. The resulting nest is not analyzable. or ol /% 0s=m<l00 %/

To attack and overcome these limitations, we propose a Alil [J+start] += BIi1[j1; /* O<= start <1024-100 */
static approach to investigate perfect (parameterized) loop void update (int start) {

. . . . int startl=0; /* compile time *
nests and to determine the relation between cache-line size int start2; / P /
and number of misses on a per-nest-base for a direct- int startin;
mapped cache. The analysis result is annotated in the code start2 = start+2; /* not really at compile time */
: . . . foo (50, startl) ;

and it can be used at runtime to set the line size. The foo (50, start2) ;
approach is especially suitable for applications with scanf (*'\%d’’,\&startin); /* run time */
references having reuse within a few iterations in the inner ) foo(s0 starting;

loop and exploiting spatial locality [10].

A well-known paper on optimizing for data locality and  Fig. 1. Example: paramterized loop bounds and interference. Matrices A
parallelism exploitation is by Kermedy and MCKinley [11]. and B hav_e the sam_e number qf columns but a different number of rgws.
In practice, they assume that there is little or no interference ~1"e matrices are in row-major format and they are consecutively

£ 1 b ¢ iterati in the i 1 stored—as their declaration suggests. The procedure foo has two
Or a small numpber oI rerations In the INermost l0op. parameters, m and start. The first parameter m specifies the size of the

Spatial locality is exploited, if any is available in the inner jteration space. The second parameter, start, is an offset to access the
loop, under the assumption that cache misses are indepen- columns of matrix A.

dent of any interference. The authors propose different loop

optimizations (i.e., loop permutations) to exploit maximum  the cache line read at iteration (i, jo)' will be read again at the
spatial and temporal locality in the innermost loop. The next iteration (ig, jo + 1)’ (i.e., r = (ig, jo + 1)" — (i0, jo)")."
examples presented in this paper, as many other loop nests When the two references of matrices A and B at an
in real applications, do not satisfy McKinley and Kennedy’s  jteration (i, jy)" are mapped to the same cache line, there is
assumption. Cache interference can be the major contribu-  jnterference in the cache. The cache interference prevents
tor of cache misses in inner loops. Instead, our approach  the spatial reuse as the same line may be reloaded. Without
considers such interference and, in practice, the two (ache interference, we can estimate the number of cache
approaches are orthogonal. misses as 2m?/{, where ¢ = L/8 is the number of double

The paper is 01jganized as follows: I'n Section 2, we use an precision float numbers in a cache line, L cache-line size.

example to outhr}e t,h? common pitfalls of the current Let us consider the order of memory accesses in the loop
approaches and intuitively introduce the reader to our body as follows: A read of A precedes a read of B, which

approach. In Section 3,' we introduce the yotatlons about precedes a write of A. The read of A has spatial reuse (0, 1)"
loop nests, cache equations, and parameterized loop nests. ¢ .
. . . and temporal reuse (0,0)". The read of B has spatial reuse
In Section 4, we introduce the theoretical framework and . . .
only. The temporal and spatial reuse of A is not exploited

our approach. Finally, in Section 5, we show the results of . . .
pp y when the access to B is mapped to the same cache line; in

lysis for th tati les.
our analysis for three representative exampres other words, when the address of B[i][j] is the address of
A[i][j + start] plus a multiple of the cache size and an offset
2 OuR APPROACH: AN OVERVIEW no larger than the cache-line size at the iteration specified

In this section, we present the novel contribution of our by k = (@j)t (where 0 < i, j < m). We model interference by
approach using a simple example. We break down the the following equation:

problem and the solution—as our approach does—in order , o
to present the following three points: first, the challenges Bo1+8,192i +8j =

that current analysis tools face determining data cache B_1 + 16,384,000 + 8,192i + 8j 4 8start + nC + q.
misses, second, the terminology that is adopted in this
paper, third, a quantitative and informal application of our
approach—we shall see a rigorous notation and analysis in
Sections 3 and 4.

Consider the example shown in Fig. 1. The two memory
references Ali][j + start] and Bli][j] in the inner loop body
are affine functions of the loop indices, that is, the indices ¢
and j. The indices are represented as a vector k = (i, §)': The
first entry is the outermost index, the second entry is the
innermost index. A particular iteration of the loop nest is

The constant B_; is the start addresses of B; the constant
C =16 % 1,024 is the cache size; the variable n has positive
integer values and ¢ has integer value so that |¢| < L. We
simplify the equation to: 16, 384,000 — 8start = nC + ¢. The
set of inequalities defines a parameterized polyhedron.?
When 8start mod C < L, we have a solution (e.g., for n =
1,000 and ¢ = 8start mod C). The solution of the equation
stands for a cache interference. The interference prevents
the cache-line reuse and we have a cache miss.
; X . T Note that the optimal cache-line size and the number
simply identified by ko = (io, jo) - of cache misses are a function of the parameter start.

The memory references exploit spatial reuse in the inner  The optimal line size is L,y = 8start mod C (i.e., no
loop. Two consecutive accesses to matrix A (i.e., A[i][j + start]

and A[i][j + 1 + start]) and to matrix B tend to exploit spatial 1. Note that the reuse depends on no parameters.

. . . 2. Static approaches based on the one proposed by Ghosh et al. are not
locahty' We describe this reuse property by the vector practical for large polyhedra. The analysis must be repeated for each

r = (0,1). The reuse vector is relative to an iteration, that is, ~parameter value.
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cache interference)> The number of cache misses is
M =2m?*(L — A)/L; the term m? specifies the number of
iterations; the constant 2 is the number of references we
analyze; the last term (L — A)/L, where A = 8start mod C,
specifies the fraction of accesses that effect cache misses
caused by cache-line underutilization.*

Now, consider matrix B[100][512] instead of B[100][1, 024].
The interference equation is

16,384,000 — 4,096: = 8start + nC + q.

When ¢ is 0, it is the previous equation. Both memory
references interfere in the cache for the first m iterations,
when 8start mod C < L. For i = 1 and for the same values
of start, there is no interference. Indeed, we have
interference every four iterations of i. We define this ratio
as interference density, denoted by p=2128=1/4. In the
presence of cache interference, the number of cache misses
is 2m? p@ N

The main idea of our approach is to decouple the
estimate of cache misses from the loop iteration space so
that the approach can be fast even for large loop nests. Our
approach combines a static symbolic analysis with an
efficient and practical implementation. We use SUIF 1.3 and
the framework developed by Ghosh et al. for the determi-
nation of eligible loop nests, memory references, reuse
vectors, and for the manipulation of CMEs. We use Polylib
for the estimation of the total number of iterations (e.g., m?)
and representation of parameterized polyhedra. We devel-
oped the software package STAMINA: It sorts the memory
references as a function of their reuse vectors (i.e., temporal
and spatial reuse, length); it determines their interference
densities and it computes the total number of cache misses
for each loop nest in an application. STAMINA annotates
the original code with directives for the adaptation of the
cache-line size for each eligible loop nest.

3 NOTATION AND INTERFERENCE DENSITY

In this section, we introduce the notation and terminology
used.

A perfect loop nest composed of d loops determines a set
of integral points in IN?. Each point is denoted by a column
vector: i= (ig,..., ig-1)"; the first component (ie., i) is
associated with the outermost loop and the last component
(i.e., iq—1) is associated with the innermost loop. The loop
order specifies a lexicographic order (as in [6]). In fact, a
point u precedes a point v, denoted by u <, if there exists
an index t, 0 <t < d — 1, such that u, = v, for every n <t
and u; < v;. When v=u or v<u, we use the notation
u X v. A partial order® between two points v and u is
defined as follows: A point u is smaller than a point v,
denoted by u<v, when v, <wu, for every index n,

3. Polylib achieves an equivalent result.

4. Profiling approaches use a black-box approach about the application,
therefore they should test all possible values of start just to be confident of
the performance measurements

5. Polylib achieves an equivalent result, but it has to determine the
solution of the equation for 512 different values of start and then it has to
solve a system of 512 unknowns. This is a limitation of Ehrahrt’s polynomial
approach, rather than a Polylib limitation.

6. Also known as geometrical order, it does not always define an order
between two iteration points.

0<n<d-1, except at least one index k such that
u < vp. For example, a point u determines a unique
bounded polyhedron: P = {v|0 <v <u}. Note that, if
v < u, then v <u, but not vice versa. (For example, (1,1) <
(2,2)and (1,1) < (2,2),and (1,2) < (2,1), but (1,2) < (2,1) is
not defined!)

We define an iteration space as a bounded polyhedron:
Sp ={il0 =i = n}, where n is Ai+ Bk + Cp with A, B,
and C being constant matrices of size d x d, k is a vector of
constants, and p is a vector of parameters. The parameter p
does not affect the shape of the iteration space, but only its
cardinality. For example, consider S, defined as
{ijo0 L£ia(p,p)’,}. The iteration space Sp has cardinality
|Sp| = p?, which is a function of p, and it has a square shape
in IN? independently of any value of p.

An interval is a set P*(s)={veSys—rav s},
where s,s—reS, and 0=r. The cardinality of an
interval is a function of s. The cardinality of an interval
represents the number of iterations separating the itera-
tion point s —r and the iteration point s. In short, we
specify distance as the cardinality of an interval, |P"(s)|.
When r=e;; =(0,...,0,1),” we have |P*(s)| <1. An
interval, as well as an iteration space, is the composition
of disjoint elementary rectilinear polyhedra. Note that these
polyhedra can be just one point, where the vertices merge
into one. This property assures that the determination of the
distance of any interval is computable and that an Ehrhart
polynomial exists [12], [13], [14], [15].

A reference R in the body of a loop nest has temporal
reuse if, in different iterations u and v, the reference
accesses the same memory location A;[R(u)] = A4[R(v)]
[16]. We represent reuse by a vector r such that we have
Aq[R(u)] = Ag[R(u + )] for every iteration point u. When
the address of a reference is an affine function, that is,
A4[R(u)] =1'(Mu + b), the reuse vector is a point in the
null space of matrix M—i.e., Mr = 0.° A reference has
spatial reuse if the reference accesses—in different iter-
ations—the same cache line. Note that temporal reuse is a
particular case of spatial reuse. We have group temporal
and group spatial reuse when different references exploit
temporal and spatial locality among each other—during the
computation.

For example, consider a matrix A[100]{100] stored in row-
major format and starting at address 0x0. Consider a
reference Ry = Afug + w1][wq] in a loop nest composed of
two loops. We have

Ag[Ra(u)] = (100, 1)”({(1) ﬂu+ (0, o)t).

In practice, R4 has spatial reuse and reuse vector (0, 1), but
it has no temporal reuse because

1 1
{0 1 } u=0
only when u = 0 (null(4) = 0).

While we carry on the computation of the loop nest and
one reuse of a reference is accomplished, we have a hit in

7. The vector e;, the ith column vector of the identity matrix I € INY.
8. Note that linear parameters do not affect the null space.



cache because the same reference is reused successfully.
Otherwise, the memory reference may have been evicted
from the cache and a miss may happen. The reuse r of a
reference R, (u) is prevented when either a reference Rp(s)
with s € P"(u) interferes with the reference R(u) or the
iteration u — r does not belong to the space.’

In general, the prevention of a reuse by another memory
reference does not mean that we have a miss in cache. A
reference may have multiple reuse vectors and, to have a
miss in cache, all reuses must be prevented. We model the
prevention of a reuse by an interference equation as follows.

Given two array references R —interferer—and
Rp—interferee, we define an interference equation as:

alu+a_; =bls+b_; +nC+q+dp
E, = 1
Y with u € P*(s),s € Sp,n#0,|q| < L, (1)
and with L cache-line size,

where a, b, and d are constant vectors; the affine function
for R4 is a'i + a_; and the affine function for Ry is b'i + b_;;
the parameter vector is p and the reuse vector for Rp is r;
the cache size is a constant C; the free variable n is not zero;
the offset in the cache is |¢| < L — 1; the cache-line size is L.
The set of constraints is defined as definition domain.

An interference equation is always represented by an
equality constraint—Diophantine equation—and by a defi-
nition domain in which the unknowns are defined [6], [17].
For example, in Fig. 1, the interference equation for
interferer A and interferee B is as follows:

by + (1024, 8)(s0, 51)" +nC + g + (0,8)(m, start)"
= a1+ (1,024,8)(ug, w)'
E1 =
withu=s,s € S,,n#0,|q| < L,
and with L cache-line size.

2)

We model a direct-mapped cache, so, when the inter-
ference equation has a solution, we have cache interference
and, thus, we have cache misses. Otherwise, if the equation
has no solution and the interferee has only one reuse vector,
then we have a hit.

When |P*(s)| =1,
r=eq1=(0,...
isolate the term nC + ¢ as follows:

we simplify (1). When

,1), u=s—e4-1 (u=s when r =0), we
10

c1+cls=nC+q
E.,

1
—

w
=

! withc=a—-b,s €S,
and ¢_1 =a_1 +agq1 —b_1 —d'p.

For example, we simplify (2) as follows:
E; = {—168,384,000 — 8start = nC + q. (4)

We define the interference density, denoted by pg, as
the ratio of the number of points in the iteration space, for
which the equation E has solution, over the total number of
iteration points. For example, in (4), pg, is 1 (if 8start < L).

9. Spatial reuse is prevented when a different line is accessed.
10. Note that we do not repeat the definition of the domains for the
unknowns n and gq.
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Property 1. If, in (3), E., ,, a solution exists and ¢ = C'm, then
PE, , =L

Proof. Because a solution exists in (3), a point v, an integer ny,
and an integer qq exist for which c_; + ¢'v = n¢C + qo. We
substitute ¢ with Cm to obtain c_; + Cm'v = nyC + qo.
For any point s € S, we find an integer g such that c_; +
Cm's = gC+ q (e.g., g=mno+ m'(v—s)). Therefore, a
solution exists and pg, == 1. O

We can simplify (3) further because the element ¢;, which is
a multiple of the cache size (i.e., ¢; mod C = 0), does not
contribute to the interference density:

fa+fls=nC+q
Epod = where fk = ¢, mod C, Vk e [—1, d— 1} (5)
and s € Sp.

In practice, pg,  for (3) is equal to pg

mod

for (5).

Property 2. For the general case in (1), we have

pE, < min(1l, maxses, p PE,,q * |[PF(s)]).

Proof. For every s € S,, we break the interval P*(s) in
smaller intervals with unit distance. We have up to
maxges, | P*(s)| unit intervals. We consider each interval
independently and we determine its interference density.
Every interval has interference density, maxsy, pg,,,. O

Property 2 states that we can determine the interference
density for a rather complex interval using an estimate
based on unit intervals. We shall present in Section 4.3 a
technique that estimates py,,, and it is independent of any
parameter p and any iteration point in the iteration space s.
Furthermore, when the reuse vectors are short, the reuse
intervals have short distance and, therefore, we have a
simple and tight estimation. McKinley and Temam present
strong evidence that short reuse are common in scientific
computations [10]. We assume that the target of our
analysis are applications with short reuse vectors—mostly
spatial reuse.

4 PARAMETERIZED LOOP ANALYSIS

In this section, we introduce our approach in a top-down
fashion describing the organization of our software package
STAMINA, Fig. 2. In Section 4.1, we introduce the trade off
between spatial reuse and cache interference and we
propose our model for the representation of cache misses
as a function of both cache-line size and interference
density. In Section 4.2, we present how we model
interference as set of interference equations. In Section 4.3,
we discuss the computation of the interference density
based on a simplified analysis of the interference equations.
In Section 4.3.1, we introduce a more accurate analysis of
the interference density based on the theory of affine
equations using unimodular transformations [17].

4.1 Spatial Reuse versus Interference: Optimal
Cache-Line Size
Ideally, without cache interference, an application having

spatial locality is able to exploit a large cache-line size by
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and Iine Size :]&
Loop annotations
Fig. 2. STAMINA.

reducing cache misses by virtue of fewer memory accesses.
However, a large cache-line size may increase interference,
which may impede the spatial locality exploitation and, in
the worst case, it may increase cache misses. For some
applications, we find it acceptable to have an increase of
cache misses due to interference as long as the overall
performance improves due to fewer communications to and
from the cache.

For one memory reference R, we estimate the total
contribution to the interference density, nr(L), by
distinguishing three different cases and considering two
contributions.

min(1,% 4+ pgr(L)) if pr(L) <1 and
spatial&temporal reuse, (6)
min(1, pr(L)) if temporal reuse only,

0 otherwise.

nr(L) =

We define nr(L) in (6) as the spatial-temporal interference
density per memory reference.

The memory reference can have spatial and temporal
reuse, that is, a reference has reuse of the same cache line
and reuse of the same element located in a cache line. If a
reference R has spatial reuse and there is no interference,
we estimate a miss every % access(es)—i.e., iteration(s). The
interference density is 4, where £ is the line size in data
elements (i.e., ¢ = L/8 when an element is a double) and s is
the length of the spatial reuse in elements. This contribution
to the interference density is due to the spatial reuse only
and notice that it is a monotonically decreasing function in
L. Spatial reuse is an artificial reuse, which is introduced by
the memory architecture configuration. A spatial reuse may
be prevented because of the access of a different cache line
and not because of interference. In fact, any other (longer)
reuse may be satisfied and, instead of a cache miss, we
could achieve a cache hit. For spatial reuse, it would be
convenient to consider the effect of longer (temporal) reuse
as well (see Ghosh et al. [18]).

If there is interference, part of the reuse can be prevented
and we can have a larger contribution to the interference

density. The factor pgr(L) € [0,1] is the estimate of inter-
ference density due to cache interference only, interference
density per memory reference, that is, how other references
displace reference R from the cache. When pp(L) =1, it
means that interference is so high that no reuse is possible.
The factor pp(L) is a monotonically increasing function. We
shall see how to determine pg(L) in Section 4.2.

If a reference R does not have reuse of any kind, then
nr(L) = 0. If there is no reuse, there is no interference. If
there is a cold miss,'! it is unavoidable in this framework
for every cache-line size.

Finally, the estimate of the number of cache misses, due to
one memory reference, is simply |Sy|nr(L) (.e., |Sp| is the
number of iterations in the loop nest). We explain shortly how
we use ng(L) to estimate the number of cache misses as a
function of the cache-line size. Suppose we have z memory
references in a loop nest. We sort the references and we label
them by using a unique integer according to the following
criterion: Reference R;, with 0 < ¢ < z, has spatial reuse and
reference R;j, with z < j < z, has temporal reuse. An upper
bound on the number of cache misses is given in (7).

|Misses| < |Sple(L)
2—1

|Sple(L) = [Sp| ;mz, (L) )

n—1 m—1
= |Sp| (Z e (L) + ) MR,,(L))-
i=0

i=n

Because the function |S,| is independent of the cache-line
size, the minimum number of cache misses is a function of
(L) = 3217 nr,(L). In practice, we seek the optimal cache-
line size that minimizes ¢(L) and we doitby a linear search for
increasing values of L (i.e.,, L = 8,16, 32,64, 128, 256 bytes).

4.2 Interference Density per Memory Reference

In this section, we introduce two important concepts and
estimates: the interference existence and the interference
density per memory reference (i.e., xp(L) and p(L),
respectively).

Consider an interference equation E,,,;—as in (5). We
define interference existence as a 0-1 function expressing
whether or not the equation E,,,; has integer solutions:

1 if E,,,q has a solution
0 otherwise,

(D) = { ®
where L is the cache-line size.

A CME solver, as it counts the number of integer solutions
of an interference equation, resolves the existence problem as
well. However, a solver may be designed for the existence
problem only; in fact, Omega test is an example of such a
solver [19], [20]. Note that, in the worst-case scenario,
searching for one solution is as hard as counting all integer
solutions.

Currently, we deploy Polylib, which applies a linear
search in parameterized polyhedra to find whether or not
an integer solution exists. In Sections 5.3 and 5.2, we present
an example showing the way we use the interference

11. The first time a reference is read, we have a cache miss and it is
defined as cold miss.



existence to achieve an accurate estimate of the number of
cache misses.

In the following, we present our approach for the
determination of the interference density per memory
reference. We outline the approach, describing the follow-
ing three possible scenarios:

1. Consider a memory reference R4 with one reuse
vector r and with k interferers Rp, 0 <i < k. For
each pair of references R4 and Rp,, we determine the
interference equation F;, we estimate the interfer-
ence density, and we compute the interference
existence (i.e., pg, and xg (L)). Then, we determine
the contribution of each interferer Rp, independently
and we add their contributions:

k
w(L) =" pexe (L) 9)
=0

2. Consider a memory reference, R4, and one inter-
ferer, Rp. The reference R4 has m reuse vectors
{ri}o,m_1 such that r,, 1 <...<ary. Every reuse vector
r; is associated with an interval P"(s) and, for every
i > j, we have P"(s) C P"(s). In particular, we have
that N Pri(s) = P*(s). We consider the shortest
reuse vector only (ie., r,_;) and, therefore, we
consider the shortest interval only (e.g., P™(s))
because, if the shortest reuse is prevented, all reuses
are prevented and there is a cache miss; otherwise,
the shortest reuse is exploited and there is no miss in
the cache—however, other reuse may be prevented.
This is equivalent to the first case with one interferer:
w(L) is ppxe(L) (e.g., in (9) with k = 1).

3. Consider a reference R, with k interferers Rp, and
m reuse vectors {ri}o,mq such that r,,_1<...<r.
Every reuse vector r; is associated with an interval
P'i(s) and, for every i > j, we have P (s) C P"(s).
In particular, we have that N/ P*(s) = P'(s).

For each pair of references R4 and Rp, we
determine the interference equation E; for the
shortest reuse only, therefore for the shortest
interval (e.g., P™'(s)). If the shortest reuse is
prevented, all reuses are prevented and there is a
cache miss; otherwise, the shortest reuse is
exploited and there is no miss in cache. In fact,
in (9), we model this case as well.

The number of cache misses for a direct mapped cache is
up to |Splu(L). For a k-way associative cache, we may
estimate the number of cache misses as |Sp| L@J In
practice, our estimate/approach is independent of the
approach proposed by Chatterjee et al. [21] for associative
caches. However, there are three common features we
summarize as follows: First, both approaches model cache
misses using polyhedra, thus they do not convey any
information on the temporal distribution of the cache
interference; second, both are approximations—not upper
bounds; third, we may use these estimations to determine
statically the minimum associativity that circumvents cache
interference altogether.
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The interference equations model cache interference in
an interval. This interval must be a valid interval in the
iteration space. Otherwise, no analysis is performed. For
example, given a reuse vector r, our approach does not
analyze the set of iterations:

p={ili€SN(—r) ¢S}

We can rewrite (10) as the union of nonintersecting
elementary rectangular sets, therefore we may use Polylib
to compute its cardinality. If we count the number of
iterations in this set, we determine a confidence index,
which is used separately to assess whether the analysis has
any contribution. In fact, the smaller the reuse vector is, the
larger the iteration space investigated by our approach is,
therefore the larger the number of cache misses we can
determine through the interference density. For the exam-
ples we present in Section 5, we analyze 99.9 percent of the
iterations.

(10)

4.3 Interference Density Analysis, STAMINA

In this section, we describe our approach to determine the
interference density only from the equality of an inter-
ference equation—as in (5)—that we repeat here:

fo +fls=nC+yq

Ernod = { where f;, = ¢, mod C Vk € [-1,d — 1],
ek = ap —ag,dy = a_y —b_y —d'p,

and with s € .S,

(11)

(i.e., we consider f_; + f's = nC + g only).

Theorem 4.1 states the main result of this section—the
interference density is simply a function of the cache size
and cache-line size: pgp < 2(1%1% To prove this result, we
start by showing that the solutions space—e.g., the iteration
points where a interference equation has a solution—is a
regular structure in a rational domain. This structure
envelopes all integer solutions and it has an extremely
regular organization in cells—or tiles. We determine the
interference density by computing the ratio of volumes, that
is, we determine the volume of the solutions over the volume
of a solution cell.

We begin with the definition of inner product and
inverse vector. The inner product of two vectors u and v is
the vector s =u-v such that s; = u,v,. The vector 1 =
(1,---,1)" is the identity vector for the inner product (i.e.,
v-1=1-v=v). For every nonzero rational vector
v € Q'— ie., v, # 0—there is one and only one inverse
vector, denoted by v! € QY such that v-!-v = 1.

From here on, we denote by i; the smallest rational
solution for equation F,,,;. We now describe a regular
structure that models the solution space. We define a grid

as a set of points:
G(ig) = {jlj = ip + Cf ! - s,such that s € IN?}. (12)

We define a grid cell as a d-dimensional rectangle
determined by the 2 + d vertices iy + Cf “llg,

ig+Cf 1 (s+e),....ig+Cf L (s+es),

and
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Fig. 3. Grid cells and band cells in a plane. In a two-dimensional space,
grid cells and band cells are rectangles. Note that three bands pass
through a grid cell.

for any s € G(iy). Given an integer u, we define a band as
the following set of rational points:

Bluy={b|-L<u+fb<L

J (13)
with b € Q“ and u € IN}.
We define a band cell as the set of rational points:
BC(u) = {b|(-L =u+fDUL =u+f'b)N (14)

N(Vk # 3,b, =0and j € [0,d — 1])}.

For every grid point in G(ip), we determine a band, that is,
B(noC + f-1). Every point in the band is a solution and, in
particular, it has the same value for the variable n. The grid
and the bands represent a regular structure (see Fig. 3, for a
two-dimensional example). We use the band cells to express
the volume of the bands, therefore of the solution number in
a grid cell; we eventually determine the interference density
for a single grid cell as representative for the entire space
determining their volume ratio.

Considering an example as in Fig. 3, a grid cell is a
rectangle and the band is a line crossing the grid cell on
only two grid points. Two different bands are crossing the
remaining two vertices. In a two-dimensional space, the
grid cell has an area, in a three-dimensional space, it has a
volume. In general, we use the term volume to indicate the
same quantity-concept for any dimension 12

o

We now determine how many bands cross a grid cell and
then we determine their volumes. A band is determined by
two (d — 1)-dimensional spaces and, by construction, it
passes through grid points. For any grid cell, there is only

one band splitting the cell in two so that two vertices are
apart. We have three bands crossing a grid cell.

Property 3. Every grid cell has volume

12. We avoid the use of the term space because we use it in another
context, that is, iteration space.
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In the following property, we state how many band cells
we may find in a grid cell; therefore, we have an estimate of
the volume of a band intersecting a grid cell.

Property 4. Every grid cell intersects three bands and up to
5 (£)"" band cells.

Proof. Consider a grid cell with size %, 0<k<d in a
d-dimensional space (i.e., in a three-dimensional
space, it is a cube). The projection of a band on
any (d— 1)-dimensional space has a number of band
cells as 5[], " % / Qf—f (i-e., in a three-dimensional space,
we have three projections on three planes; on each plane,

1 (¢ /25) with

the band cell projections are 3(f /%) * 7%

iR | O
(2r)?
s

When we have an estimate of the volume of a band cell and
we have the number of bands cells, we have an estimate of
the volume of a band. The last step is to show that this
regular structure, made of a grid and bands, is dense as it
contains all integer solutions.

Property 5. Every band cell has volume at most

Lemma 1. For any integer solution z of equation E,.q, there is a
grid point in the band passing through z.

Proof. By definition, Cny+ qy = f'iy and Cny + q = f'z,
without loss of generality consider n; > ny. A band is a
space for which each rational point is a solution for the
equation with same value of n, we prove the lemma as
soon as we show that p exists so that Cns + ¢ =
fl(i() + Cfil p) and N9 = Njg.

We have Cny+q=flig+fCf ' p,
Cns + ¢ = f'iy + C1'p. We determine no:

fli, + C1'p
ng = |[——|.
2 C

that is,

We obtain
iy i,
=== = 1'p= 1'p.
= |oriy) =[] e
So, ng = ny when 1'p = n; — ny. There is always such

a vector p. O

Finally, we state and prove our estimate for the interference
density.

Theorem 4.1. If, in (5), Ey,q, a solution exists and f;, mod C # 0,
Vk € [0,d — 1] and C > 2L, then pp < 5%

Proof. By Lemma 1, the grid and the bands on the grid
constitute a dense solution space. Every integer solution
is in it. The density is computed on a grid cell as the ratio
of the volume of a band intersecting a cell over the

volume of a grid cell. By Properties 4 and 5, there are

2%(%)‘1_1 band cells of volume mzd in a grid cell. By

Property 3, a grid cell has Volume Hd — . Then, we have
ko i

pE < %7 . a



4.3.1 Interference Density Analysis, Refined

In this section, we present a more detailed analysis of the
interference density; we refine the analysis for the integer
domain. First, we present some considerations on the
approach to solve Diophantine equations [17]. Second, we
apply this approach when both the variable n and [ are
assigned to values, therefore they are constant terms of the
equation. We then consider the case when only the variable
lis assigned to a value. At last, we present the final result of
this section in Theorem 4.4.

Consider the coefficients in (5). In fact, E,, is a
Diophantine equation. For the solution of Diophantine
equations, we may use the GCD test [17]. We determine the
great common divisor of the coefficients of the equations
—g = ged(d_1,dp, . ..,d4_1,C,1)—and we verify whether the
constant factor of the equation, for example (, is evenly
divided by g. If ( mod g =0, the equation may have a
solution—we need to check the domain; otherwise, the
equation has no solution.

Because the free variable [ has 1 as coefficient, the
ged(d_q,dy, . ..,dg_1,C,1) = 1, the GCD test is inconclusive:
we cannot conclude whether or not there is any solution.
We need to solve the system and verify the constraints on
the definition domain.

Banerjee presents a general approach to determine all
integer solutions for Diophantine equations—without para-
meters, using the theory of unimodular matrices. We
consider whether or not there is solution for arbitrary
values of n=ny and [ =1[;. The constant value will be
¢ = f-1 +noC + ly, which includes the parameters as well.
We can rewrite (5) as follows:

Ey={¢="f's. (15)

If g is gedyeo,a—1)(fx) and ged(g, ¢) is not 1, then there exists a
unimodular matrix U so that all the solutions are
determined by the following expression:

i=Uls

where s = ((/g, $1, 82, -+, Sd-1)
and s, € IN,Vk € [1,d — 1]

and where U € IR¥ is unimodular
and Uf = (¢,0,...,0)".

Esnl = (16)

A matrix U is unimodular when it is an upper triangular
matrix and it has |det(U)| = 1."* A unimodular matrix Uis a
linear transformation, it always has an inverse matrix U™
(i-e., such that U™'U = I, I the identity matrix), and U™! is
unimodular as well. Banerjee presents an effective techni-
que in Algorithm 2.1 for the determination of U.

The matrix U is a 1-1 mapping between the iteration
space S and a space T, where S, T C IN. In T, the solution
space is the plane sy = (/g; the number of integer solutions
in T is as many as in S and all solutions in S are in a plane.

For example, if T = IN?, the solution space is a line s =
(¢/g,50)" and the minimum distance between any two
points in T is 1, that is, ((/g,1) — ({/g,0) = (0,1). Consider
the equation 6iy — 49, = 10.'* The solutions are:

13. Where det(U) is the determinant of matrix U.
14. Example 3.5 [17].
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i = (5,50){; é] (17)
Two solutions in T, such as (5,0) and (5, 1), are mapped on
two solutions in S, (5,5) and (7, 3), respectively. We notice
that, in T, the distance is 1, but, in S, the distance is more
than 1. We want to determine the interference density in the
original space—i.e.,, S—using some of the properties of
matrix U."” Indeed, we estimate the distance computing the
volume of the d-dimensional rectangle that has the two
solutions as opposite vertices. To do so, we estimate the size

of the rectangle as follows:
We define

min

hi =
Jjell,d—-1]

max u;; —

18
jeltd-1) - (18)

Ui s
where u;; is the element in the ith column and jth row in U.
Intuitively, the product [[) &, is a lower bound to the
distance between two solutions in S.

Theorem 4.2. If equation E, = ( = f's has a solution, then the
interference density is at most pg, < 1/ (Hf;ol hi).

Proof. Consider the solutions s+ey,...,s+e;.1. These
solutions are mapped to U's + U'ey,...,U's + U'e, 1,
that is, U's +uy,..., U’s +u,_;. The solutions are the
d — 1 vertices of a bounded region and H‘f;& h; is a lower
bound to the number of integer points in the region. O

When n is not an arbitrary value but it is a variable, the
equation may have solutions for different values of n (ie.,
the equation is ¢ = Cn + f's). For each solution of n, there is
a different parallel plane in T. As long as the planes are far
apart, Theorem 4.2 holds. Otherwise, the interference
density may be reevaluated as the following theorem states.

Theorem 4.3. If an integer j € [0,d — 1] exists such that h; > fgj/

then pr < maka%;fk PE,-

Proof. For any n, the solution space is a set of parallel
planes. We determine the image of the planes and of the
set of points s + e1,...,s + e4_; in S. We note that, in one
dimension, the distance between any two planes is
(asymptotically) C/f; and, in U's+uy,...,U's+u,y,
there can be at most max;(o,4—1 2hyf

éf*' planes intersecting.
Each plane contributes just one integral solution. By
Theorem 4.2, the proof follows. O

The last case is when, for every solution of n, there are
different solutions of /. The following theorem estimates the
interference density in this scenario.

Theorem 4.4. If we have a set J so that h; < 2L with j € J, then

pe < (G Tlies i) * s
Proof. In this case, each variable in J satisfies the equation in

an interval of size C' at most 2L/h; (with i € J) times,

therefore, with density % . Werestrict the investigation on

the other d — | K| variables and we apply Theorem 4.3. O

15. Because U is unimodular, we have that |det(U)| = |det(U™')| = 1
and, therefore, we cannot use the determinant to achieve any estimation for
the interference density—at least directly.
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#define N1 1335
#define N2 1335

extern double U[N1]([N2], V[NL][N2], P[N1][N2],UNEW[N1][N2], VNEW[N1][N2],
PNEW[N1] [N2], UOLD[N1][N2], VOLD[N1][N2], POLD[N1][N2],
CU[N1][N2], CV[N1]([N2], z[N1]([N2], H[N1][N2], PSI[N1][N2];

extern double DO, DX, DY;

void calcl(int M, int N) {

int i,3;
double FSDX,FSDY;

for (i=0;i<M;i++)
for (3=0;3j<N;j++) {
//

RN = 1 2 3
CU[i+1][3] = DO*(P[i+1][3j]1+P[i]1[3])*U[i+1][3];
//c # 1230

//c RN 4 5 2 6
CV[i] [3+1] = DO*(P[i] [3+1]1+P[1i][3])*V[i][J+1];
//c #52 64

//c RN 7 8 6 9
Z[i+1] [j+1] = (FSDX* (V[i+1] [§+1]-V[i] [j+1])-FSDY* (U[i+1] [j+1]
/* C RN 5 *

-ULi+11[31)) /(PIi] [3]1+P[i+1] [FI+P[i+1] [J+1]1+P[i][j+1])/
// #8693211057
// RN 11 2 3 3 12 12
/I}l[i] [jl]zN= P[i] [g]+D0*(U[i+1] [J1*U[i+1] [314U[4] [31*U[4i] [3]
+V[L] [J+1]*V[i] [FH+LI+VIL] [FI*VIL][3]) /
7/ # 312 913211
}
}

Fig. 4. SWIM: calc1() in C code. We introduce comment lines above and
below any instructions; those comment lines present STAMINA
assumptions on the memory references. The comment above an
instruction presents the reference numbers (RN) and the comment
below an instruction presents the order in which the memory references
are issued.

5 STAMINA IMPLEMENTATION RESULTS

The reuse and interference analysis is implemented in the
software package STAMINA (abbreviation for Static Model-
ing of Interference And reuse). It is built on top of an SUIF 1.3
compiler adapting the analysis developed by Ghosh et al.
[6] and using Polylib [13], [12], [15]. In this section, we
consider three cases to explore three important aspects of
our analysis. We analyze loop nests presenting: first,
parameterized loop bounds; second, only self-interference
among memory accesses; and, last, parameterized loop
bounds, parameterized memory accesses, and tiling.

STAMINA presents the result of the analysis in two
forms (or types): a numeric and a symbolic form.

Numeric form: The output is a table with two con-
tributions—two rows:

e A row is the contribution at compile time. It
presents the estimation of interference as a function
of the cache-line size, at compile time only. We
identify the entries in such a row by e (L).

e A row is the contribution at runtime. It presents the
estimation of the interference as a function of the
numeric value of the parameters. We identify the
entries in such a row by €. (L).

This distinction between compile time and runtime is
extremely helpful for an optimizing compiler: A compiler
may use the quantitative measure and decide whether or
not any adaptation is worth pursuing. In other words, if the
contribution at runtime is overall negligible, we can set the
optimal line size at compile time; otherwise, we may
introduce annotations to the original code and drive
adaptation at runtime.

Symbolic form: We represent the effect of the cache-line
size by a symbolic function. We insert code computing the
symbolic function as header of the loop nest and we
evaluate it at runtime, before the loop nest execution.

TABLE 1
Simulation of the Data-Cache Misses Due to 10 Calls to calc1();
L = Cache-Line Size in Bytes, DCMR = Data Cache Miss Rate

L | 32 | 64 | 128 | 256
DCMR | 11.916 % | 5.960% | 2.982% | 1.493%
Spatial locality is fully exploited in calc1().

We assume that the scheduling of the references (i.e.,
loads and stores) follows two criteria. First, the computation
is performed so as to minimize the number of temporaries
[22] for each statement. Second, a reference may be loaded
once or more in the inner loop. We assume the final
scheduling from the source code only because it is very
difficult to retain high-level information from the source
code to the assembly code and vice versa (e.g., after all
optimizations such as scheduling and register allocation).
For example, we label each reference with an integer and
we assume a possible reference schedule. This schedule is
automatically determined and it is used for the interference
analysis. (Note, this is not a limitation of the approach but
of the implementation.) We assume the data cache is direct
mapped of size 16KB.

5.1 Case A: SWIM-SPEC 2000

The first application is swim from SPEC 2000. It has a main
loop with four function calls. Each function has a loop nest
for which the loop bounds are parameters introduced at
runtime. We present results for two of these loop nests.

In Fig. 4, we present one of the loop nests in C
language. We analyze the interference for two different
matrix sizes, the reference size 1,335 x 1,335 and the
power of two 1,024 x 1,024. Our analysis states that, for
the former, there is no interference for any cache-line size,
but, for the latter, there is interference among all
references and all cache-line sizes.

Due to the number of equations, it is very difficult to
verify the accuracy of the analysis by hand. We simulate 10
of the 800 calls to the calcl routine using cachesim5 from
Shade [23]. The routine is compiled with gee/3.1 with the
—02 flag on. The simulation results for matrix size 1,335 x
1,335 confirm our analysis as shown in Table 1.

The case for power of two matrices is confirmed as well,
but not reported here.

A more interesting case is in procedure calc2(), see Fig. 5.
STAMINA determines that reference 16, CU(I +1,.J),
interferes with reference 8, H(I + 1,.J), when the line size
is larger than 128B. The software determines the trade off
between spatial locality exploitation and interference, but,
even though only two references are interfering, the optimal
line size proposed is 128B. Note that the analysis is able to
indicate which references are involved and when there is
interference.

Using the Shade simulator, we validate our analysis as
shown in Table 2.

The execution of SWIM with reference input (matrices of
size 1,335 x 1,335) takes 1 hour on a Sun Ultra 5, 450MHz.
Any full simulation takes at least 50 times more. In contrast,
our analysis takes less than one minute for each loop nest,
whether or not there is interference (i.e., for SWIM, our
analysis takes less than 5 minutes).



SUBROUTINE CALC2

COMPUTE NEW VALUES OF U,V,P

ann

IMPLICIT REAL*8 (A-H, 0-2)
PARAMETER (N1=1335, N2=1335)

COMMON U(N1,N2), V(N1,N2), P(N1,N2),
UNEW (N1,N2), VNEW (N1,N2)
PNEW (N1,N2), UOLD(N1,N2),
VOLD (N1,N2), POLD (N1,N2),
CU(N1,N2), CV(N1,N2),
Z(N1,N2), H(N1,N2), PSI(N1,N2)

* N kB

couuon /CONS/ DT,TDT,DX,DY,A,ALPHA, ITMAX, MPRINT, M, N, MP1,
NP1,EL,PI,TPI,DI,DJ, PCF

TDT/8.D0

TDT/DX

TDT/DY

TDTSB =
TDTSDX =
TDTSDY =
SPEC removed CCMICS DO GLOBAL
DO 200 J=1,N
DO 200 I=1,M

0
UNEW (I+1,J) = UOLD(I+1 J)+
2

1 TDTSB*(Z(I+1 J+1)+z(1+1 J))*(cv(1+1 J+1)+CV(I J+1

+CV (I, J)+CV(I+1 J)) TDTSDX*(H(I+1 J) H(I J))
2345678910
10
VNEW (I,J+1)

H N

11 2 12
= VOLD(I,J+1)-TDTS8* (Z(I+1,J+1)+Z(I,J+1))
13 14 15 16
1 *(CU(I+1,J+1)+CU(I,J+1)+CU(I,J)+CU(I+1,J))
17 9

2 —~TDTSDY* (H(I,J+1)-H(I,J))

# 212 13 14 15 16 17 9 11 10
18
PNEW(I,J) = POLD(I,J)-TDTSDX* (CU(I+1,J)-CU(I,J))

5 6

1 ~TDTSDY* (CV (I, J+1)-CV(I,J))

# 16 15 5 6 19 18

CONTINUE

RETURN

END

QN N o A N o o 0

200

Fig. 5. SWIM: calc2() in Fortran. We introduce comment lines above and
below any instructions, those comment lines present STAMINA
assumptions on the memory references. The comment above an
instruction presents the reference numbers (RN) and the comment
below an instruction presents the order in which the memory references
are issued.

5.2 Case B: Self-Interference

We now consider the case when an application has self-
interference. Self-interference happens when two references
of the same array, or the same reference in different iterations,
interfere in cache. The example, Fig. 6, is the composition of
six loops with only one memory reference in each.

Each memory reference has a different spatial reuse and
the reuse vector is long. Each loop accesses a matrix by row
and updates a small part of it. Even though the matrix
access is done by row, instead of by column, spatial locality
may be exploited because of the matrix size. In practice, the
number of columns for each matrix is chosen so that each
loop has a different optimal line size.

For example, in LOOP 0, a cache-line size of 8 Bytes does
not have any self-interference and a cache-line size of 16B
has spatial reuse; for larger line size, there is always
interference because elements in two contiguous rows share
the same cache line.

STAMINA recognizes that the spatial reuse goes across
one iteration of the outermost loop. In the current

TABLE 2
Simulation of the Data-Cache Misses Due to 10 Calls to calc2();
L = Cache-Line Size in Bytes, DCMR = Data Cache Miss Rate

L | 32 | 64 [ 128 [ 256
DCMR | 11.968 % | 6.739% | 3.371% | 4.091%
Optimal cache-line size is 128B.
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#define CACHE_SIZE 16384

int A[CACHE_SIZE /16] [ (CACHE_SIZE+16)/4];
int B[CACHE_SIZE / 32] [ (CACHE SIZE+32)/4];
int C[CACHE SIZE / 64] [ (CACHE_SIZE+64) /4] ;
int D[CACHE_SIZE / 128] [ (CACHE_SIZE+128)/4];
int E[CACHE_SIZE / 256] [ (CACHE_SIZE+256) /4] ;
int F[CACHE SIZE / 512] [ (CACHE_SIZE+512)/4];
int main ()

{
int i,3,k,1;
int step;

1 0;

for (j=0;j<4;j++) // LOOP 0

for (k = 0; k < CACHE_SIZE / 16 k++)
A[k] [31++;
for (j=0;j<8;j++) // LOOP 1
for (k = 0; k < CACHE_SIZE / 32; k++)
Blk] [31++;
for (j=0;j<16;j++) // LOOP 2
for (k = 0; k < CACHE_SIZE / 64; k++)
Clk] []1++;
for (j=0;j<32;j++) // LOOP 3
for (k = 0; k < CACHE_SIZE / 128; k++)
D[k] [31++;
for (j=0;j<64;j++) // LOOP 4
for (k = 0; k < CACHE_SIZE / 256; k++)
E[k] [31++;
for (j=0;j<128;j++) // LOOP 5
for (k = 0; k < CACHE_SIZE / 512; k++)
Flk] [J]1++;

Fig. 6. Case B: self-interference.

implementation, it fixes the value of the interference density
at p =1 (STAMINA assumes that there is a capacity miss
because, in general, the distance is not a constant and it
cannot be compared to the cache size). For this particular
case, we achieve a tight estimation. In general, we achieve
an overestimation. Notice that the existence of interference
plays the main role; it discriminates when there is
interference and when to count the interferences. In
Table 3, we report the results of the analysis.

5.3 Case C: Matrix Multiply

In the previous cases (Sections 5.1 and 5.2), the optimal
cache-line size is set at compile time and, therefore, the
analysis returns a numeric-form result. In this section, we
present a case where the analysis returns a symbolic-form
result to comply with the dynamic behavior of the
application.

The examples are simple and we check the accuracy of
the analysis manually. At the same time, the problem size is
large and it is not practical in an exhaustive collection of
simulations.

We analyze a variation of the common ikj-matrix-multi-
ply algorithm [24], see Fig. 7. Matrices A, B, and C are
square matrices and, in particular, matrices B and C are
power of two. We choose the size of the matrices so that, if
there is interference due the reference to A, it is rare. The
index computation for A is parameterized (0 < n < 64).16
Due to the upper bounds of the parameters, A does not
interfere with any other matrix. Even if it could, the
interference density would be small. We distinguish two

16. Note that we can handle larger cases; this is to yield a clearer
example.
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TABLE 3
STAMINA’s Result for Self-Interference Example

[Line | 8] 16] 32| 64 128 256
Loop 0 | e(L) | 0.50 | 0.25 | 1.00 | 1.00 | 1.00 | 1.00
Loop 1 | ext(L) | 0.50 | 0.25 | 0.12 | 1.00 | 1.00 | 1.00
Loop 2 | ex(L) | 0.50 | 0.25 | 0.12 | 0.06 | 1.00 | 1.00
Loop 3 | €x(L) | 0.50 | 0.25 | 0.12 | 0.06 | 0.03 | 1.00
Loop 4 | €x(L) | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
Loop 5 | €x(L) | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00

Loops 4 and 5 have no interference for any line size, the output is set to
zero. In bold face, we present the optimal e per cache-line size and loop.

different contributions: at compile time, ¢,(L), at runtime,
et(L). We have ¢(L) =0 for any L and

ca({8,16,32,64,128,256}) =
{2.00,1.00,2.00, 2.00,2.00, 2.00}.

The reference to A does not interfere with the references
to C and to B for 0 < n,m < 64. It would only if we use
larger values for the parameters. The suggested optimal
cache-line size is 16 Bytes. We simulate the number of cache
misses for some values of m, n (only a subset of the possible
647 pairs is presented) and for different cache-line sizes. The
experimental results are in Table 4.

STAMINA proposes 16B as optimal cache-line size
because it currently assumes the interference density as
p =1 for every line size. However, p is 1/2 for L = 32B and
the two cache-line sizes (16B and 32B) are equally good and
a larger cache line may improve overall performance. In
practice, simulation results suggest that a cache-line size of
32B is optimal for a negligible difference (Table 4). A
solution to this problem is presented shortly, in the next
example, where we represent the cache misses as a
symbolic expression of the cache-line size.

We analyze the blocked version of matrix multiplication,
see Fig. 8. We analyze only the loop nest in the procedure
ikj_mm and we find that €, (L) = 0 for any L and

e({8,16,32,64,128,256}) =
{2.00,2.00,2.00,2.00, 2.01,2.03}.

/* B[0]1[0] 120000000
crolfol

*/

#define MAX 4000

#define MAXCOL 2048

double A[MAX] [MAX],
void ijk_matrix_multiply( int n,

B[MAXCOL] [MAXCOL],
int m) {

C[MAXCOL] [MAXCOL] ;

int i,3,k;

for (i=0;i<n;i++)
for (k=0;k<n;k++)
for(j=0;j<n;j++)
C[i][3+3] += A[i][k+m] * B[k][]];

Fig. 7. Matrix multiply. There are two parameters: n and m. The first
affects the loop bounds and the latter affects the access offset on matrix
A. We assume that 0 < n,m < 64.

TABLE 4
Data Cache Misses for Matrix Multiply, Fig. 7, Using shade
Cache Simulator

m | n | miss L=16B | miss L=32B [ miss L=64B
41 4 5670 3740 2856
8] 8 6107 4160 3531
1212 7304 5330 5011
16 [ 16 9645 7632 8800
20 | 20 13532 11507 13818
24 | 24 19355 17309 23355
28 [ 28 27480 25397 33922
3232 38283 36159 51881
36 [ 36 52373 50493 70606
40 | 40 69782 68011 99709
44 | 44 91390 90106 128561
48 148 116546 115064 170124
52 [ 52 146286 144598 209300
56 [ 56 181488 180018 267866
60 [ 60 221808 220361 321279
63 | 63 260740 260418 380464

We present cache misses only for cache-line size 16B, 32B, and 64B
(cache-line size 8B and 128B are omitted).

Every reference interferes with every other reference. The
interference due to matrix A is negligible since the matrix
access is an invariant for the inner loop. The interference
between C' and B can be at every iteration point. There is no
interference whenever |m — n| mod C = L. This example is
very peculiar because the cache-line size is not set once per
loop nest, it is determined at runtime.

We expect to have a symbolic form of the type
e(L) =np.(L) +nr, (L) + nr,(L). We know that, in this
particular case, nr, < L/16,384 x2 ~ 0. STAMINA pro-
duces a symbolic output where C, is 16,384, A is
|8n — 8m|%Cy, and L(z) is 1 is >0 and 0 otherwise
(where % is the C-language remain operator):

(L) = 2min<1, 1A — L)%+ 18— A) %) (19)
which has minimum when L is 16B and 32B. In fact,
reference C' has spatial reuse and it may interfere with B,
mainly: ng, (L) = 1(L — A)L72+ 8. For example, when
n =m = 0, references Rc and Rp interfere at any iteration
and no optimal line size exists; otherwise, if m =3 and

#define MAX 2048

double A[MAX] [MAX], B[MAX] [MAX], C[MAX] [MAX] ;

void ikj_matrix multiply 4( int x,int y, int z, int m, int n, int p )

int i,3.,k;
for (i=0;i<x;i++)
for (k=0;k<y;k++)
for (j=0;j<z;Jj++)
C[i] [J+m] += A[i] [k+n] * BI[k] [j+p];

}

void matrix multiply new_tiling() {
int ii,33,kk;
for (kk=0;k<MAX/b; kk++)
for (ii=0;i<MAX/b;ii++)
for(jj=0;j<MAX/b;jj++)
ikj_matrix_multiply_ 4 (min(b,MAX-ii*b), min(b,MAX-jj*b),

min (b, MAX-kk*b) , (ii*MAX+3jj)*b,
(1i*MAX+kk) *b, (kk*MAX+3])) ;

Fig. 8. Tiling matrix multiplication. We have six parameters: z, ¢, and k
are used to specify the loop bounds, m, n, and p are used to modify the
access to matrices C, A, and B, respectively.
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n = 0 (notice that this is the example in Fig. 7), the optimal
line size is 32B. Automatically, the symbolic form and the
numerical form are used to insert a function driving
adaptation in the source code before the loop nest.

For the example in Fig. 7, the analysis takes up to two
minutes. For the blocked matrix multiplication in Fig. 8, the
analysis takes more than 8 hours on a Sun Ultra 5 450MHz.
The difference of the execution times is expected. For the
former case, the existence test has to investigate a relatively
small iteration space. For the latter case, the search for the
existence of the integer solution is extremely time consum-
ing because we need to search a space of 2,048 points."”

6 CONCLUSION

We present a fast approach to statically determine the effect
of the data cache-line size on the performance of scientific
applications. We use the static cache model introduced by
Ghosh et al. [6] and we present an approach to analyze
parameterized loop bounds and memory references. The
approach is designed to investigate the trade off between
spatial reuse and interferences of perfect loop nests on
direct mapped cache. Experimental results demonstrate the
accuracy and efficiency of our approach.
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