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Graphical Models and Finding an Optimal Assignment 
[Marinescu and Dechter 2008]

A Primal graph

Pseudo-tree AND/OR search space
Approach: Search
• Depth-first AND/OR 

Branch and Bound 
(AOBB)

• Heuristic: mini-bucket 
elimination (MBE) + 
variational cost-shifting
[Ihler et al 2012, 
Otten et al 2012]

A

B B

C

0 1

0 1 0 1

0 1

C

0 1

C

0 1

C

0 1

F

0 1

F

0 1

F

0 1

F

0 1

.

.

.

A f1

0 3
1 2



Depth-First Branch and Bound (DFBB)

Explored Solutions
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Each node n is a subproblem
(defined by current conditioning)

4

h(n)=
lower bound of the best 
solution in the sub-tree

g(n)=
cost to get to node n 

n

f(n) = g(n)+h(n)
estimate of 

overall solution 
given the 

conditioning to 
node n

If
f(n) is worse than current best solution,

then prune.



Look-Ahead in Search
• Given that s1,...,st are child nodes of s in the search space and w(s,si) is the weight 

of the arc from s to si, h
lh(d) be the d-level lookahead function of s, then

hlh(1)(s) = min{s1,…,st} in child(s) {w(s, si) + h(si)}

hlh(d)(s) = min{s1,…,st} in child(s) {w(s, si) + hlh(d-1)(si)}

• The (1-level) residual: resh(s) = hlh(1)(s) - h(s)
• Can be viewed as a search problem over the next d levels

• Our focus: Can we cost-effectively improve our heuristic with look-ahead?
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Bucket and Mini-Bucket Elimination
A B

CD

E

F

G

A

f(A,B)B

f(B,C)C f(B,F)F

f(A,G) 
f(F,G)

Gf(B,E) 
f(C,E)

Ef(A,D)
f(B,D) 
f(C,D)

D

λF (A,B)

λB (A)

λE (B,C)λD (A,B,C)

λC (A,B)

λG (A,F)

f(A)

A

B

C F

GD E
Bucket Elimination (BE) (Dechter 1999)
• Solves the min-sum problem by eliminating variables one at a time.
• Complexity: exponential in the w* of the underlying primal graph
Mini-Bucket Elimination (MBE) (Dechter and Rish 2001)
• We can approximate BE by solving a relaxation created by duplicating variables 
• to bound the w* by a parameter known as the i-bound.
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Bucket and Mini-Bucket Elimination
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minD [f(A,D) + f(B,D) + f(C,D)] ≥
minD [f(A,D)] + minD [f(B,D) + f(C,D)]

λD(A,B,C) ≥ λD(A) + λD(B,C)

• Bucket Error
ErrD(A,B,C) =

λD(A,B,C) - (λD (A) + λD (B,C))
• Captures the local error of the 

bucket.
• When a bucket is not partitioned, 

Err is trivially zero.



Mini-Bucket Errors and the i-bound
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Bucket Error Evaluation (BEE)



Complexity of BEE

pswj: the pseudo-width of bucket j is the number of variables in the bucket 
at the time of processing.



Residual and Bucket Error



Minimal Look-ahead Subtree
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Pseudo-tree: Red nodes 
are look-ahead relevant
(relative error above a 
certain threshold)

Look-ahead subtrees from A, by depth
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Sample of a part of a pseudotree (pedigree40)
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Sample of a part of a pseudotree (pedigree40)
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Bucket-Errors: Across i-bounds (pedigree40)



Experiments
 AOBB on the context-minimal AND/OR graph

 MBE-MM heuristic with different i-bounds

 Time limit: 6 hours

 MBE memory: 4GB

 Pruned look-ahead trees with BEE 

 Compute error functions based on sampling at most 105

entries. (Exact if there are fewer entries.)

 Error threshold of 0.01.



Experiments

 Benchmark Statistics



Experiments

instance Lookahead
depth

time nodes time nodes

i=5 i=8

pedigree
7

none 1262 826K 35 23K

1 912 564K 20 13K

3 691 311K 12 6K

6 300 66K 13 2K

i=17 i=18

lf3_11_53

none 1042
7

6730K 4349 2809K

1 8611 4875K 3653 2116K

3 5481 1674K 2750 901K

6 2014
7

583K 1091
8

323K



Experiments: Summary over Instances

instances Lookahead i-bound
(n,w,h,k,fns,ar) depth ✏/rv /nel /ptime /time /spd /nodes /red ✏/rv /nel /ptime /time /spd /nodes /red ✏/rv /nel /ptime /time /spd /nodes /red

Pedigree networks

i=6 i=10 i=20

LH(0) -/-/-/0 /8628 /1.00 /4764 /1.00 -/-/-/0 /311 /1.00 /175 /1.00 -/-/-/48 / 55 /1.00 /3 /1.00

pedigree7 LH(1) 1.0 /111 /88 /0 /6895 /1.25 /3637 /1.31 1.0 /76 /67 /1 /257 /1.21 /135 /1.30 0.01 /52 /51 /52 /59 /0.93 /3 /1.16

(867,32,90,4,1069,4) LH(3) 1.0 /111 /137 /0 /5761 /1.50 /2020 /2.36 1.0 /57 /89 /1 / 233 /1.33 /96 /1.82 0.01 /52 /83 /52 /59 /0.93 /2 /1.80

LH(6) 1.0 /111 /164 /0 / 4681 /1.84 /519 /9.17 1.0 /57 /116 /1 /481 /0.65 /53 /3.30 0.01 /52 /94 /52 /65 /0.85 /< 1 /3.88

i=5 i=8
LH(0) -/-/-/0 /1262 /1.00 /826 /1.00 -/-/-/0 /35 /1.00 /23 /1.00 -/-/-/-/-/-/-/-

pedigree18 LH(1) 0.01 /151 /134 /0 /912 /1.38 /564 /1.47 0.01 /92 /82 /0 /20 /1.75 /13 /1.76 -/-/-/-/-/-/-/-

(931,19,102,5,1185,5) LH(3) 0.01 /151 /203 /0 /691 /1.83 /311 /2.66 0.01 /92 /132 /0 / 12 /2.92 /6 /4.00 -/-/-/-/-/-/-/-

LH(6) 0.01 /93 /192 /0 / 300 /4.21 /66 /12.47 0.01 /92 /152 /0 /13 /2.69 /2 /11.06 -/-/-/-/-/-/-/-

LargeFam linkage networks
i=17 i=18

LH(0) -/-/-/33 /10427 /1.00 /6730 /1.00 -/-/-/34 /4349 /1.00 /2809 /1.00 -/-/-/-/-/-/-/-
lf3 11 53 LH(1) 0.01 /78 /73 /36 /8611 /1.21 /4875 /1.38 0.01 /75 /70 /36 /3653 /1.19 /2116 /1.33 -/-/-/-/-/-/-/-

(1094,39,71,3,1567,4) LH(3) 0.01 /78 /96 /35 / 5481 /1.90 /1674 /4.02 0.01 /75 /91 /36 / 2750 /1.58 /901 /3.12 -/-/-/-/-/-/-/-

LH(6) 0.01 /78 /101 /36 /20147 /0.52 /583 /11.55 0.01 /75 /98 /36 /10918 /0.40 /323 /8.68 -/-/-/-/-/-/-/-

i=10 i=12 i=14
LH(0) -/-/-/0 /1507 /1.00 /926 /1.00 -/-/-/0 /39 /1.00 /26 /1.00 -/-/-/0 /18 /1.00 /12 /1.00

lf3 15 53 LH(1) 0.01 /80 /71 /1 /1149 /1.31 /671 /1.38 0.01 /80 /77 /2 /37 /1.05 /22 /1.20 0.01 /80 /76 /3 /18 /1.00 /10 /1.20

(1480,32,71,3,2171,4) LH(3) 0.01 /80 /112 /1 / 887 /1.70 /413 /2.25 0.01 /80 /116 /2 / 31 /1.26 /14 /1.90 0.01 /80 /114 /3 / 13 /1.38 /5 /2.17

LH(6) 0.01 /80 /134 /1 /1401 /1.08 /198 /4.68 0.01 /80 /138 /2 /65 /0.60 /8 /3.28 0.01 /80 /129 /3 /28 /0.64 /3 /3.41
Promedas networks

i=20 i=23
LH(0) -/-/-/7 /10645 /1.00 /3528 /1.00 -/-/-/43 /9228 /1.00 /3048 /1.00 -/-/-/-/-/-/-/-

or chain 151 LH(1) 0.01 /106 /98 /15 /9398 /1.13 /2930 /1.20 0.01 /103 /96 /53 /21603 /0.43 /3948 /0.77 -/-/-/-/-/-/-/-

(1911,94,165,2,1928,3) LH(3) 0.01 /106 /148 /15 / 8278 /1.29 /2176 /1.62 0.01 /103 /136 /53 / 5895 /1.57 /1559 /1.96 -/-/-/-/-/-/-/-

LH(6) 0.01 /106 /172 /14 /9402 /1.13 /1123 /3.14 0.01 /103 /160 /52 /5934 /1.56 /757 /4.03 -/-/-/-/-/-/-/-

i=15 i=20 i=24
LH(0) -/-/-/0 /2958 /1.00 /1328 /1.00 -/-/-/4 /917 /1.00 /403 /1.00 -/-/-/64 /542 /1.00 /210 /1.00

or chain 230 LH(1) 0.01 /82 /78 /3 /2590 /1.14 /1086 /1.22 0.01 /68 /63 /8 /863 /1.06 /364 /1.11 0.01 /64 /62 /72 /506 /1.07 /184 /1.14

(1338,61,109,2,1357,3) LH(3) 0.01 /82 /111 /3 / 2169 /1.36 /739 /1.80 0.01 /60 /95 /8 / 800 /1.15 /290 /1.39 0.01 /64 /95 /70 / 435 /1.25 /130 /1.61

LH(6) 0.01 /82 /123 /3 /3552 /0.83 /379 /3.50 0.01 /40 /91 /8 /1180 /0.78 /202 /2.00 0.01 /64 /107 /70 /615 /0.88 /83 /2.52

Table 1: Statistics on pedigree, largefam, promedas instances for exact solutions. We selected 2-3 i-bounds for each instance, aiming to vary
magnitudes of search, ranging from significant to minimal (dictated by our memory limit of 4Gb for constructing the MBE heuristic). The

time and nodes are emphasized in bold. For each i-bound, we box the best particular time across the different look-ahead depths.

Figure 2: Total CPU times for using no look-ahead plotted against best total CPU times for any level of look-ahead (in log scale). Each point
in the gray region represents an instance where the look-ahead heuristic has better time performance for some setting of the depth. We also
report the number of instances which were actually solved and the average speedup across these instances.



Experiments: Summary over Instances



Conclusion

 We introduced the notion of bucket error to 
estimate the accuracy of the MBE heuristic

 We can make look-ahead cost-effective for 
MBE heuristics using bucket errors

 Future work: Applying the techniques 
described here to best-first search and work 
towards anytime algorithms that produce 
lower and upper bounds.



Thanks!


