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Markovian case

* The distribution P(v) decomposes as:

P(v) = ZP u)HP v | Vi, ...V, 1 ZP(U)HP v |pal,u

VeV VeV
7 P(z.x,y) = Z P()P(z|u,)P(x |z, u)P(y|x,z,uy)

N, |

Y y =| Y Pl u:)P(u:)] [ Y Pixlz u,‘)P(u,‘)] [ Y P(ylx.z, u\,)P(uY)]

= P(2)P(x|2)P(y|x,2)

* In Markovian models, Pvi | pa;) can be seen as “canonical factors”.



i Inference for probabilistic networks

= Bucket elimination
» Belief-updating, P(e), partition function
= Marginals, probability of evidence



(Pearl, 1988)

| Bayesian Networks: Example

P(S)

BN = (G, O)

P(CIS) P(B|S)

CPD:
Bl P(D/CB)

O

P(X|C,S)

0
0
P(D|C,B) 1
1

"

P(S, C, B, X, D) = P(S) P(C|S) P(B|S) P(X|C,S) P(D|C,B)
Belief Updating:
P (lung cancer=yes | smoking=no, dyspnoea=yes ) = ?
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A Bayesian Network

A | B4
AN a__{A}_,-- < true .6
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false true .1 false true true .8 false true 0
false false .9 false true false 2 false false 1
false false true 0
false false false 1




» Max-Inference f(x*) = max@ fo(Xa)

» Sum-Inference Z =

» Mixed-Inference | f(x},) max(f\ ( ED
XS
\_’_//

= NP-hard: exponentially many terms

= We will focus on exact and then on approximation algorithms
= Anytime: very fast & very approximate ! Slower & more accurate




i Belief Updating

P (lung cancer=yes | smoking=no, dyspnoea=yes ) = ?
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‘LBeIief updating: P(X|evidence)="?

P(ale=0) oc P(a,e=0)=

Z P(a)P(bla)P(cla)P(d|b. a)P(elb c)=
e=0,d,c,b —
“Moral” h \ l

oI P(a)z ZZP(c|aZP(b|a)P(d|b a)P(e|b,c)
'\'&\/\ ~ M/

Variable Elimination h®(a,d,c,e)
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Bucket elimination
iAlgorithm BE-bel (Dechter 1996)

P(A|IE=0)=« ZP(A)-P(B|A)-P(C|A)-P(D|A,B)-P(E|B,C)

ZH<— Elimination operator
b A

bucket B:  P(bja) P(d]b,a) P(e|b,c)

bucket C: P(cla) ;B (a.d,c,e)

\/ A\ v

bucket D: ;LC(a,‘d/,e)

bucket E: e=0 A°(a,e)
\/ | W*:4'

_ E “induced width”
bucket A: //P(%(a) (max clique size)

=0) =
P(ale=0)= P(a,e

(6—0)

P(a,e=0)



-
/@E‘»&asm

A Bayesian Network —c
Ordering: A,C,B,E,D,G e \@’;m

© siopery

(a) Directed acyclic graph

(b) Moral graph

Pla,g=1)= Y  Plabedeg = >  Plglf)P(f|b,c)P(dla,b)P(c|a)P(bla)P(a).

chedg—1 b dg=1

Pla,g=1) = P(a) Z,:: P(cla) Zﬁ: P{blﬂ-}zfl P(flb.c) Zd: P(d|b,a) ; P(glf). (4.1)
Pla,g = 1) = P(a) Z P(c|a) Zb: P(bla) Zf: P(f|b, c)Aa(f) Zdj P(d|b, a). (4.2)
P(a,g =1) = P(a) Z P(cla) ij P(bla)Ap(a,b) ij P(f|b,c)Ac(f) (4.3)

Pla,g=1) = P(a)}_ Plcla) Y P(bla)An(a,HAr(b.) (4.4)
© b

P(a,g=1) = P(a) ) P(cla)As(a.c) (4.5)
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A Bayesian Network g\ bm

Ordering: A,C,B,E,D,G waero @ wenes
@ Slippery
(a) Directed acyclic graph (b) Moral graph
Pla,g=1) = Z Pla.b,c.d. e, g) P(g|f)P(f|b.c)P(d|a,b)P(c|la)P(bla)P(a).
cbedg=1 c,b, f.dg=1

Pla,g=1)=P(a)) _P(cla)d  P(bla)>  P(flb,c)  P(dlbal>  Plglf)-] (4.1)
c b f d g=1
Pla,g=1) = P(a) Y _ P(cla) ) _ P(bla) Z P(f|b.c)Aa(H)> " P(d]b.a). (4.2)
o i) d

P(a, = P(a) ) P(cla) ) P(bla)Ap(a,b) (4.3)
c i

P(a,g=1) = P(a) ) _ P(cla)} _ P(bla)\p(a, b)Ax(b,
c b

Pla,g=1) = P(a) Y Plela)rsla ) (4.5
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A Bayesian Network
Ordering: A,C,B,F,D,G

2 11
—

Bucket G: P(GIF) G=1I

Bucket D: P(DIB,A

Bucket F: P(FIB,C)\, A,(F)

Bucket B: P(BIA)  1,(B,A) AB,C)

Bucket C: P(CIA)  A4(AC)

Bucket A: P(A)  AAA)

P(G=1)

QSeasm

Sprinkler Q« b Rain

Watering | D 6 6 Weiness
@ Slippery

(a) Directed acyclic graph

17

(b) Moral graph
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A Different Ordering -

waerm Welness Q ﬁ
(G) slippery
(a) Directed acyclic graph b) Moral graph

Ordering: A, ED,CB,G

I-H

(a,g=1)=Pla)>_;> 4. Plcla) >, P(bla) P(d|a,b)P(flb,c)> o, P(g]f)
Pla) 225 Aa(f) 224220 Plela) X2, P(bla) P(d|a,b)P(f[b.c)
Pla)>_; Ac(f) 2oa2.c Plcla)Agla,d,c, f)

Pla))_; Ag(f) 2.qAc(a.d. f)
P
Py

a)dAc(f)Apla, f) o=
ﬂ.),lp(ﬂ:] Bucket G: P(GIF) G=1

Bucket B: P(FIB,C) P(DIB.A) P(BIA)

Bucket C: P(CIA) AMAD.CF)
BucketD:  AS(AD.F)
Bucket F: AP(AF) AS(F)
Bucket A: P(A) AT(A)

P(G=1)
(a)

Figure ﬁsi@g)’u%'ﬁ ﬁlﬁpzt(yzlin processing along ds = A F. D, C, B, G




QSea on

A Different Ordering -« -

Watering 5 C’) Weiness
@ Slippery

(a) Directed acyclic graph (b) Moral graph

Ordering: A, ED,CB,G

|-U

(a,g=1)=Pla) > ;> 4> . Plcla) 3, P(bla) P(d|a,b)P(f|b,c)>_,_; Plg|f)
Pla)_ ;s Aa(f) 2 2a2_. Plcla) 3., P(bla) P(d|a,b)P(f[b,c)
Pla) . Ac(f) 2_42.. Plcla)Agla,d. c, f)
P(a}Z;ig{f}ZMC(ﬂ,d,f]

P(a) 3> Ac(f)Apla, f) /_TAL

P(a)

([1:1 Bucket G: P(GIF) G=1—

Bucket B: P(FIB,C) P(DIB.A) P(BIA) Yy
N
l B

Bucket C: P(CIA) {ADCF)

Bucket D: AS(ADF)

Bucket F: ATAF)

Bucket A: P(A)  Af(A)
| .

P(G=1)
(a) (b)

Figure ﬁs%@&ugﬁﬁ ﬁﬁpztojlin processing along ds = A F. D, C, B, G



A Bayesian Network b
Processed Along 2 Orderings “O\ -

\)\Seasm

Watering (D 6 (:‘) Welness

ZH

Bucket G: PIGIF ,I' G 1
Bucket D: PIDIB A

Bucket F- P(FIB.C) A,G(_F )
Bucket B: P(BIA) D{B,A)
Bucket C: P(CIA) AglAC)

A4

Bucket A F(A)  AAA)

e

F(G=1)

d1=A,GB DG

iHB.C)

© swpery

(a) Directed acyclic graph (b) Moral graph
> 11
/ 5

Bucket G: P(GIF) G=] —__

Bucket B: F{FIB,C) FP{INBA) P(BIA) \'Il

fry
™ | / -. B
Sava /
Bucket C: P{CIA})  A4(AD.CF) / ( fl \‘
/ C
/ \\‘1'/Jﬁ / ".
BucketD: A (ADF) / \‘ ; |I
/
! I:' II"., ‘ Uj ||
"j | \ T ." I|
Bucket F: Ap(AF) Ag(F) 'I r\‘ .-/ \ ::-‘ f
l -—-______.-"'J II'I,. l.l'II
Bucket A: P(A) z‘.fmf \l ,rL\ ,f"'
@ Y
i / Ry
PiG=1)
(a) (b)

Figure 4.4: The bucket’s output when processing along d = A.F, D.C. B.G.
CS295, Spring 2021 20



i The Operation In a Bucket

= Multiplying functions
= Marginalizing (summing-out) functions



i Combination of Cost Functions

A | B | f(A,B) B| C | f(B,C)
b|b 0.4 b| b 0.2
b|lg 0.1 . bl g 0
g|b 0 g| b 0
a | g 0.5 A| B | C f(A,B,C) e 0.8

b (b |b 0.1

b b g 0

b | g b 0

b g g 0.08 =0.1 x0.8

g b b 0

g b g 0

glg b 0

glg g 0.4




Factors: Sum-Out Operation

The result of variable X from factor f(X)
is another factor over variables Y = X\ { X }:

Sy €S f(xy)
X X

B C D f1
true  true true | .95 B C 2.ph
true true false | .05 t
rue true 1 Z Z Z fi
true  false true 9 T [ | T 4 e
true  false false 1 false true 1
false true true .8 ey
false true false 2
false false true 0
fal fal fal 1
alse false false 23

Thanks to Darwiche



Bucket Elimimmnation and
Induced wWwidth

Ordering: a, e, d, c, b

bucket( 12) Ple|lb, ), Pld|la, b)), P(b|la)

bucket () = Plcola)y || Ap(a,c.d,e)
buclket (1) = ] A, L, )
bucket( ) — e = 0 || Ap(a, )

CS295, Spring 2021



BEBucket EImmination and
Induced wvwwWwidth

W*=2
Ordering: a, b, c, d, e
bucket( F) — Ple|lb, ), e = O
bucket (( 12) = P{d|la, B)
bucket () = Plcla) || Ple = 0O|b, <)
bucket( B) — Plila) || Ap(a,b), Aa(b, o)
bucket(A) — Pl(a) || As(a)
Ordering: a, e, d, ¢, b
bucket({ B) — Plelb, o). P(d|la, b)), P(bla)
bucket () — Plcla)y || Ap(a,c,d,e)
buclket (1) = [] A, e, =)
bucket( ) — e —= 0 || Ap(a, <)
bucket( A) = Pla) || Asla) W*=4
25



AvrcoriTuMm BE-BEL

Input: A belief network B = (X, D, Pg. ||}, an orderingd = ( X,..... X,) ; evidence €
output: The beliet P(X;|e) and probability of evidence P(e)
1. Partition the input functions (CPIs) into bucket,, ..., bucket, as tollows:
tor i < n downto 1, put in bucket; all unplaced functions mentioning X;.
Put each observed variable in its bucket. Denote by ¥; the product of input
functions in bucket;.
2.  backward: for p < n downto 1 do

3. forall the functions ¥5,.Ag,...., As; in bucket, do
It (observed variable) X, = x, appears in bucketp,
assign Xp = xp to each function in buckety and then
put each resulting function in the bucket of the closest variable in its scope.
else,
Ao < T, ¥p-Ili=i s,
place Ap in bucket of the latest variable in scope(dp),

&

return (as a result of processing bucker; ):
Ple)=a = E.-‘ﬁ V- I [.J.Ebuc.lcﬂ] A
F[Xlle} = %‘n{‘rl ' I [J.Ebucﬁen A

Figure 4.5: BE-bel: a sum-product bucket-elimination algorithm.
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Belief Updating @

Algorithm BE-bel  |Dechter 1996]

p(AIE =0)=a Y p(A)p(b|A)p(c|A) p(d|A,b) p(elb, ¢) 1]e = 0]
e,d,c,b

Z H «— Elimination & combination
b A . Operators

bucket B:  ~ p(blA) p(d|b, A) ple|b, )

~_\.7

bucket C: p(cl4)  Ap_c(A,d, c e)

\/ —o—
bucket D: AC%D(?d,e) \
bucket E: 1[E =0l \p_xr(A,e)
\/ Wr=4

bucket A: A5l induced width”

(max clique size)
/ p(E =0)

P(A|E = 0) = p(A, E = 0) / p(E = 0) 28




42thl;%glg!bg/ket Elimination %

p(AlE =0) =« Z p(A) p(b|A) p(c|A) p(d|A, b) p(elb, ) 1[e = 0]
e,d,c,b
Z H «— Elimination & combination

b A ______operators

Time and space exponential in the
Induced-width / treewidth

-

/

DUCKET A: PA]  Agoal4) \@y

il

P(AE = 0) = p(A, E = 0) / p(E = 0) 29




i Student Network Example

« PO




i Induced Width (continued)

w’ (d) —the induced width of the primal graph along ordering d
The effect of the ordering:

Primal (moraal)
graph

W*(dl):4 W*(dz):2



* Inference for probabilistic networks

= Bucket elimination
s Belief-updating, P(e), partition function
» Marginals, probability of evidence
= The impact of evidence
= for MPE (- MAP)
= for MAP (= Marginal Map)

s Induced-Width

CS295, Spring 2021



The impact of evidence? %

| Algorithm BE-be/

P(A|IE=0)=« ZP(A)-P(B|A)-P(C|A)-P(D|A,B)-P(E|B,C)

TOPes ZH<— Elimination operator
_ b A —
bucket B: P(b@b,a) P(e|b,c) B=1
/
bucket C: P(c|a) AB(a,d,C,e)
\/ M
bucket D: ;LC(a,‘d/,e)
bucket E: e=0  A°(a,e)
S~ W

bucket A:  P(a)  AE(a) nduced width’

//M (max clique size)
=0)

P(ale=0) d




The impact of evidence?

7

| Algorithm BE-be/

P(A|IE=0)=« ZP(A)-P(B|A)-P(C|A)-P(D|A,B)-P(E|B,C)

P(A/E=0,B=1)?

bucket B:
bucket C:

bucket D:

bucket E:

bucket A:

P(ale=0)

E=0,D,C,B

ZH<— Elimination operator
b A

P(bla) P(dlb,a) P(elbc)  B=?
v
Ple/b=1,c)

P(cla)

P(d/b=1,a)

e=0 ‘\
P(a) P(b=1/a) J
>(@26)

P(e= P(a,e=0
P(ale=0)="1 St




The impact of observations ¥ ¥

© sipery

(a)} Directed acyclic graph (b) Moral graph

(a) (b) (c)

Figure 4.9: Adjusted induced graph relative to observing B.

Ordered graph ~ Induced graph  Ordered conditioned graph



Pruning Nodes: Example

Example of pruning irrelevant subnetworks

network structure jointon B, E joint on B
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* Inference for probabilistic networks

= Bucket elimination
s Belief-updating, P(e), partition function
» Marginals, probability of evidence
= The impact of evidence
« for MPE (=MAP)
= for MAP (= Marginal Map)

s Induced-Width

CS295, Spring 2021



Back to SCM
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Markovian case

* The distribution P(v) decomposes as:

P(v) = ZP u)HP v | Vi, ...V, 1 ZP(U)HP v |pal,u

VeV VeV
7 P(z.x,y) = Z P()P(z|u,)P(x |z, u)P(y|x,z,uy)

N, |

Y y =| Y Pl u:)P(u:)] [ Y Pixlz u,‘)P(u,‘)] [ Y P(ylx.z, u\,)P(uY)]

= P(2)P(x|2)P(y|x,2)

* In Markovian models, Pvi | pa;) can be seen as “canonical factors”.



Markovian case

(v,), P(=lV) —
: P([/x)x P(xl'ux;a

Plv,)r Plylzx Y, )-

%[E) é P (&/M) ({2 )=
%Y, & -

%(x z) g P (¢ P(dp)

M, (v,%2)- gP(y(a K0, ) Pfﬁ
>’
P(m{?ﬁr )‘Utfi - %k(m)'ﬁyy(/;?ﬁ%]
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Markovian case

(U;)/ plzlv,) —»
P, P(KIvxD
plo,); PUrIzm s ?

PC%)

%[E) éP(&/H)?(f/)—

r' “2 ’JMZ)
)\(x 2) = g P (¢ /v D P(rfp)

7, LY %) 2P(y(z~ W“!W

[/y j(‘f{? /'(J
PGy ®): A, (), ( z)-hy.fty; %)

P(X,Y,Z) = P(Z)P(X|Z)P(Y|X,Y,Z)

41



Markovian case

+

/

AN

o
X

Y

42



Markovian Case

+

® Every P(vilpai) is computable from P(v), i.e.,

X

Y

Pé,x,y):P(i)P(S(/Z)P(S//x,Z)

P Zvlvpap(v)
(. /pa.) = S, P
P@) = ZPN) | Pz —2L
Xy | 2,PW)

P& /z) =

5, P

=, PG

w



i Complexity of Bucket-Elimination

= Theorem:

BE is O(n exp(w*+1)) time and O(n exp(w*))
space, when w* is the induced-width of the
moral graph along d when evidence nodes are
processed (edges from evidence nodes to
earlier variables are removed.)

More accurately: O(r exp(w*(d)) where r is the number of CPTs.
For Bayesian networks r=n. For Markov networks?



