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Chapter 4 Dechter’s book



Factorizing Observational  

Distributions



Markovian Case



Inference for probabilistic networks

◼ Bucket elimination 

◼ Belief-updating, P(e), partition function

◼ Marginals, probability of evidence

◼ The impact of evidence

◼ for MPE (→MAP)

◼ for MAP  (→ Marginal Map)

◼ Induced-Width
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Bayesian Networks: Example
(Pearl, 1988)

P(S, C, B, X, D) = P(S) P(C|S) P(B|S) P(X|C,S) P(D|C,B)

lung Cancer

Smoking

X-ray

Bronchitis

Dyspnoea

P(D|C,B)

P(B|S)

P(S)

P(X|C,S)

P(C|S)

Θ) (G,BN =

CPD:

C  B   P(D|C,B)
0  0    0.1  0.9
0  1    0.7  0.3
1  0    0.8  0.2
1  1    0.9  0.1

Belief Updating:

P (lung cancer=yes | smoking=no, dyspnoea=yes ) = ?
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 Sum-Inference

 Max-Inference

 Mixed-Inference

Types of queries

◼ NP-hard: exponentially many terms

◼ We will focus on exact and then on approximation algorithms

◼ Anytime: very fast & very approximate  ! Slower & more accurate
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Belief Updating

lung Cancer

Smoking

X-ray

Bronchitis

Dyspnoea

P (lung cancer=yes | smoking=no, dyspnoea=yes ) = ?
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Belief updating: P(X|evidence)=?

“Moral” graph

A

D E

CB

P(a|e=0)  P(a,e=0)=


= bcde ,,,0

P(a)P(b|a)P(c|a)P(d|b,a)P(e|b,c)=


=0e

P(a) 
d

),,,( ecdahB


b

P(b|a)P(d|b,a)P(e|b,c)

B C

ED

Variable Elimination

P(c|a
c
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Bucket elimination 
Algorithm BE-bel  (Dechter 1996)


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P(e=0)

W*=4

”induced width” 
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A Bayesian Network
Ordering: A,C,B,E,D,G
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A Bayesian Network
Ordering: A,C,B,E,D,G
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A Bayesian Network
Ordering: A,C,B,F,D,G
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A Different Ordering

Ordering: A,F,D,C,B,G
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A Different Ordering

Ordering: A,F,D,C,B,G
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A Bayesian Network
Processed Along 2 Orderings

d1=A,C,B,F,D,G
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The Operation In a Bucket

◼ Multiplying  functions

◼ Marginalizing (summing-out) functions
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Combination of Cost Functions

A B f(A,B)

b b 0.4

b g 0.1

g b 0

g g 0.5

B C f(B,C)

b b 0.2

b g 0

g b 0

g g 0.8
A B C f(A,B,C)

b b b 0.1

b b g 0

b g b 0

b g g 0.08

g b b 0

g b g 0

g g b 0

g g g 0.4

●

= 0.1 x 0.8
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Thanks to Darwiche
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W*=4

“induced width” 

(max clique size)

bucket  B: 

bucket  C: 

bucket  D:

bucket  E: 

bucket  A:

B

C

D

E

A

A

D E

CB

Algorithm BE-bel [Dechter 1996]

Belief Updating

Elimination & combination

operators

CS295, Spring 2021
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W*=4

”induced width” 

(max clique size)

bucket  B: 

bucket  C: 

bucket  D:

bucket  E: 

bucket  A:

B

C

D

E

A

A

D E

CB

Algorithm BE-bel [Dechter 1996]
Bucket Elimination

Elimination & combination

operators

Time and space exponential in the 

induced-width / treewidth
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IntelligenceDifficulty

Grade

Letter

SAT

Job

Apply

Student Network Example

◼ P(J)?
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Induced Width (continued)

ddw  ordering alonggraph  primal  theof width induced the)(* −

The effect of the ordering:
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Inference for probabilistic networks

◼ Bucket elimination 

◼ Belief-updating, P(e), partition function

◼ Marginals, probability of evidence

◼ The impact of evidence

◼ for MPE (→MAP)

◼ for MAP  (→ Marginal Map)

◼ Induced-Width
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The impact of evidence?
Algorithm BE-bel


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Elimination operator

P(e=0)
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(max clique size)
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The impact of evidence?
Algorithm BE-bel


b

Elimination operator

P(e=0)

bucket  B: 

P(a)
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P(b=1|a)

P(A|E=0,B=1)?
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The impact of observations

Induced graphOrdered graph Ordered conditioned graph



Example of pruning irrelevant subnetworks
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Inference for probabilistic networks

◼ Bucket elimination 

◼ Belief-updating, P(e), partition function

◼ Marginals, probability of evidence

◼ The impact of evidence

◼ for MPE (→MAP)

◼ for MAP  (→ Marginal Map)

◼ Induced-Width
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Back to SCM



Markovian Case
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Markovian Case
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Markovian Case

P(X,Y,Z) = P(Z)P(X|Z)P(Y|X,Y,Z)
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Markovian Case

Z

X Y

Z

X Y

Do(X)



Markovian Case

• Every P(vi|pai) is computable from P(v), i.e.,

X Y

P(z, x,y) = P(z)P(x |z)P(y |x, z)

Z

∑
y

P(v)
P(x |z) =

∑
x,y P(v)

P(y |x, z) =
P(v)

∑
y

P(v)

i i
P(v |pa ) =

v∖v ,pai i

∑ P(v)

∖pai

4
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∑
v

P(v)

x,y

P(z) = ∑ P(v)



Complexity of Bucket-Elimination

◼ Theorem:

BE is  O(n exp(w*+1)) time and O(n exp(w*)) 
space, when w* is the induced-width of the 
moral graph along d when evidence nodes are 
processed (edges from evidence nodes to 
earlier variables are removed.)

More accurately: O(r exp(w*(d)) where r is the number of CPTs.
For Bayesian networks r=n. For Markov networks?
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