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Background
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Graphical Models — Overview

Bayesian Networks Markov Logic

Friends(A,B)

a .
[Yanover & Weiss 2002]

Inﬂuence Diagrams
= &
/ \/
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round

Deep Boltzmann Machines
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Graphical Models — Formal Definition

Example:

o A|B | f(AB)
. Ae{0,1} |ojo| 2

X={X, X, ..., Xy} < Variables
. Be{0,1} [°t] 4
D= {D D,..,DX}éDomams Y o 3
F={/.f,..f,} < Factors Ce{0,1} T

j

fAB(AaB)v fBC(Bvc)

\ J
|

@

A combination operator ® defines a global function.

p(A,B,O) X fAB(Aa B) X ch(B,C)
(W)—)

ex. ® = multiplication Primal graph
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Tasks

» Max-Inference
| faxa)
o J
» Sum-Inference B
ion% ction
-complete)
. N ooper, 1990]
» Mixed-Inference | f(xX3;) = maxz H foixa)
e xGomputing margina Z 1_[ fo(Xa)
X/X;i o

* NP-hard: exponentially many terms
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Systematic Search vs Sampling N

Systematic Search
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e Enumerate states
* Every stone turned
e No stone turned more than once
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Systematic Search vs Sampling N

Systematic Search
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e Enumerate states
* Every stone turned
e No stone turned more than once
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Systematic Search vs Sampling

Systematic Search Importance Sampling

[Liu, 2001]

" /E(|281|\/.\ " 0 Z~90
B0 e O U
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1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 \ 1
D: AL EUENE QYUEOEEE o o 2o 2o [0z p:
2*‘(2’15=)1590
* Enumerate states * Monte Carlo sampling method

* Every stone turned
e No stone turned more than once
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Systematic Search vs Sampling

Systematic Search
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e Enumerate states
* Every stone turned
e No stone turned more than once

Importance Sampling

[Liu, 2001]
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* Monte Carlo sampling method

[J. Liu, Monte-Carlo strategies in scientific computing,
Springer-Verlag, New York, 2001]
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AND/OR Search Space

Compact search space taking advantage of conditional independencies

Classical OR Search Space Compact AND/OR Search Space
[Dechter and Mateescu, 2004]

= o ]
B C
B: 0 0 1 \ , |
0 @ 1 0 1 0 1
: @ D D) (D
0 0 1

01|o1

g(A=0, B=1, C=2, D=1) = 1x2x1x2 = 4 g(A=0, B=1, C=2, D=1) = 1x((2)x(1x2)) = 4
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Guiding Pseudo-Tree N\

Pseudo-Trees capture conditional independencies and guide the construction of
the search space.

Compact AND/OR Search Space
[Dechter and Mateescu, 2004]

©

©

Primal Graph Pseudo-Tree

D D) (D
0601 01|o1

g(A=0, B=1, C=2, D=1) = 1x((2)x(1x2)) = 4
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IS in AND/OR Trees
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Progress variable-by-variable according
to the guiding pseudo tree
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IS in AND/OR Trees

Stochastically select a value to assign
the variable according to a proposal
distribution, p.
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IS in AND/OR Trees

Update importance weight according /@
to w(n) = w/p(n) .
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IS in AND/OR Trees

Expand to a next variable in the
pseudo tree ordering

~ -
I
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IS in AND/OR Trees

Stochastically assign value to variable
according to proposal and update
weights accordingly
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IS in AND/OR Trees

Repeat until every variable is assigned
a value (a solution tree is sampled)
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IS in AND/OR Trees \

An estimate can be produced
considering the cost associated with
the sampled solution tree upweighted
by the assigned importance weights.

. if Nny € F 5
Y\v(‘ﬂ(a”"\_’) - < \ mn

(x| - @ (ny
H V(Yn,) - H Z ! "N”('(m-)\'m(ny). otherwise 1

P : o w (nx)
\ Y Echr(X)\T' Ycch(X)NT ny Cchy (nx) '
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Stratified [Importance] Sampling

[Knuth, 1975], [Chen, 1992], [Rizzo, 2007]

Main 1dea: partially enumerate and partially sample search space

Steps:
L Subdivide space into set strata

O Enumerate strata choosing reweighted samples from each to form a probe

d Average estimates from sampled probes . /Etl/.\ \/.\

B-Ji AR R
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Strata 1 Strata 2 Strata 3
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Stratified [Importance] Sampling

[Knuth, 1975], [Chen, 1992], [Rizzo, 2007]

Main 1dea: partially enumerate and partially sample search space

Steps:
L Subdivide space into set strata
O Enumerate strata choosing reweighted samples from each to form a probe

d Average estimates from sampled probes . E(

-
o gy ]

D: . o
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Interpolating Between
Sampling and Search ® ©

Importance Sampling

. ®

. "
2 /@/ . . . Kindependent samples

°o_, 1
N g
ZEL @1 |§2 K
2 : ~ 1
F s L = EE Z'y
@ w=20 @ k=1

Z' = 8+(11) = 88 = aron) =
o Z' = 4*(20) = 80 L so
Z' = 4%(20) = 80 Z'=2%(50) = 100
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Interpolating Between o‘e
Sampling and Search ® ©

We can draw samples of multiple configurations to more closely resemble search.

Importance Sampling

K independent samples

o
w=11 I

Z'=8+(11) = 88 w = 20
w=20 Z'=4%20)=80 *
Z' = 4%(20) = 80 @
=50
1 K Z,=2"f(50)=100
L=% D,
k=1
Sampling Search
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Interpolating Between
Sampling and Search

We can draw samples of multiple configurations to more closely resemble search.

Importance Sampling

K independent samples

1
w=11

Z'=8%(11) = 88 w =20
w=20 Z'=4%20)=80
Z' = 4%(20) = 80 @

K w =150
= K k
k=1

Z' = 2*(50) = 100
Sampling

2-Config Sampling

— independent samples

1 2 Jﬁ
o
w=7 12
Z' = 10%(7) = 70 @
w=14
Z' = 6%(14) = 84

K/2

=2 7,
k=1

4-Config Sampling

K .
" independent samples
O

LA
»

B p
o d

W=7
7' = 12%(7) = 84

K /4

=2 7,
k=1

N

®& ©

Is it worth it?

Variance reduction of

under certain conditions
[Rizzo, 2007]

Search
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Abstraction Sampling
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a
G e n e ra | A S S C h e m e [Broka, Dechter, lhler, and Kask, 2018] ‘

A sampling scheme that enables the interpolating between sampling and search by
performing abstractions level-by-level.

A: 0
yd

s N

B: 0 1
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Original Work Set A Foundation...

Main Questions 1:

J How to adapt to the more compact AND/OR spaces?
 Should valid samples consist of only solution subtrees?

(d How to abstract across different branches of the AND/OR tree?
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Scalable AND/OR Abstraction Sampling
(algorithm: AOAS)
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AOAS

New AND/OR abstraction sampling scheme that allows for flexible abstractions
while still ensuring formation of valid probes.

Key Points:

d Allows for flexible abstractions

J Expands along a depth first
traversal of the guiding pseudo tree

J Immediately performs recursive
pruning of branches that cannot be
part of valid configurations

Bobak Pezeshki, PhD Final Defense, UCI 2024



Proposal Distribution

A heuristic function h is used to estimate the value of unexplored subtrees.

) w(n)qg(n)h(n)-r(n)
P(n) 4 s (m) g (m)-h(m) ()

O w(n) captures the estimated weight of subtrees
absorbed by the n’s ancestors during abstraction

U

g(n) 1s the path cost from the root to »

U

h(n) is the estimated mass of the subtree # roots

O r(n) is the estimated ancestor branching mass of #

Estimated via Weighted Mini-bucket Elimination [Liu & Ihler, 2012]
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Properties (Unbiasedness)
1 Proof-Strategy

= Key observation: at each step in the algorithm, either
* The probe is expanded
= An abstraction occurs

= Pruning occurs

Bobak Pezeshki, PhD Final Defense, UCI 2024



Properties (Unbiasedness)
1 Proof-Strategy

= Key observation: at each step in the algorithm, either
* The probe is expanded
= An abstraction occurs

= Pruning occurs

= Main Idea:

= Construct an estimator that equals

= the exact Z value for the unexpanded probe (hase case)

= the value of AOAS’s estimator for the final probe

= needs to include consideration of different branchings in the tree

= can be computed by analyzing the frontier nodes of a single variable

= Show that, at each step, the expectation of the estimator remains unchanged
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Properties (Unbiasedness)

 Illuminating characteristics

= Works for any valid importance sampling proposal distribution

= Generalizes to BF expansion of the pseudo-tree

* Generalizes to algorithms that allow non-solution trees as samples
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Properties (Complexity)

(X)

()

O ® L M

‘ 0( n 'm) .‘ where 7 1s the number of variables, and m 1s the number of abstract states per variable

0

< AOAS

11 nodes; 16 solutions
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(X)

Properties (Complexity) o e
OR®OLM™

‘ 0( n 'm) ‘ where 7 1s the number of variables, and m 1s the number of abstract states per variable

< AOAS
11 nodes; 16 solutions

. . Y
OR Abstraction Sampling -2
8 nodes; 2 solutions

N

—]

Py

=
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(X)

Properties (Complexity) AR

‘ 0( n 'm) ‘ where 7 1s the number of variables, and m 1s the number of abstract states per variable

< AOAS
11 nodes; 16 solutions

: : Y
OR Abstraction Sampling -2

8 nodes; 2 solutions V4
T
R
Previous AND/OR Scheme—>
42 nodes; 128 solutions
M
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Other Properties (see Thesis)

JConditions for exact AOAS estimates
1 Proposal-based conditions

1 Abstraction-based conditions
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Original Work Set A Foundation...

Main Questions 2:

J How to construct powerful abstraction functions?
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Abstraction Function Schemes
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What did the previous abstraction
schemes canture?

Context-Based Schemes:

RelCB and RandCB only estimate
similarity of this piece and based
only on graph structure
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Value-Based Abstraction Functions
- Intuition

\

n" e Use relevant quantities to
assign a values to nodes

* Use those values to guide
abstractions
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Value-Based Abstraction Functions
- Classes

\

% Potential Candidates:

n" HB:
= HRB:
QB:

Bobak Pezeshki, PhD Final Defense, UCI 2024 .7. |

1(n) =

1(n) =

n(n)

n(n) r(n)

i(n) =w(n) g(n) h(n) r(n)



Value-Based Abstraction Functions
- Classes

\

% Potential Candidates:

n HB:
=  HRB:
QB:
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1(n) =

1(n) =

n(n)

n(n) r(n)

i(n) = w(n) g(n) h(n) r(n)

(best performing)

45



Value-Based Abstraction Functions
- Partitioning Intuition

J Simple and fast

1 Group similar nodes together

J Minimize with-in variance of abstract states

. Form abstract states of roughly equal mass
Jd /Rizzo, 2007]

‘
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Value-Based Abstraction Functions
- Partitioning Schemes

|1.0|1.1|1.2|1.3'1.4’1.5’10‘100
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Value-Based Abstraction Functions
- Partitioning Schemes

Ex. Partition into four abstract states

Y

'1.0I1.1|1.2’1.3’1.4|1.5\10llOO
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Value-Based Abstraction Functions
- Partitioning Schemes

1.0 ll.l 1.2 |1.3||1.4 |1.5 10’100
l

simpleV\

Simply partition into equal cardinality abstract states!

1.2‘1.3|1.4|1.5 10 100

ll llI ll| l

0 |1
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Value-Based Abstraction Functions
- Partitioning Schemes

1.0 I 1.1 I 1.2 1.4 I 1.5 10 100

ll N

Use hierarchical clustering to minimize with-in variance

I 1.0 1.1 1.2 1.3 1.4 I 1.5 I 10 100

Bobak Pezeshki, PhD Final Defense, UCI 2024 50




Value-Based Abstraction Functions
- Partitioning Schemes

Use a greedy approach to create abstract states of approximate equal value

1.0 I 1.1 1.2 1.3 1.4 100

1.5 I 10

equalDistVB

Il.OIl.lIl.Z 1.3|1.4|1.5 10 IlOO
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Value-Based Abstraction Functions
- Partitioning Schemes

Create random partitionings of the ordered nodes

I 1.0 I 1.1 1.2 1.3 1.4 1.5 10 IlOO
randvy
ll.Oll.ll.Z |1.3|1.4|1.5|10|1OO
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Purely Random Abstractions

1.51'1.01 ‘100'1.31 1.4|1.2”| 10 |1.1,
1 —

simpleRand

Randomly place nodes into equal cardinality abstract states

Il.O 1.1 1.2 1.3|1.4|1.5|10}100
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Empirical Evaluation

 Performance of Abstraction Sampling comparing against existing schemes?
1 Does sampling over the AND/OR space provide benefits?

(J What abstraction functions empower Abstraction Sampling most?
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Setup

d Problems (480+)
= DBN, Grids, Linkage-Type4, Pedigree, Promedas
d Abstraction Sampling Algorithms
L Sampling Schemes:
= ORAS, proper-restricted-AOAS (pAOAS), AOAS
O Abstraction Functions:
= Context-Based, Value-Based, and Purely Random abstractions
= Varying granularities

O Heuristic:
[Liu, Ihler, 2012]

[Liu, Fisher I, Ihler, 2015]

= IS, DIS [WMB-IS, IJGP-SS}-— [Gogate and Dechter, 2011]
4 QUGS‘[IO;IS _________________________________________________________ [Lou, Dechter, Ihler, 2019]

= Quality of estimates, Scalability of Abstraction Functions
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Plots

Graph Type: MARKQV, N: 6400,

AOCAS

i-bound: 10, w:204, h: 374, upB: 23580.7

grid80x80.f10.wrap

ORAS_DFS
I-bound: 10, w:204, h: 6399, upB: 23580.7

cligues: 19200, K(min): 2, K(max): 2, K(avg): 2.0, Scope Size (max): 2, Fxn Size (max): 4

pAOAS

I-bound: 10, w:204, h: 374, upB: 23580.7

224001 :
| — DIS, #p: 15924, est, error: -310.603 | | — DIS, #p: 15924, est error: -310.603 | — DIS, #p: 15924, est. error: -310.603
—4— |RandCB-16,| #p: 24095, #nfp: 62716, est. error: -117.7 —A— RandCE-lﬁL #p: 534, #n/p: 142842, est. error: -156.5 —#— | RelCB-0_5, |#p: 677720, #n/p: 6403, est. error: -352.1
" 222001 o |RandCB-258, #p: 11873, #n/p: 142784, est. error: -104.5 1 E-| RandCB-256, #p: 3, #n/p: 1550581, est. error: -210.2 1 <>~ | RelCB-2_5, |#p: 852, #njp: 5611455, est. error: -319.0
3 | —~—|RelCB-0, #p: 56887, #n/p: 6403, est. error: -394.4 | |+ RelCB-0, #p: 9559, #n/p: 12783, est. error: -401.6 | -~~~ Estimated Log(Z) Value
g 27000 —&— |RelCB-4, #p: 25018, #n/p: 82727, est. error: -102.2 —&—| RelCB-4, #p: 863, #n/p: 145304, est. error: -164.3
5 —&— |RelCB-8, #p: 3475, #n/p: 725022, est. error: -81.1 —a—| RelCB-8, #p: 80, #n/p: 1609798, est. error: -103.4
o --- Estimated Log(Z) Value --- Estimated Log(Z) Value
B0 130 et e
©
o 'F__’ e
= —
‘G 216001 é/_/ E: —
£ .
m —
21400 F//:/ * — * r% ’ Rz 5
0 600 1200 1800 2400 3000 3600 0 600 1200 1800 2400 3000 3600 0 600 1200 1800 2400 3000 3600
time (sec) time (sec) time (sec)

- - -: reference log,,Z value

#p: number of probes

#n/p: number of nodes per probe

est. error: log,,Z error w.r.t. the reference value
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Aggregation Tables

[Lou et al., 2019]

i-Bound = 10 DIS Unable to Solve | (3600 sec)
Bmk: benchmark name Graph |Context error distr. #nodes/
' Bmk | Sz Abs| n* | log(err) #probes
e Scheme|Scheme 05| 2 |10 probe
Sz: difficulty of subset of problems {small,
LARGE} n -32.487, 0| 0| 0] 5.52E+05 829
Graph Scheme: Abstraction Sampling E HelCB 428 1 18 1.928405 16472
search scheme “g -11.090| 3| 10| 26 1.20E+04 463468
Abs: laritv of abstraction functi < LN RandCB -18.582| 0| 0| 9| 2.50E+05 10532
s: granularity of abstraction function e f; 182211 ol 1| 9| 1.74E+05 18523
g—_ L0 CelCE -27.742| 0| 0| 0| 1.14E+07 759
n*: number of problems solved IT % (i—s} -27.201| 0| O 1|6.96E+04| 280176
o0 -
log(err): average log,, Z error g)n o -25.427| 0| 0| 0| 8.90E+02| 34177733
g ¢ orobl ved © © RandCB -24.204) 0| 0| 1|4.24E+03| 8820722
error distr.: count of problems solve RN 30930 0 ol ol 258E+03 24532116
within an error threshold C |
= o -29.820f 0| 0| 0] 1.42E+06 2520
#probes: average number of probes c RelCB -20.802| 0] 0] 2| 5.14E+04 26863
#inodes/probe: average number of nodes g -18.971| 0| 0| 5| 2.44E+03 355404
per probe 3:: -22.843| 0| 0| 1| 1.05E+04 23723
S RandCB
= -27.151] 0| 0| 0| 1.18E+02 288516

Bobak Pezeshki, PhD Final Defense, UCI 2024

57




Comparison of Abstraction Functions

iB-10, t-1200sec, LARGE DBN Grids Linkage-Type4 Promedas
Class Scheme | nAbs Fail Avg. Error nAbs Fail Avg. Error nAbs Fail Avg. Error nAbs Fail Avg. Error
simple 1 0 6.540 16 0 197.931 2048 13 48.681 4 |34 11919
minvar [ 2048 0 1.837 [ 1024 0 28423 [ 256 |31 93.058 B 16 13 5.403 B
equalDist || 512 0 5423 B 1 | 2048 0 118547 1 |2048 22 46.196 [ 512 156 5960 B
QB equalDist2 [[2048 0 3813 B 1 |2048 0 91.994 ] 1024 21 40.310 2048 12 4.982 ]
equalDist3 | 2048 0 1.645 [| 2048 0 19.277 [l 1024 20 37.490 [] 256 5 2.560 [
equalDist4 [ 2048 0 1.643 [ 2048 0 18.866 | 2048 16 30.512 [ 512 5 2.476 L
rand 4 0 6202 B 1] 16 0 163973 1| 256 17 156992 B 1| 4 [28 11532 B |
oTx rand 64 0 5710 B T| 512 0 111.104 L1 | 2048 |68 194.741 | 256 0 3.222 L|
rel 1 0 6267 B 1] 1024 0 80.633 ] 1024 /37 129.189 B | 16 _[34 11247 |
RAND rand 2048 0 2123 [ | 2048 0 19.053 | 1024 19 33.804 [ 1024 10 3.936 [ |
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Comparison of Abstraction Functions

B-10, t-1200sec, LARGE | DBN Grids Linkage-Type4 Promedas
Class Scheme | nAbs Fail Avg. Error nAbs Fail Avg. Error nAbs Fail Avg. Error nAbs Fail Avg. Error
simple 1 0 6.540 16 0 197.931 2048 13 48.681 4 |34 11919
minvar [ 2048 0 1.837 [ 1024 0 28423 [ 256 |31 93.058 B 16 13 5.403 B
equalDist || 512 0 5423 B 1 | 2048 0 118547 1 |2048 22 46.196 [ 512 156 5960 B
QB equalDist2 [[2048 0 3813 B 1 |2048 0 91.994 ] 1024 21 40.310 2048 12 4.982 ]
equalDist3 | 2048 0 1.645 [| 2048 0 19.277 [l 1024 20 37.490 [] 256 5 2.560 [
equalDist4 [ 2048 0 1.643 [ 2048 0 18.866 | 2048 16 30.512 [ 512 5 2.476 L
rand 4 0 6202 B 1] 16 0 163973 1| 256 17 156992 B 1| 4 [28 11532 B |
oTx rand 64 0 5710 B T| 512 0 111.104 L1 | 2048 |68 194.741 | 256 0 3.222 L|
rel 1 0 6267 B 1] 1024 0 80.633 ] 1024 /37 129.189 B | 16 _[34 11247 |
RAND rand 2048 0 2123 [ | 2048 0 19.053 | 1024 19 33.804 [ 1024 10 3.936 [ |
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Comparison of Abstraction Functions

iB-10, t-1200sec, LARGE DBN Grids Linkage-Type4 Promedas
Class Scheme | nAbs Fail Avg. Error nAbs Fail Avg. Error nAbs Fail Avg. Error nAbs Fail Avg. Error
simple 1 0 6.540 16 0 197.931 2048 13 48.681 4 |34 11919
minvar [ 2048 0 1.837 [ 1024 0 28423 [ 256 |31 93.058 B 16 13 5.403 B
| equalDist || 512 0 5423 B ] | 2048 0 118547 1 | 2048 22 46.196 [ 512 156 5960 B
QB | equalDist2 [ 2048 0 3813 B ] |2048 0 91994 ] 1024 21 40.310 2048 12 4.982 ]
|equalDist3 [ 2048 0 1.645 [ 2048 0 19.277 [l 1024 20 37.490 [] 256 5 2.560 [
|equalDist4 [[2048 0 1.643 [ 2048 0 18.866 | 2048 16 30.512 [ 512 5 2.476 L
rand 4 0 6202 B 1] 16 0 163973 1| 256 17 156992 B 1| 4 [28 11532 B |
X rand 64 0 5710 B T| 512 0 111.104 L1 | 2048 |68 194.741 | 256 0 3.222 L|
rel 1 0 6267 B 1] 1024 0 80.633 ] 1024 /37 129.189 B | 16 _[34 11247 |
RAND rand 2048 0 2123 [ | 2048 0 19.053 | 1024 19 33.804 [ 1024 10 3.936 [ |
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Comparison of Abstraction Functions

iB-10, t-1200sec, LARGE DBN Grids Linkage-Type4 Promedas
Class Scheme | nAbs Fail Avg. Error nAbs Fail Avg. Error nAbs Fail Avg. Error nAbs Fail Avg. Error
simple 1 0 6.540 16 0 197.931 2048 13 48.681 4 |34 11919
minvar [ 2048 0 1.837 [ 1024 0 28423 [ 256 |31 93.058 B 16 13 5.403 B
equalDist || 512 0 5423 B 1 | 2048 0 118547 1 |2048 22 46.196 [ 512 156 5960 B
QB equalDist2 [[2048 0 3813 B 1 |2048 0 91.994 ] 1024 21 40.310 2048 12 4.982 ]
equalDist3 | 2048 0 1.645 [| 2048 0 19.277 [l 1024 20 37.490 [] 256 5 2.560 [
equalDist4 [ 2048 0 1.643 [ 2048 0 18.866 | 2048 16 30.512 [ 512 5 2.476 L
rand 4 0 6202 B 1] 16 0 163973 1| 256 17 156992 B 1| 4 [28 11532 B |
CTx rand 64 0 5710 B T| 512 0 111.104 L1 | 2048 |68 194.741 | 256 0 3.222 L|
rel 1 0 6267 B 1] 1024 0 80.633 ] 1024 /37 129.189 B | 16 _[34 11247 |
RAND rand 2048 0 2123 [ | 2048 0 19.053 | 1024 19 33.804 [ 1024 10 3.936 [ |
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Comparison of Abstraction Functions

iB-10, t-1200sec, LARGE DBN Grids Linkage-Type4 Promedas
Class Scheme | nAbs Fail Avg. Error nAbs Fail Avg. Error nAbs Fail Avg. Error nAbs Fail Avg. Error
simple 1 0 6.540 16 0 197.931 2048 13 48.681 4 |34 11919
minvar [ 2048 0 1.837 [ 1024 0 28423 [ 256 |31 93.058 B 16 13 5.403 B
equalDist || 512 0 5423 B 1 | 2048 0 118547 1 |2048 22 46.196 [ 512 156 5960 B
QB equalDist2 [[2048 0 3813 B 1 |2048 0 91.994 ] 1024 21 40.310 2048 12 4.982 ]
equalDist3 | 2048 0 1.645 [| 2048 0 19.277 [l 1024 20 37.490 [] 256 5 2.560 [
equalDist4 [ 2048 0 1.643 [ 2048 0 18.866 | 2048 16 30.512 [ 512 5 2.476 L
rand 4 0 6202 B 1] 16 0 163973 1| 256 17 156992 B 1| 4 [28 11532 B |
oTx rand 64 0 5710 B T| 512 0 111.104 L1 | 2048 |68 194.741 | 256 0 3.222 L|
rel 1 0 6267 B 1] 1024 0 80.633 ] 1024 /37 129.189 B | 16 _[34 11247 |
RAND | rand 2048 0 2123 [ | 2048 0 19.053 | 1024 19 33.804 [ 1024 10 3.936 [ |
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Comparison of Abstraction Functions

Bobak Pezeshki, PhD Final Defense, UCI 2024

iB-10, t-1200sec, LARGE DBN Grids Linkage-Type4 Promedas
Class Scheme | nAbs|Fail Avg.Error |nAbs Fail  Avg. Error nAbs Fail  Avg. Error nAbs Fail Avg. Error
simple 1 0 6.540 16 0 197.931 2048 13 48.681 4 134 11919
minVar 0 1.837 I 1024 0 28.423 [I 256 31 93.058 ] 16 13 5.403 B
equalDist 0 5423 B |2048 0 118547 1 | 2048 | 22 46.196 I 512 15 5.960 B
QB  equalDist2 0 3813 1 |2048 0 91994 ] 1024 21 40.310 K 2048 12 4.982 B
equalDist3 | 2048 0 1.645 [| 2048 0 19.277 [l 1024 20 37.490 [] 256 5 2.560 [
equalDist4 | 2048 0 1.643 [] 2048 0 18.866 [ 2048 16 30.512 [l 512 5 2.476 [l
rand 0 6202 B ] 16 0 163973 1| 256 17 1569920 1| 4 (28 11532 ]
oTx rand 0 5710 B 1| 512 0 111.104 1 | 2048 |68 194.741 B || 256 0 3.222 L
rel 0 6267 M1} 1024 0 80.633 ] 1024 /37 129.189 B | 16 _[34 11247 |
RAND rand 0 2123 K 2048 0 19.053 | 1024 19 33.804 [ 1024 10 3.936 [ |
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Comparison of Abstraction Functions
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iB-10, t-1200sec, LARGE DBN Grids Linkage-Type4 Promedas
Class Scheme | nAbs Fail Avg. Error nAbs Fail Avg. Error nAbs Fail Avg. Error nAbs Fail Avg. Error
simple 1 0 6540 B || 16 0 197.931 B 1| 2048 13 48681 LI 4 184 11919 B |
minvar |[2048 0 1.837 I 1024 0 28423 [ 256 31 93.058 ] 16 13 5.403 B
equalDist [ 512 0 5423 B 1| 2048 0 118547 | |2048 22 46.196 [ 512 15 5.960 B
QB | equaDist2 [[2048 0 3813 B | |2048 0 91994 ] 1024 | 21 40.310 [ 2048 12 4.982 |
equalDist3 ‘ 2048 0 1.645 [ 2048 0 19.277 [l 1024 20 37.490 [ 256 5 2.560 [l
equalDist4 || 2048 0 1.643 [ 2048 0 18.866 [ 2048 16 30.512 [ 512 5 2.476 [
rand 4 0 6202 B 1| 16 0 163973 M 1| 256 17 156992 M1 | 4 [28 11532 |
o rand 64 0 5710 b || 512 0 111104 b1 | 2048 | 63 194.741 || 256 0 3222 LJ
rel 10 6267 B 1] 1024 0 80.633 I 1024 | 37 129.189 I 16 134 11.247 B |
RAND rand | 2048 0 2.123 | | 2048 0 19.053 | 1024 19 33.804 [ 1024 10 3.936 I |



Comparison of Abstraction Granularity

iB-5, t-300sec, Exact DBN Grids Pedigree | Promedas
Class Scheme nAbs]Fail Avg. Error |Fail Avg. Error |Fail Avg. Error |Fail Avg. Error
42 | 0 168401 0 36220 ] 0 1434 B 2 2518 I
minVar 64 | 0 0.180 | 0 1.897 Il 0 0.210 [l 1 1.062 [
1024] 0 0.060 | 0 1.566 [l 0 0.479 [ 2 1.837 [
4 | o 1594 ] 0 5861 1] 0 1668I__1] 1 1.804 I
QB equalDist3 64 | 0 0.236 | 0 2570 ] 0 0.221 [ 0 0.570 [
1024] 0 0.051 1 0 1.844 1 0 0.1551 0 04621
4 | o 1.371E 0 5988l o 1648 1] 1 1.678 [
equalDist4 64 | 0 0.215 | 0 2438 1] 0 0.23110 0 0.596 [l
1024] 0 0.150 | 0 1.891 ] 0 0.150 | 0 0.455]
4 | 0 1.381 L] 0 5030110 18520 || 7 46430 ]
rand 64 | 0 1.763 ] 0 5950 1| 0 0.598 1 2.659 ]
CTX 1024| 0 2.007 ] 0 553 1] 0 11141 |1 2442 E
4 | 0 1.850 K] 0 5933 | 0 133201 |10 5.729 ]
rel 64 | 0 35101 | 0 40211 | 0 0.424 [ 6 4349 ]
1024] 0 5.086 B ] 0 5136 1] 0 10411 |15 6.688 B
42 [0 10181 0 43200 1 |0 17060 1| 2 2947 ]
RAND  rand 64 | 0 04181 0 2094 L] 0 02121 0 07571
1024 0 0.120 | 0 1.501 [] 0 0.143 | 0 05131
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Comparison of Abstraction Granularity

iB-5, t-300sec, Exact DBN Grids Pedigree | Promedas
Class Scheme Fail Avg. Error |Fail Avg. Error |Fail Avg. Error |Fail Avg. Error
4 | 0o 16841 0 3622F 0 14340 T2 25181
minVar | 64 | 0 0.180 | 0 1.897 Il 0 0.210 [l 1 1.062 [
1024] 0 0.060 | 0 1.566 [l 0 0.479 [ 2 1.837 [
4 | o 1594 ] 0 5861 1] 0 1668I__1] 1 1.804 I
QB equalDist3| 64 | 0 0.236 | 0 2570 ] 0 022110 0 05701
1024 0 0.051 1 0 1.844 1 0 0.155 0 04621
4 | o 1371 0 5988l o 1648 1] 1 1.678 [
equalDist4 | 64 | 0 0.215 | 0 2438 ] 0 023110 0 0.59 [
1024] 0 0.150 | 0 1.891 ] 0 0.150 | 0 0.455]
4 | o 1.381L] 0 5030110 18520 || 7 46430 ]
rand 64 | 0 1.763 ] 0 5950 1| 0 0.598 1 2.659 ]
CTX 1024] 0 2.007 ] 0 553 1] 0 11141 |1 2442 E
4 | 0 1.850 ] 0 5933 | 0 133201 |10 5.729 ]
rel 64 | 0 35101 | 0 40211 | 0 0.424 £ 6 4349 ]
1024] 0 5086 B | 0 5136 B 1] 0 10411 |15 6.688 B
2 [0 10181 0 43200 1 |0 17060 1| 2 2947 ]
RAND  rand 64 | 0 04181 0 2094 L] 0 02121 0 0.757 [
1024] 0 0.120 | 0 1.501 [] 0 0.143 | 0 05131
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Comparison of Abstraction Granularity

iB-5, t-300sec, Exact DBN Grids Pedigree | Promedas
Class Scheme nAbs]Fail| Avg. Error |Fail | Avg. Error ail | Avg. Error ||Fail Avg. Error
4 | 0 [1.684 0 PB.622 0 [1.434 2 2518
minVar 64 | 0 [0.180 | 0 1.897 K 0 [0.210 1 1.062 [l
1024] 0 |0.060 | 0 1n.566 Il 0 [0.479 El 2 1.837 H
4 | 0 [1.594 El 0 b1 HE_1I|o0 (1668 1|l 1 1.804 H
QB equalDist3 64 | 0 [0.236 | 0 p.570 ] 0 (022111 0 05701
1024] 0 |0.0511 0 [1.844 E 0 [0.155 I 0 04621
4 | o [1.371 E 0 pbosSHE_I|0 (1648 |1 1.678 H
equalDist4 64 | 0 (0.215 | 0 p.438 ] 0 [0.231 [ 0 059 I
1024] 0 ]0.150 | 0 1.891 I 0_10.150 | 0_ 04551
4 | 0 1.381 L 0 503010 1852 1| 7 4643 ]
rand 64 | 0 1.763 ] 0 5950 1| 0 0.598 1 2.659 ]
CTX 1024| 0 2.007 ] 0 553 1] 0 11141 |1 2442 E
4 | 0 1.850 K] 0 5933 | 0 133201 |10 5.729 ]
rel 64 | 0 35101 | 0 40211 | 0 0.424 [ 6 4349 ]
1024] 0 5086 | 0 5.136 0 1.041 15 6.688 ||
4 |0 [1.018 0 1©.329 0 [1.705 2 2947 L]
RAND  rand 64 | 0 |0.418 0 p.094 0 [0.212 [ 0 07571
1024| 0 0.120 | 0 H.501 Fl 0 (01431 0 05131
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AS Comparison Chart

Compact Scalable
Algorithm Search Space | Abstractions

OR Abstraction Sampling No Yes

“Proper”

AO Abstraction Sampling ves No

AOAS Yes Yes
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Value-Based Abstraction Functions
- Best Scheme

Score > 1.0 = better than context-based

HB HRB QB

simple
. Many of the new schemes performed
minVar better than the context based schemes.
equalDist
equalDist2
equalDist3 equalDistQB3 and equalDistQB4
equaIDist4 were best performing!
rand
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Conclusion

AND/OR Abstraction Sampling via AOAS is an efficient
effective stratified sampling method for solving
summation tasks and can be empowered by use of
several of the newly proposed abstraction functions.
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End Part 1
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K*-Based Computational Protein

°® ) TPRYI 2022 Best Paper Award
»yeeRestign using ANBIOR:
Design OptMmizi . ings ente on Untertinty imrArtificitl i A ).

Bobak Pezeshki, Radu Marinescu, Alex Ihler, and Rina Dechter. “Boosting AND/OR-Based Computational Protein Design: Dynamic
Heuristics and Generalizable UFO”. Proceedings of the 39th Conference on Uncertainty in Artificial Intelligence (UAI 2023).
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Outline

1 Background: Computational Protein Design (CPD)
d K*MAP using AND/OR Search

d Problem Formulation
d AOBB-K* (using wMBE-K*¥)
 Scalability Improvements

d Empirical Evaluation

1 Conclusion and Future Work
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Contributions

d K*MAP using AND/OR Search

d Problem Formulation
d AOBB-K* (using wMBE-K*¥)
 Scalability Improvements

d Empirical Evaluation
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Background
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Computational Protein Design (CPD)

[Re]design proteins to perform
desired biological functions.

CPD often manifests as an
optimization problem:
Ex. find the optimal composition
that maximizes binding between
subunits. |




Computational Protein Design

f-pleated

: : : f-pleated
amino acids sheet a-helix sheet
Primary Protein Secondary Protein Tertiary Protein Quaternary Protein
Structure Structure Structure Structure
Sequence of a chain Local folding of the three-dimensional protein consisting of
of amino acids polypeptide chain into folding pattern of a more than one
helices or sheets protein due to side amino acid chain

chain interactions
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Computational Protein Design oo

by the human body

There Are ~20 Naturally Occurring Amino Acids (J

Chart'lfey . ALIPHATIC . AROMATIC . ACIDIC . BASIC f_ - HYDROXYLIC . SULFUR-CONTAINING . AMIDIC O NON-ESSENTIAL l l ESSENTIAL

Chemical /4 0\

Structure \/\‘)k \(\‘)L | )\/\I\OH 1

single letter \ NH, ]

code ~
— -~

NAME ALANINE @) GLYCINE © ISDLEUCINEo LEU[:INE o PROLINE @ VALINE 0
three letter code Ala Gly Leu Pro Val

DNA codens GCT, GCC, GCA, GCG GGT, GGC, GGA, GGG ATT, ATC, ATA CTT, CTC, CTA, CTG, TTA, TTG CCT, CCC, CCA, CCG GTT, GTC, GTA, GTG

- - -
’ \ MEREN ’ \

Y o 4 Vi N 1 0 o o r e\
V4 <}

i ot | i o, ) 0 | Nj/\l)l\OH |
v My \ CE% 1 em:\w J\/YL RO T
. ’ \ C 2 _ \ Ve
~ -~ o -~
PHENYLALANINE (» TRYPTOPHAN () TYROSINE €5 ASPARTIC ACID ) GLUTAMIC ACID @3 ARGININE ) HISTIDINE )
Phe Trp Tyr Asp Glu Arg His

/’ = 'N\ Jf/&ﬁ_%%%% g‘; Ho‘?@ N ’ e g
’ o \ f g X ’ \ ’ o\
|H3ﬁ\/\/\‘)L0H| i HO/\l)‘\OH t[ | /kl/U\OH | 1~ S\/\)LOHI
A e "?@sr NH, j" \ NH, 7 ) A\ NH,  J
N /’ N\ / N / \ /
~ ®”® - -~
LYSINE SERINE (£ THREONINE € CYSTEINE () METHIONINE () ASPARAGINE ) GLUTAMINE @)
Lys Ser Thr Cys Met Asn Gin
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Computational Protein Design

Amino Acid Rotamers: Select conformational isomers of an amino acid

Peter Carlsson, Konrad F. Koehler, and Lennart Nilsson
Molecular Endocrinology 19(8):1960-1977. https://doi.org/10.1210/me.2004-0203
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Proteins are Dynamic Structures

A protein’s structural state is probabilistic

Proteins continuously transition
between various energetically
favorable conformation.
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Partition Function

Partition Function (Z) Normalizes the Likelihood
of the Protein In A Particular Conformational State

Z(r)= ) exp(~E(c)/RT}

ceC(r)

r =amino acid assignments to the residues

C(r) = possible rotamer conformations given a.a. sequence r

E(c) = energy given conformation ¢

R = universal gas constant (for unit conversion between kJ and K)
T = absolute temperature (Kelvin)

Bobak Pezeshki, PhD Final Defense, UCI 2024 83




* Objecti
K Jec 'Ve [Ojewole et al., 2018, Hill, 1987, Mc-Quarrie, 2000]

K* approximate Ka, the affinity equilibrium constant

Z complex (r)

Z subunit 1 (r) Z subunit 2 (r)

K*(r) =

Note that K* not only considers the “goodness” of the bonded state (PL),
but also weighs it relative to the “goodness” of the unbound (dissociate) states
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K* Objective

K*MAP = max K*(r)

ie. Find the sequence with the greatest K* ~ Ka
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x
B B K [Ojewole, Jou, Fowler, Donald, 2018]

* A*-like algorithm for designing proteins to improve binding

* QOur objective: solve the same problem with algorithms that offer something more
* New heuristic
* Capture independences

* Sampling
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Z complex (r)

Ta S k D iffi C u |ty K = Zsubunit 11 Zsubunic 2(T)

» Max-Inference Flx" ) = maxH fo(xXa)
X - -
Q)
» Sum-Inference Z=> 1] fa(xa) g
Marginal MAP
» Mixed-Inference | f(xX3;) = maxz H foixa)
XM
Xg v

* NP-hard: exponentially many terms fOMAP= mgx ()
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Marginal MAP (MMAP)

* State-of-the-art search and sampling algorithms

State-of-the-art Marginal MAP ( MMAP) algorithms [Marinescu, Lee, Dechter, |hler, 2018]

Learning Depth-First AND/OR Search [marinescu, Dechter, Ihler, 2018]
Stochastic Best-First AND/OR Search [marinescu, Dechter, Ihler, 2018]

Recursive Best-First AND/OR Search [Marinescu, Dechter, Ihler, Kishimoto, Botea, 2018]

State-of-the-art sampling algorithms

Dynamic Importance Sampling [Liu, Dechter, Ihler, 2017]

Abstraction Sampling [Kask, Pezeshki, Broka, Ihler, Dechter, 2020]
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K*MAP using AND/OR Search
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Problem Formulation
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Subunit 1

Two Formulations
7 Subunit2

Dwe 4o interactons when cll'asnolla&tJ Due 4o PL ]d‘*ﬁr&pﬁonj
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Subunit 1

Two Formulations
Subunit 2
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Problem Formulation: Assumptions

 Select Residues: Model using only a subset of the residues.

1 Discrete Rotamers: Use discrete side-chain conformations.

O Fixed Backbone: Fix the position of the residues in space.
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Problem Formulation:
Variables and Domains

R={R;|i€{1,2, .. N})

* Residues considered for mutation
* je. variables we maximize over

* Domain = possible amino acids
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Problem Formulation:
Variables and Domains

Cx ={Cxp | i €{1,2,..,N}} G

e Side-chain rotamers of the residues
* Two for each R, one capturing the rotamers of
the bound and the other for the unbound states

* Domain = discretized amino acid rotamers
X € {Bound, Dissociate}
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Problem Formulation: Functions

0OD1

] Interaction energies between amino acid 3.7 A
side chain rotamers

1 Constraints enforcing consistent
assignments between corresponding residue
and conformation variables
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K*MAP

vy € {Bound, Dissociate}

E_ - ~(coiiNsCaray)
ZH H Ty Eg) Vv () Ty ()
C, %, E-

R
Objective: K™ (R) = R)

Task: K "MAP = max K*(r)
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AOBB-K*

Based on AOBB-MMAP [Marinescu, Dechter, Ihler, 2014]
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AOBB-K*

1 Branch-and-bound over AND/OR search space
1 Uses wMBE-based heuristics to guide search and prune suboptimal paths
(d Uses encodes determinism and uses Mini SAT to prune inconsistent paths

J Enforces biologically-relevant stability constraints
 Exact

Heuristic evaluation functions:

fr)=13

-
I
-
-
-

tip nodes
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wMBE Heuristic for MMAP

e Mini-bucket elimination [Dechter & Rish 2001] ¢ \Weighted Mini-bucket [Liu & Ihler, 2012]

- “l-bound”, limit on the number of
variables in a single mini-bucket

A AB(A) - Holder’s inequality
MAX max . w Wy
C: ’ -

SUM
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wMBE Heuristic for K*

A complex (r)

K*(r) =
Zsubunit 1 (r) Lsyubunit 2

MAX
R
M C:B CD CD
D complex subunit 1 subunit 2
SUM UB( Zcomplex(R) ) | LB( Zsubuniti(R) )
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AOBB-K*

Performed well on small problems,
but did not scale well
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Scalability Improvements
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List of improvements tested...

Numerical stability fixes (part of the boosted AOBB-K*-b variant)

Search the wild-type sequence first (part of the boosted AOBB-K*-b variant)
Improve heuristic lower-estimates (part of the boosted AOBB-K*-b variant)
Weighted heuristic search

Dynamic heuristic recomputation

U O 0O 0 0 O

Infuse artificial determinism to leverage CP
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Underflow-Threshold Optimization (UFO)

General 1dea:

L During search we can use constraint processing schemes to identify
inconsistent paths early on

L Problems may have “near-constraints” (i.e., very small function values) that
prevent solutions that contain them 1n practice

1 Treat “near-constraints” as constraints by underflowing their value to zero
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Underflow-Threshold Optimization (UFO)

Algorithm Sketch:

 Set a time limit
 Use binary search to find the greatest constant t € /0, v, . ) such that

O If we replace all function values v < t with 0, there still exists a consistent path (ie. path
with non-zero cost)

U CPD: wild-type remains consistent
U Relax threshold: t:=1.6, 6 €(0, 1]

1 Replace any function value v < t with 0.
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Empirical Evaluation

1 Does formulating the K*MAP task as a graphical model show potential?
d Which AOBB-K* scheme is best performing?

1 How does performance compare to state-of-the-art BBK*?
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Setup

[ Real protein benchmarks obtained by the Donald Lab at Duke University
= Contained instances for redesigning 1-3 residues

* These were expanded to also consider redesign of 4-5 residues

 Algorithms tested
0 AOBB-K*
AOBB-K*-w
AOBB-K*-b
AOBB-K*-b-DH
AOBB-K*-b-UFO

BBK*
[Ojewole et al., 2018]

() iy Wy Wiy N
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Setup

[ Real protein benchmarks obtained by the Donald Lab at Duke University
= Contained instances for redesigning 1-3 residues

* These were expanded to also consider redesign of 4-5 residues

 Algorithms tested

AOBB-K*-b
AOBB-K*-b-DH
AOBB-K*-b-UFO

BBK*
[Ojewole et al., 2018]

(I W Wy
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Redesign of 5 Residues

AOBB-K*-b-[DH/UFO] BBK*

M Problem Algorithm i Soln Anytime Time wtK* Soln Time

AOBB-K*-b-UFO 3 15,17 1570.30 timeout 14.08 14.73 401.09

d7-5-1 AOBB-K*-b-DH 14.73  57.91 timeout 14.08 14.73 401.09
AOBB-K*-b 14.73  62.53 timeout 14.08 14.73 401.09
AOBB-K*-b-UFO 3 14.84 891.90 timeout 14.08 15.60 205.56

d7-5-3 AOBB-K*-b 14.73  67.53 timeout 14.08 15.60 205.56
AOBB-K*-b-DH 14.73 156.68 timeout 14.08 15.60 205.56
AOBB-K*-b 15.55 274.30 timeout 15.48 15.55 1270.65

5 p27-5-1 AOBB-K*-b-UFO 15.55 276.91 timeout 15.48 15.55 1270.65
AOBB-K*-b-DH 15.55 321.02 timeout 15.48 15.55 1270.65

AOBB-K*-b-UFO
131-5-1 AOBB-K*-b
AOBB-K*-b-DH
AOBB-K*-b-UFO
147-5-1 AOBB-K*-b
AOBB-K*-b-DH

7.88 22.35 128.7SHEEEE 7.88 130.04

7.88 129.43 timeout 7.63 7.88 130.04
7.88 145.63 timeout BEEEEE 7.88 130.04

23.08 2068.22 timeout 22.70 23.05 timeout

22.74 222.66 timeout 22.70 23.05 timeout
22.74 241.88 timeout 22.70 23.05 timeout

W W Wigw W wWwiw W Ww W Www W w
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Redesign of 5 Residues

AOBB-K*-b-[DH/UFO] BBK*

M Problem Algorithm i Soln Anytime Time wtK* Soln Time
AOBB-K*-b-UFO 3 15.17 1570.30 timeout 14.08 14.73 401.09

d7-5-1 AOBB-K*-b-DH 3 14.73 57.91 timeout 14.08 14.73 401.09

AOBB-K*-b 3 14.73  62.53 timeout 14.08 14.73 401.09
AOBB-K*-b-UFO 3 14.84 891.90 timeout 14.08 15.60 205.56
d7-5-3 AOBB-K*-b 3 14.73 67.53 timeout 1408 15.60 205.56
AOBB-K*-b-DH 14.73 156.68 timeout 14.08 15.60 205.56
AOBB-K*-b 15.55 274.30 timeout 15.48 15.55 1270.65

5 d27-5-1 AOBB-K*-b-UFO 15.55 276.91 timeout 15.48 15.55 1270.65
AOBB-K*-b-DH 15.55 321.02 timeout 15.48 15.55 1270.65

3
=
z
3
AOBB-K*-b-UFO 3 7.88 22.35 128.75EEE 7.88 130.04
=
3
=
3
2

d31-5-1 AOBB-K*-b 7.88 129.43 timeout 7.63 7.88 130.04
AOBB-K*-b-DH 7.88 145.63 timeout 7.63 7.88 130.04
AOBB-K*-b-UFO 3 23.08 2068.22 timeout 22.70 23.05 timeout

d47-5-1 AOBB-K*-b 22.74 222.66 timeout 22.70 23.05 timeout
AOBB-K*-b-DH 22.74 241.88 timeout 22.70 23.05 timeout
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Conclusion

This simplified K*MAP task formulated as a graphical
model allows existing graphical model algorithms to
be adapted to the task and shows potential against
current state of the art algorithms.
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End Part 2
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AND/OR Schemes

“proper” abstractions ensure that every AND/OR probe includes a valid configuration.

Naive Non-proper Abstractions Proper Abstractions

Valid probes, but severe
scalability issues

IJCAI-2020: Proceedings of the Twenty-Ninth International Joint Conference on Artificial Intelligence



(X)

Scalability Issues @ B
O ® L MW

Properness restricts the scope of abstractions leading to serious scalability issues.

y .()/\XL < OR Abstraction Sampling
Y

1
8 nodes; 2 solutions
IXL k
1

of 12 [° [ Proper AND/OR Abstraction Sampling
:O[\XLX 42 nodes; 128 solutions

A = N

IJCAI-2020: Proceedings of the Twenty-Ninth International Joint Conference on Artificial Intelligence



Properties
Complexity

O ( n ’M) where 7 1s the number of variables, and m 1s the number of abstract states per variable

AOAS is and Unbiased Estimator of the Partition Function

THEOREM 2 (unbiasedness). Given a graphical model M =
(X, D, ®), algorithm ROAS provides an unbiased estimate
for the partition function of M.

IJCAI-2020: Proceedings of the Twenty-Ninth International Joint Conference on Artificial Intelligence



Context-Based Abstractions —
Defining Context

Set of pseudo tree ancestors whose assignment causes conditional independence of a variable’s subtree with all other variables

The context of Fin the given
pseudo tree is AE

Pseudo-Tree Primal Graph

IJCAI-2020: Proceedings of the Twenty-Ninth International Joint Conference on Artificial Intelligence



Context-based Abstractions - Intuition

We know from search that we can merge nodes that root identical subtrees.
[Dechter and Mateescu, 2006]

Paths having the same
assignments to the
“context” of a variable

Determinable via

structural analysis | I

° nodes of that variable
along those paths root the
exact same subtree
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Relaxed Context-Based Abstractions
— Intuition cimilar

What if we abstract nodes that root identical subtrees...

000000
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Relaxed Context-Based Abstractions

L Relaxed Context-Based Abstractions (RelCB)

m Use subset of most recent context variables

= Granularity parameter limits number context variables

1 Randomized Context-Based Abstractions (RandCB)

= Use full context, but randomly hash into a bounded number of abstract states

» Granularity parameter limits number of abstract states

Bobak Pezeshki, PhD Final Defense, UCI 2024



AOAS VS. D | S [Lou, Dechter, lhler, 2019]

Problem: benchmark narme Problem Size Total &Bnds AOAS> AOAS>
Size: difficulty of subset of problems DBN small 66 62 57 47
_ large 48 40 38 35
Total: total number of instances
€Bnds: number of times AOAS’s estimate Grids small 8 5 S -
fell within DIS’s 95% probabilistic bounds large 19 7 7 6
AOAS> : number times AOAS’s” estimates Linkage' large 82 82 82 82
were comparable to or better than DIS’s™ -
Pedigree small 24 24 24 19
AOAS>: number times AOAS’s” estimates
were strictly better than DIS’s Promedas small 65 58 49 29
large 173 165 141 113

* for this table, AOAS refers to AOAS RandCB-256

“*comparable means falling within 0.1 or +0.5 of DIS’s
estimate, for small and large problems respectively

IJCAI-2020: Proceedings of the Twenty-Ninth International Joint Conference on Artificial Intelligence




Marginal MAP (MMAP)

MMAP(AM, Xyppap) = max

MAP

Influence diagram:

X/Xpmap O

» Max-Inference f(x*) = max'—[ fulxa)
X ‘;)z g
z 1_[ Ja(Xa) » Sum-Inference 7= [] falxa) d
» Mixed-Inference
v

« NP-hard: exponentially many terms MMAP

Example: decision making
Sum over random variables (random effects, etc.)

Max over decision variables (specify action policies)

In Collaboration with the Donald Lab, Duke University



GMEC Objective

Lower Energy =2 More Stable =2 Structure More Likely To Exist

Def. Global Minimum-Energy Conformation (GMEC):
e conformation that minimizes the energy of the complex

GMEC(r) = Crenci(glﬂ) E(c)

r = amino acid assignments to the residues
C(r) = possible rotamer conformations given a.a. sequence r
E(c) = energy given conformation ¢

In Collaboration with the Donald Lab, Duke University



GMEC Objective

M = minimum

|

GMEC MAP = mRin GMEC ()

ie. Find the sequence with the lowest GMEC
* je. Find sequence that has the most stable conformation

In Collaboration with the Donald Lab, Duke University



Proteins are Dynamic Structures

.. INnterface

subunit 2
subunit 1

Sowmya, Gopichandran & Vaishnavi, A. & Jigisha, A. &

subunit - subunit Kangueane, Pandjassarame. (2011). Protein-protein complexes.

interaction
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GMEC Objective

GMEC MAP = min GMEC ()

» Max-Inference
g
D
» Sum-Inference Z=> 1] fa(xa) o
» Mixed-Inference | f(xX3;) = I’Eaxz H foixa)
M
Xg v

* NP-hard: exponentially many terms

In Collaboration with the Donald Lab, Duke University



Problem Formulation: Functions

P ﬁéi

* Energy of interactions between residues 80" ;
and their surrounding backbone \ }

EX ={E3in(Ri, C)|i€{1,2,..,N}}

X € {Bound, Dissociate}

In Collaboration with the Donald Lab, Duke University



Problem Formulation: Functions

Ef,’(w = {E};g,j) (R;, Ci, R, C])‘ Vi,j st. R; and R; interact}

* Energy of interactions between pairs of 27 4 Q0D

residues that interact

X € {Bound, Dissociate}

In Collaboration with the Donald Lab, Duke University 138




X € {Bound, Dissociate}

K*MAP

_Ex) (Tz Cx(l)) _E%, HruCx@TiCx())
Zy(r) = Z 1_[ 1_[ e RT

sb pw
Cx E E}

Z Bound (T) . Z complex (T)

K* (r) — —
Z Dissociate (T) Zsubunit 1 (T) Zsubunit 2 (1‘)

K*MAP = max K*(r)

In Collaboration with the Donald Lab, Duke University



Z complex (r)

Zsubunit 1(r) Zsubunit 2 (T

K*(r) =

Problem Formulation:
Subunit-Stability Constraints

Do not want dissociate subunits to be too unstable

Zsubunit i (1) > \Zsubunit i(rWt)}* \exp{—S/RT};

| |

i = index of dissociate subunit

r = amino acid sequence assignments

D = indicating dissociate subunit

r'"t = naturally occurring in nature amino acid sequence (wild type)
R = universal gas constant (for unit conversion between kJ and K)
T = absolute temperature (Kelvin)

In Collaboration with the Donald Lab, Duke University



Problem Formulation:
Pseudo Tree Overview for K*"MAP

Cg Co Co

complex subunit 1 subunit 2

In Collaboration with the Donald Lab, Duke University



w-Weighted Search e e

13 28.80 123.8 813 205.1
1gwe_00021* 11.92

[
I
I
|.|J

0001 4 4 7 13 2880 1243 121 1364

R 14 63 174232 1098 440 1538 __ .
- 0001 4 69 17 4232 1093 122 1215

2t DOD13* 14 695 173768 830 178 1008 __ .
- 0001 4 69 17 3768 828 16 844

srfe 0OO12° 14 58 153407 583 26 605 _ ..
- 0001 4 58 15 3407 586 03 589

arfe._00014° 14 58 153507 582 24 606 _
0001 4 58 15 3507 582 13 59.4
1 5 58 15 2639 1668 167.8 3346

Irfe_0O017* 1086
- 0001 4 58 15 2739 891 50 941

srfe DOO3D® 1 4 58 15 3134 1152 1615 2766 111

- 0001 4 5 & 15 3134 1014 05 1019 109

Ixgy_00020° 15 58 152624 818 2789 3607 _ .
0001 4 58 15 2724 604 B2 GB.6

3u7y_00009° 14 47 131141 626 368 995 |
- 0001 4 47 13 1141 625 21 BAT
1 4 47 13 2829 740 21 761

Ju7y_00011°* 1185
0001 4 4 7 13 2829 834 01 835

awwi 00019° 15 58 15365 169.2 121 1813 _
0Oo01 4 5 8 15 379 620 7.2 69.2

In Collaboration with the Donald Lab, Duke University



Boosted Variants of AOBB-K* / wMBE-K*

ADBB-K*-b
Problem i Solm Time witK*

14.73 269.3
451 79.9
11.8% 102.2
1393 6951
1503 1015
1436 709
10.86 118.0
1495 J7.6
10.96 101.5

11.92 200.4
16.18 1686

11.12 154.3

CC I I R S

4
4
4
4
4
4
4
4
4
4
4
4

In Collaboration with the Donald Lab, Duke University



Dynamic Heuristics

In Collaboration with the Donald Lab, Duke University

M Problem Algorithm

i 50in Time ©OR AND

AOBB-K*bDH 3 1185 2484 3 15
d1l-3-1 AQBB-K*-b 3 1185 6039 58 197
AOBB-K*-b 4 1185 10218 3 5
AOBB-K*-b-DH 3 13953 2206 3 13
d12-3-1 ADQBB-K*-b 3 13593 2072 21 129
AOBB-K*-b 4 1393 €905 3 El
AOBB-K*bDH 3 1436 265 3 16
d14-3-1 AOQBB-K*-b 3 1436 2192 25 132
AOBB-K*-b 4 1436 7083 3 5
AOBB-K*-b-DH 3 1112 5402 70 141
d30-3-1 AOCBB-K*-b 3 11.12 2019.77 254 3666
AOBB-K*-b 4 1112 15428 22 25
o
e AOBB-K*-b-DH 3 1658 53333 40 56
AOBB-K*-b 3 1658 348856 279 1214
*—
q1a.4.1 AOBB-K*-b-DH 3 1296 40778 92 251
AOBB-K*-b 3 1296 48766 94 437
‘_
q37.4.1 AOBB-K*-b-DH 3 1555 40583 57 137
AOBB-K*-b 3 1555 25467 57 137
‘_
q28.4.1 AOBB-K*bDH 3 1527 3778 98 12
AOBB-K*-b 31527 2162 9 19
AOBB-K*-b-DH 3 1527 57653 93 230
d28-4-2
AOBB-K*-b 3 1527 32345 53  1&6
o
B AOBB-K*-b-DH 3 2265 285735 18 61
AOBB-K*-b 3 2265 302580 24 114
*_
4a3.43 AGE:B-I{* b-DH 3 1804 48355 346 476
AOBB-K*-b 3 1804 11250 56 7




Conclusion

U 0O 0O DO

Q

(R iy W

Graphical Model formulation for K*MAP task
wMBE-K*, wMBE-based heuristic for bounding K*
AOBB-K*, MMAP-like AND/OR search algorithms for K*XMAP

Multiple improvements to improve scalability

Weighted Search

Tuning of AOBB-K* and wMBE-K*
Dynamic Heuristics

UFO

a Also as an independent scheme

L Strong performance in comparison to state-of-the-art BBK*

In Collaboration with the Donald Lab, Duke University



Future Work

O Test structures that have conditional independences between their residues
O Extend other well-known approximate anytime methods
 More compact sparse representation

1 Improve heuristic function
O  Use sampling / search for lower bound?
O Incorporate pruning constraint

J k-Best Solutions

In Collaboration with the Donald Lab, Duke University



Redesign of 3 Residues

AOBB-K*-b-[DH/UFO] BBK*

M Problem Algorithm i Soln Anytime wt K* Soln Time
AOBB-K*-b-UFO 14.99 6.15 621.83 14.99 14.99 34.00

d19-3-1 AOBB-K*-b-DH 1499 11.31 56.05 14.99 14.99 34.00
AOBB-K*-b 14.99 7599 76.00 14.99 14.99 34.00

AOBB-K*-b-UFO 1096 13.70 480.77 10.60 10.96 1388.13

d20-3-1 AOBB-K*-b-DH 1096 39.67 339.91 10.60 10.96 1388.13
AOBB-K*-b 10.96 100.02 100.03 10.60 10.96 1388.13

3
A
4
3
3
4
AOBB-K*-b-UFO 3 11.92 89.03 62859 11.72 551.27
3
4
3
4
4

d21-3-1 AOBB-K*-b-DH 11.92 136.44 1307.45 9.37 11.72 551.27
AOBB-K*-b 11.92 193.83 196.52 SN 11.72 551.27
AOBB-K*-b-UFO 16.18 14.02 64.82 10.74 13.65 880.46

d25-3-1 AOBB-K*-b-DH 16.18 51.92 80.22 10.74 13.65 880.46
AOBB-K*-b 16.18 166.74 166.75 10.74 13.65 880.46
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Redesign of 3 Residues

AOBB-K*-b-[DH/UFO] BBK*

M Problem Algorithm i Soln Anytime wt K* Soln Time
AOBB-K*-b-UFO 14.99 6.15 621.83 14.99 14.99 34.00

d19-3-1| AOBB-K*-b-DH 1499 11.31 56.05 14.99 14.99 34.00
AOBB-K*-b 14.99 7599 76.00 14.99 14.99 34.00

AOBB-K*-b-UFO 1096 13.70 480.77 10.60 10.96 1388.13

d20-3-1| AOBB-K*-b-DH 1096 39.67 339.91 10.60 10.96 1388.13
AOBB-K*-b 10.96 100.02 100.03 10.60 10.96 1388.13

3
A
4
3
3
4
AOBB-K*-b-UFO 3 11.92 89.03 62859 11.72 551.27
3
4
3
4
4

d21-3-1| AOBB-K*-b-DH 11.92 136.44 1307.45 9.37 11.72 551.27
AOBB-K*-b 11.92 193.83 196.52 SN 11.72 551.27
AOBB-K*-b-UFO 16.18 14.02 64.82 10.74 13.65 880.46
d25-3-1| AOBB-K*-b-DH 16.18 51.92 80.22 10.74 13.65 880.46
AOBB-K*-b 16.18 166.74 166.75 10.74 13.65 880.46

Bobak Pezeshki, PhD Final Defense, UCI 2024




Redesign of 3 Residues

AOBB-K*-b-[DH/UFO] BBK*

M Problem Algorithm i Soln Anytime Time wtK* Soln Time
AOBB-K*-b-UFO 1499 6.15 621.83 14.99 1499 34.00
d19-3-1| AOBB-K*-b-DH 1499 11.31 56.05 14.99 14.99 34.00
AOBB-K*-b 1499 7599 76.00 14.99 14.99 34.00
AOBB-K*-b-UFO 1096 13.70 480.77 10.60 10.96 1388.13
d20-3-1| AOBB-K*-b-DH 10.96 39.67 339.91 10.60 10.96 1388.13
AOBB-K*-b 10.96 100.02 100.03 10.60 10.96 1388.13
AOBB-K*-b-UFO 11.92 89.03 628.59 N 11.72 551.27
d21-3-1| AOBB-K*-b-DH 11.92 136.44 1307.45 9.37 11.72 551.27
AOBB-K*-b 11.92 193.83 196.52 SN 11.72 551.27
AOBB-K*-b-UFO 16.18 14.02 64.82 10.74 13.65 880.46
d25-3-1| AOBB-K*-b-DH 16.18 51.92 80.22 10.74 13.65 880.46
AOBB-K*-b 16.18 166.74 166.75 10.74 13.65 880.46
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Redesign of 3 Residues

AOBB-K*-b-[DH/UFO] BBK*

Problem Algorithm i Soln Anytime Time wtK* Soln Time
AOBB-K*-b-UFO 1499 6.15 621.83 14.99 1499 34.00
d19-3-1 AOBB-K*-b-DH 1499 11.31 56.05 14.99 14.99 34.00
AOBB-K*-b 1499 7599 76.00 14.99 14.99 34.00
AOBB-K*-b-UFO 1096 13.70 480.77 10.60 10.96 1388.13
d20-3-1 AOBB-K*-b-DH 10.96 39.67 339.91 10.60 10.96 1388.13
AOBB-K*-b 10.96 100.02 100.03 10.60 10.96 1388.13
AOBB-K*-b-UFO 11.92 89.03 628.59 N 11.72 551.27
d21-3-1 AOBB-K*-b-DH 11.92 136.44 1307.45 9.37 11.72 551.27
AOBB-K*-b 11.92 193.83 196.52 SN 11.72 551.27
AOBB-K*-b-UFO 16.18 14.02 64.82 10.74 13.65 880.46
d25-3-1 AOBB-K*-b-DH 16.18 51.92 80.22 10.74 13.65 880.46
AOBB-K*-b 16.18 166.74 166.75 10.74 13.65 880.46
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Redesign of 3 Residues

AOBB-K*-b-[DH/UFO] BBK*

M Problem Algorithm i Soln Anytime Time wtK* Soln Time
AOBB-K*-b-UFO 3| 1499 6.15 (621.83 14.99 14.99 34.00
d19-3-1 AOBB-K*-b-DH 3| 14.99 11.31 | 56.05 14.99 14.99 34.00
AOBB-K*-b 4 [EEEEEEEEEN  76.00 BEEEEI 11,99 34.00
AOBB-K*-b-UFO 3| 10.96 13.70 |480.77 10.60 10.96 1388.13
d20-3-1 AOBB-K*-b-DH 3| 10.96 39.67 [339.91 10.60 10.96 1388.13
AOBB-K*-b 4| 10.96 100.02 |100.03 10.60 10.96 1388.13
AOBB-K*-b-UFO 3 [N 625.50 S 11.72 551.27
d21-3-1 AOBB-K*-b-DH 3| 11.92 136.44 1307.45 9.37 11.72 551.27
AOBB-K*-b 4 [N 106.52 [EENE 11.72 551.27
AOBB-K*-b-UFO 3| 16.18 14.02 | 64.82 10.74 13.65 880.46
d25-3-1 AOBB-K*-b-DH 3| 16.18 51.92 | 80.22 10.74 13.65 880.46
AOBB-K*-b 4| 16.18 166.74 |166.75 10.74 13.65 880.46
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Redesign of 3 Residues

AOBB-K*-b-[DH/UFO] BBK*

M Problem Algorithm i Soln Anytime Time wtK* Soln Time
AOBB-K*-b-UFO 14.99 6.15 |621.83(14.99 14.99 34.00

d19-3-1 AOBB-K*-b-DH 1499 11.31 | 56.05(14.99 14.99 34.00
AOBB-K*-b 14.99 7599 | 76.00(14.99 14.99 34.00

AOBB-K*-b-UFO 1096 13.70 |480.77(10.60 10.96 1388.13

d20-3-1 AOBB-K*-b-DH 10.96 39.67 |339.91(10.60 10.96 1388.13
AOBB-K*-b 10.96 100.02 |100.03(10.60 10.96 1388.13

3
A
4
3
3
4
AOBB-K*-b-UFO 3 11.92 89.03 SN 11.72 551.27
3
4
3
4
4

d21-3-1 AOBB-K*-b-DH 11.92 136.44 NS 11.72 551.27
AOBB-K*-b 11.92 193.83 [EEEEEENSEES 11.72 551.27
AOBB-K*-b-UFO 16.18 14.02 | 64.82(10.74 13.65 880.46

d25-3-1 AOBB-K*-b-DH 16.18 51.92 | 80.22]10.74 13.65 880.46
AOBB-K*-b 16.18 166.74 |166.75(10.74 13.65 880.46
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Redesign of 3 Residues

AOBB-K*-b-[DH/UFO] BBK*

M Problem Algorithm i Soln Anytime wt K* Soln Time
AOBB-K*-b-UFO 1499 6.15 621.83|14.99/14.99 34.00
d19-3-1 AOBB-K*-b-DH 1499 11.31 56.05|14.99/14.99 34.00
AOBB-K*-b 1499 7599 76.00(14.99/14.99 34.00
AOBB-K*-b-UFO 1096 13.70 480.77|10.60| 10.96 1388.13
d20-3-1 AOBB-K*-b-DH 10.96 39.67 339.91|10.60| 10.96 1388.13
AOBB-K*-b 10.96 100.02 100.03(10.60( 10.96 1388.13

3
A
4
3
3
4
AOBB-K*-b-UFO 3 11.92 89.03 628.50 N 11.72 551.27
3
4
3
4
4

d21-3-1 AOBB-K*-b-DH 11.92 136.44 1307.45| 9.37|11.72 551.27
AOBB-K*-b 11.92 193.83 196.52 M 11.72 551.27
AOBB-K*-b-UFO 16.18 14.02 64.82|10.74| 13.65 880.46

d25-3-1 AOBB-K*-b-DH 16.18 51.92 80.22|10.74| 13.65 880.46
AOBB-K*-b 16.18 166.74 166.75(10.74| 13.65 880.46
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Redesign of 3 Residues

BBK*
Soln

AOBB-K*-b-[DH/UFO]

Algorithm
AOBB-K*-b-UFO

d19-3-1 AOBB-K*-b-DH
AOBB-K*-b
AOBB-K*-b-UFO

M Problem Soln  Anytime Time wtK* Time
1499 6.15 621.83 14.99/14.99 34.00
1499 11.31 56.05 14.99/14.99 34.00
1499 7599 76.00 14.99/14.99 34.00
10.96 13.70 480.77 10.60| 10.96 1388.13
d20-3-1 AOBB-K*-b-DH 10.96 39.67 339.91 10.60| 10.96 1388.13

AOBB-K*-b 10.96 100.02 100.03 10.60[ 10.96 1388.13

3
A
4
3
3
4
AOBB-K*-b-UFO 3 11.92 89.03 628.59 i N
3
4
3
4
4

d21-3-1 AOBB-K*-b-DH 11.92 136.44 1307.45 ERS A
AOBB-K*-b 11.92 193.83 196.52 RSt

AOBB-K*-b-UFO 16.18 14.02 64.82 10.74/13.65 880.46

d25-3-1 AOBB-K*-b-DH 16.18 51.92 80.22 10.74|13.65 880.46
AOBB-K*-b 16.18 166.74 166.75 10.74
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Redesign of 3 Residues

AOBB-K*-b-[DH/UFO] BBK*

M Problem Algorithm i Soln Anytime Time wtK* Soln Time
AOBB-K*-b-UFO 14.99 6.15 621.83 14.99 14.99 34.00

d19-3-1 AOBB-K*-b-DH 1499 11.31 56.05 14.99 14.99 34.00
AOBB-K*-b 14.99 7599 76.00 14.99 14.99 34.00

AOBB-K*-b-UFO 1096 13.70 480.77 10.60 10.96 1388.13

d20-3-1 AOBB-K*-b-DH 1096 39.67 339.91 10.60 10.96 1388.13
AOBB-K*-b 10.96 100.02 100.03 10.60 10.96 1388.13

3
A
4
3
3
4
AOBB-K*-b-UFO 3 11.92 89.03 62859 11.72 551.27
3
4
3
2
4

w

d21-3-1 AOBB-K*-b-DH 11.92 136.44 1307.45 el 11.72 551.27
AOBB-K*-b 11.92 193.83 196.52 BN S0

AOBB-K*-b-UFO 16.18 14.02 6482 NN 13.65 880.46

d25-3-1 AOBB-K*-b-DH 16.18 51.92 80.22 10.74 13.65 880.46
AOBB-K*-b 16.18 166.74 166.75 10.74 13.65 880.46
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Redesign of 4 Residues

AOBB-K*-b-[DH/UFO] BBK*

M Problem Algorithm i Soln Anytime Time wtK* Soln Time
AOBB-K*-b-UFO 3 14.89 3391.78 timeout 14.08 14.54 278.08
d7-4-2 AOBB-K*-b-DH 14.49 3543.27 timeout 14.08 14.54 278.08
AOBB-K*-b 14.49 3293.62 timeout 14.08 14.54 278.08
AOBB-K*-b-UFO 15.03 12.69 1974.43 13.25 15.03 46.46
113-4-1 AOBB-K*-b-DH 15.03 22.05 79.88 13.25 15.03 46.46
AOBB-K*-b 15.03 165.48 timeout 13.25 15.03  46.46
AOBB-K*-b-UFO 10.86 29.39 timeout 10.52 10.80 89.94
117-4-1 AOBB-K*-b 10.86 657.54 timeout 10.52 10.80 89.94
4 AOBB-K*-b-DH 10.86 660.16 timeout 10.52 10.80 89.94
AOBB-K*-b-UFO 11.92 196.30 timeout 9.37 11.72 687.66
121-4-1 AOBB-K*-b-DH 11.92 614.88 timeout 9.37 11.72 687.66
AOBB-K*-b 11.72  264.92 timeout 9.37 11.72 687.66
AOBB-K*-b-UFO 18.19 76.49 484.69 18.04 18.18 119.88
143-4-1 AOBB-K*-b-DH 18.19 386.49 timeout 18.04 18.18 119.88
AOBB-K*-b 18.19 896.67 timeout 18.04 18.18 119.88

AOBB-K*-b-UFO 3 22.87 72.53 239.88 22.70 22.83 1339.15
d47-4-2 AOBB-K*-b 22.74 130.95 timeout 22.70 22.83 1339.15
AOBB-K*-b-DH 22.74 140.66 timeout 22.70 22.83 1339.15

W W Ww W Wi W Wwilw b W W WW W W
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Redesign of 4 Residues

Proble Algo 0 A s e 0
AOBB-K*-b-UFO 3 14.89 3391.78 timeout 14.08 14.54 278.08
d7-4-2 AOBB-K*-b-DH 3 14.49 3543.27 timeout 14.08 14.54 278.08
AOBB-K*-b 3 14.49 3293.62 timeout 14.08 14.54 278.08
AOBB-K*-b-UFO 3 15.03 12.69 1974.43 13.25 15.03 46.46
d13-4-1 AOBB-K*-b-DH 3 15.03 22.05 79.88 13.25 15.03 46.46
AOBB-K*-b 4 15.03 165.48 timeout 13.25 15.03  46.46
3
4
3

AOBB-K*-b-UFO 10.86 29.39 timeout 10.52 10.80 89.94
d17-4-1 AOBB-K*-b 10.86 657.54 timeout 10.52 10.80 89.94
AOBB-K*-b-DH 10.86 660.16 timeout 10.52 10.80 89.94

S

*

d21-4-1 AOBB-K*-b-DH
AOBB-K*-b
AOBB-K*-b-UFO

d43-4-1 AOBB-K*-b-DH
AOBB-K*-b
AOBB-K*-b-UFO

d47-4-2 AOBB-K*-b
AOBB-K*-b-DH

11.92 614.88 timeout 9.37 11.72 687.66
11.72 264.92 timeout 9.37 11.72 687.66
18.19 76.49 484.69 18.04 18.18 119.88
18.19 386.49 timeout 18.04 18.18 119.88
18.19 896.67 timeout 18.04 18.18 119.88
22.87 72.53 239.83 BNl 22 83 1339.15
22.74 130.95 timeout 22.70 22.83 1339.15
22.74 140.66 timeout 22.70 22.83 1339.15

W Wiwlw wiwlik~k w
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Cochrane 1977

This theorem leads to the following rules of conduct. In a given stratum, take a
larger sample if

1. The stratum 1s larger.
2. The stratum is more variable internally.

3. Sampling is cheaper in the stratum.
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AOBB-K*MAP K* Pruning Condition
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AOBB-K*MAP
Subunit Stability Pruning Condition
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AOBB-K*MAP
Subunit Stability Pruning Condition
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