i Algorithms for Reasoning with graphical models

Slides Set 7:

Exact Inference Algorithms
Bucket-elimination

(Dechterl chapter 4, Darwiche chapter 6)
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i Inference for probabilistic networks

= Bucket elimination
» Belief-updating, P(e), partition function
= Marginals, probability of evidence
= The impact of evidence
« for MPE (=MAP)
=« for MAP (- Marginal Map)
= Mixed netwroks

= [ree-decomposition schemes
= Bucket tree elimination
= Cluster tree elimination



i Inference for probabilistic networks

= Bucket elimination
» Belief-updating, P(e), partition function



(Pearl, 1988)

| Bayesian Networks: Example

P(S)

BN=(G, O)

P(CIS) P(B|S)

P(X|C,S) P(D|C,B)

"

P(S, C, B, X,D) =P(S) P(C|S) P(B|S) P(X|C,S) P(D|C,B)
Belief Updating:
P (lung cancer=yes | smoking=no, dyspnoea=yes ) = ?
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A Bayesian Network
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Graphical Models

Condlitional Probability

Table (CPT)
A hical model consists of: A€ FIPERG Relation
] : A C F
X ={X1,..., X} -- variables S red__green__blue
) 01T 060 blue red red
D = {Dla cee Dn} - doma/ns i 8 8 ; blue____blue __green
110
1711

0.35
065 green red blue
F={fa,, .-, fa, } - functions or "factors” 0.02 /

Operators: / ﬁ — (F=A+C)

combination operator

(sum, product, join, ...) (AVCVF)

elimination operator Primal graph

(projection, sum, max, min, B (interaction graph)

Types of queries:
Marginal: Z= L1t Al these tasks are NP-hard
x @ . ese tasks are NP-har
. F(x") =max || fa(xa) )

MPE/_MAP' » )"_ H"ZH o * exploit problem structure
Marginal MAP.: — 7ba0 =igx 2. 11 et * identify special cases

* approximate



» Max-Inference f(x*) = max@ fo(Xa)

» Sum-Inference Z =

» Mixed-Inference | f(x},) max(f\ ( ED
XS
\_’_//

= NP-hard: exponentially many terms

= We will focus on exact and then on approximation algorithms
= Anytime: very fast & very approximate ! Slower & more accurate




i Belief Updating is NP-hard

= Each SAT formula can be mapped into a
belief updating query in a Bayesian network

= Example
(<UV =WV Y)AUV-=VVW



“"Moral” Graph

P(X,,...X,)= f[\P(Xi | parents(Xi))J

P(a) Moralize ("marry parents")
(A) Conditional
oo !‘ Probability
a  P(cla) Distribution
(©) (B) S n
' ' %e n
(E) P(elb,c) S (B moral graph (“family”)

P(dlh.a)



i Belief Updating

P (lung cancer=yes | smoking=no, dyspnoea=yes ) = ?
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‘LBeIief updating: P(X|evidence)="?

P(ale=0) oc P(a,e=0)=

Z P(a)P(bla)P(cla)P(d|b. a)P(elb c)=
e=0,d,c,b —
“Moral” h \ l

oI P(a)z ZZP(C|aZP(b|a)P(d|b a)P(elb,c)
'\&\/\ ~ _/

Variable Elimination h®(a,d,c,e)




Bucket elimination
iAlgorithm BE-bel (Dechter 1996)

P(A|[E=0)=« ZP(A)-P(B|A)-P(C|A)-P(D|A,B)-P(E|B,C)

ZH<— Elimination operator
b A

bucket B:  P(bJa) P(d]b,a) P(e|b,c)

bucket C: P(c|a) /lB(a,d,c,e)
\/ N Y
bucket D: A (a,d,e)

bucket E: e=0 A°(a,e)

\ / W*=4

bucket A:  P(a)  Af(a) nduced width’

//M (max clique size)
= ) )
P(ale=0 )_P (a,e=0)

P(e=0)

P(a,e=0)



\)Seasm

A Bayesian Network g\ bm
Ordering: A,C,B,E,D,G .

© siopery

(a) Directed acyclic graph

Pla,g=1) = Z Pla.b,c.d. e, g) P(g|f)P(f|b.c)P(d|a,b)P(c|la)P(b|a)

cbedg=1 cb, fd.g=1

Pla,g=1)=P(a)_ Plela)y_ P(la) Y P(flb.c) > P(dlb.a) " Plglf). (4.1
c b f d g=1
P(a,g=1)=P(a)Y_P(cla)d_ P(bla) Y P(flb.c)Aa(f) D P(d|b.a). (4.2)
o i) f d
Pla,g=1) = P(a) Y _P(cla) ) " P(bla)Ap(a,b) Y P(f[b,c)ra(f) (4.3)
e b f

Pla.g=1)= ZP‘ cla) ZP(3?| JAp(a,b)Ap(b, c) (4.4)

P(a,g = 1) = P(a) Z P(cla)Ag(a, c) (4.5)

16

(b) Moral graph

P(a).



\)Seasm

A Bayesian Network g\ bm

Ordering: A,C,B,E,D,G waero @ wenes
@ Slippery
(a) Directed acyclic graph (b) Moral graph
Pla,g=1) = Z Pla.b,c.d. e, g) P(g|f)P(f|b.c)P(d|a,b)P(c|la)P(bla)P(a).
cbedg=1 c,b, f.dg=1

Pla,g=1)=P(a)) _P(cla)d  P(bla)>  P(flb,c)  P(dlbal>  Plglf)-] (4.1)
c b f d g=1
Pla,g=1) = P(a) Y _ P(cla) ) _ P(bla) Z P(f|b.c)Aa(H)> " P(d]b.a). (4.2)
o i) d

P(a, = P(a) ) P(cla) ) P(bla)Ap(a,b) (4.3)
c i

P(a,g=1) = P(a)) _ P(cla)} _ P(bla)An(a, b)Ar (D,
© b

Pla,g=1) = P(a) Y Plela)rsla ) (4.5

17



A Bayesian Network
Ordering: A,C,B,F,D,G

2 11
—

Bucket G: P(GIF) G=I

Bucket D: P(DIB,A

Bucket F: P(FIB,C)\, A,(F)

Bucket B: P(BIA)  i,(B.A) A{B,C)

Bucket C: P(CIA)  A4(AC)

Bucket A: P(A)  AAA)

P(G=1)

QSeasm

Sprinkler Q« b Rain

Watering | D 6 6 Weiness
@ Slippery

(a) Directed acyclic graph

18

(b) Moral graph



A Different Ordering

Ordering: A, ED,CB,G

I-H

(a,g=1)=Pla)>_;> 4. Plcla) >, P(bla) P(d|a,b)P(flb,c)> o, P(g]f)
Pla) 225 Aa(f) 224220 Plela) X2, P(bla) P(d|a,b)P(f[b.c)
Pla)>_; Ac(f) 2oa2.c Plcla)Agla,d,c, f)

Pla))_; Ag(f) 2.qAc(a.d. f)
P
Py

a)dAc(f)Apla, f) o=
ﬂ.),lp(ﬂ:] Bucket G: P(GIF) G=1

Bucket B: P(FIB,C) P(DIB.A) P(BIA)

Bucket C: P(CIA)  AF(AD,C.F)

Bucket D: AS(ADF)

Bucket F: AP(AF) AS(F)

Bucket A: P(A)  AT(A)

P(G=1)
(a)

Figure 4.3: The bucket’s output when processing along dy = A, F. D, C. B, G

© ®
©)
(b) Moral graph



QSeason

A Different Ordering -« »-

Watering { D 5 5 Weiness
@ Slippery

(a) Directed acyclic graph (b) Moral graph

Ordering: A, ED,CB,G

Pla,g=1)=Pla) 2_; 342, Plecla) 32, P(bla) P(d|a,b)P(f|b,c) >, Plgl|f)
= Pla) X s Aa(f) 2oa2_. Plecla) X2, P(bla) P(d|a,b)P(f|b,c)
= Pla) . Ac(f) 2_42.. Plcla)Agla,d. c, f)

= Pla) X2 Ae(f) 2aAcla,d, f)

= P(a) 3> ; Ac(f)Anla, f) =t

= Pla)A;

( :l Bucket G: P(GIF) G=1—__

- )o
Bucket B: P(FIB,C) P(DIB.A) P(BIA) B
Bucket C: P(CIA) ABAD,CF)

. / (@
| m{' | .II
f o

)

Bucket D: AS(ADF)

T D
W - / .
Bucket F: ANALF) AS(F) | .f 1 W
l.— \ N
Bucket A: P(A) A7 mj P
l / A
A
P(G=1)
(a) (b)

Figure 4.3: The bucket’s output when processing along dy = A, F. D, C. B, G



A Bayesian Network
Processed Along 2 Orderings

ZH

Bucket G: P(GfF ) G 1
Bucket D: PIDIB A

Bucket F: P(FIB.C) AG{_F)
Bucket B: P(BIA) D(B,A)

Bucket C: P(CIA) AglAC)

A4

Bucket A F(A)  AA4A)

e

F(G=I)

d1=A,GB DG

iH{B.C)

\)\Seasm

Sprinkler Q« b Fain
Watering (D 6 (:‘) Welness

© swpery

(a) Directed acyclic graph

> 11
M

¢ ™
Bucket G: P(GIF) G=1 —__

Bucket B: P{FIB,C) F(DIBA) P(BIA) \

L e

Bucket C: P(CIA) A4 AD.C.F) /
BucketD: A (ADF) /

Bucket F: Ap(AF) Ao(F)

=
-'-.-
-'---)--
'

Bucket A: P(A)} A A)

e

P(G=1)
(a)

(b) Moral graph

(b)

: 'The bucket’s output when processing along d> = A, F, D.C. B, G.
21



i The Operation In a Bucket

= Multiplying functions
= Marginalizing (summing-out) functions



i Combination of Cost Functions

A | B | f(A,B) B| C | f(B,C)
b|b 0.4 b| b 0.2
blg 0.1 . bl g 0
g|b 0 g| b 0
a | g 0.5 A| B | C f(A,B,C) e 0.8

b (b |b 0.1

b b | g 0

b | g b 0

b | g g 0.08 =0.1 x0.8

g b b 0

g b g 0

glg b 0

g |1 9|49 0.4




Factors: Sum-Out Operation

The result of variable X from factor f(X)
is another factor over variables Y = X\ { X }:

Sy €S f(xy)
X X

B C D fi

true  true true .95 B C
true  true false | .05
true false true 9
true false false 1
false true true | .8
false true false | .2
false false true | O
false false false | 1

true true
true false
false true
false false

2.82.c2.ph
T 4

Thanks to Darwiche



Bucket Elimimnation and
Induced wWidth

Ordering: a, e, d, c, b

bucket( 12) Ple|lb, ), Pld|la, b)), P(b|la)

bucket (') = Plcla)y || Ap(a,c.d,e)
bucket ( 13) = ] Aerle, £, )
bucket( F) — e = 0 || Ap(a, )
bucket( A) = Pla) || Asla)

slides7 828X 2019



BEBucket Elrmination and
Induced vwwidth

W*=2
Ordering: a, b, ¢, d, e
bucket( ) — Ple|lb, ), e = O
bucket (( 12) = P{d|la, B)
bucket (') = Plc|la) || P(e = 0O|b, c)
bucket( B) — FP(i|la) || A(a,b), Aa(b, o)
bucket(A) — FPla) || As(a)
Ordering: a, e, d, ¢, b
bucket({ B) — Plelb, o). P(d|la, b)), P(bla)
bucket () — Plcla)y || Ap(a,c,d,e)
bucket ( 13) = [] e, e, =)
bucket( F) — e —= 0 || Ap(a, <)
bucket( A) = Pla) || Asla) W*=4



AvrcoriTuM BE-BeEL

Input: A belief network B = (X, D, Pg. ||}, an orderingd = ( X,..... X, ) ; evidence ¢
output: The beliet P(X;|e) and probability of evidence F(e)
1. Partition the input functions (CPTs) into bucket,, ..., bucket, as follows:
tor i < n downte 1, put in bucket; all unplaced functions mentioning X;.
Put each observed variable in its bucket. Denote by ¥; the product of input
functions in bucket;.
2.  backward: for p < n downto 1 do

3. forall the functions Y5, . Ag,. ..., As; inbucket, do
It (observed variable) X, = x, appears in bucketp,
assign Xp = xp to each function in bucket, and then
put each resulting function in the bucket of the closest variable in its scope.
else,
Ao < Tx, ¥p-Ilioi s,
place Ap in bucket of the latest variable in scope(dp),

&

return (as a result of processing bucker; ):
Ple)=o = E}ﬁ V- I [.J.Ebudcﬂ] A
P[Xlle} = %WI ' I [.J.Ebucﬁfn A

Figure 4.5: BE-bel: a sum-product bucket-elimination algorithm.

slides7 828X 2019



i Student Network Example

« PO




i Induced Width (continued)

w’ (d) —the induced width of the primal graph along ordering d
The effect of the ordering.

(A) G

=)

G

// e
ONNG @)

Primal (moraal)
graph




The impact of evidence



The impact of evidence? E@

| Algorithm BE-be/

P(A|[E=0)=« ZP(A)-P(B|A)-P(C|A)-P(D|A,B)-P(E|B,C)

TOPes ZH<— Elimination operator
_ b A —
bucket B: P(bWb,a) P(e|b,c) B=1
/
bucket C: P(c|a) /lB(a,d,c,e)
\/ N Y
bucket D: A (a,d,e)

bucket E: e=0 A°(a,e)

\ / W*=4

bucket A:  P(a)  Af(a) nduced width’

//M (max clique size)
=0)

P(ale=0)




The impact of evidence?

7

| Algorithm BE-be/

P(A|[E=0)=« ZP(A)-P(B|A)-P(C|A)-P(D|A,B)-P(E|B,C)

bucket B:
bucket C:

bucket D:

bucket E:

bucket A:

P(ale=0)

E=0,D,C,B

ZH<— Elimination operator
b A

P(la) P(dlba) Pelbc)  B=
v
Ple/b=1c)

P(cla)

P(dlb=1,a)

e=0 .\
P(a) P(b=1/a) J
>(E26)

P(e= P(a,e=0)
slides7 g!)flzlﬁ):o)_ P(e:O)




35

The impact of observations ¥ ¥

© sipery

(a)} Directed acyclic graph (b) Moral graph

(a) (b) (c)

Figure 4.9: Adjusted induced graph relative to observing B.

Ordered graph  Induced graph  Ordered conditioned graph



+

Bucket-elimination for MPE (MAP)



i MPE = max P(X) @

> isreplaced by max :
MPE = max P(@)P(c|a)P(b|a)P(d |a,b)P(e|b,c)



MPE = max P(X) @

+

MPE =

bucket B:
bucket C:
bucket D:

bucket E:
bucket A:

> isreplaced by max :
max P(@)P(c|a)P(b|a)P(d |a,b)P(e|b,c)

mglx Ef Elimination operator
E(bQ P(db,a) P(e|b,c)
Pt

P(cla) h®(a,d,c,e)
\/ Y

h®(a,d,e)

e=0 h"(a.e)

~. WH=4

E
P(% Ah/ (@) i duced width”

MPE (max clique size)




‘L Generating the MPE-tuple

5. b'=arg max P(b|a' )x
xP(d'|b,a" )xP(e'|b,c")

4. c'=argmax P(c|a')x
xh®(@' ,d"',c,e)

3. d'=arg max h(a' ,d,e')

2.e' =0

1. a' =arg max P(a)-h(a)

A

B: P(bla) P(d|b,a) P(elb,c)

C: P(cla) h°(ad,c,e)

D: h“(a,d,e)
E: e=0 h’(ae)
A: P(@) he@

Return (a',b',c' ,d',e')



i Induced Width

Width is the max number of parents in the ordered graph

= Induced-width is the width of the induced ordered graph: recursively connecting
parents going from last node to first.

= Induced-width w*(d) is the max induced-width over all nodes in ordering d
Induced-width of a graph, w* is the min w*(d) over all orderings d

(© ®

® - ©

® ®

Og (®
primal w*(dy) =4 w*(da) = 2



Complexity of Bucket Elimination

Bucket-Elimination is time and space
O(rexp(wy))

wy - the induced width of the primal graph along ordering d

r = number of functions The effect of the ordering.
()
®
()

¢
(®

prlmal d1 =4 w”(ds) =2
P Finding smallest induced-width is hard!



A Bayesian Network

Example with mpe?

If Winter?
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Try to compute MPE when E=0

Winter?

A B4
) 2
false 4
Sprinkler?
true true 2
true false 8
false true 75
Wet Grass? false false 25
(D) Slippery Road?
(E)
E C D E‘D| BC
true true true .05
A C ec|A true true false .05 C E EIE| C
true true .8 true false true .9 true true T
true false 2 true false false 1 true false 3
false true 1 false true true .8 false true 0
false false .9 false true false 2 false false 1
false false true 0
false false false 1

slides7 828X 2019



Cost Networks

P(a,b,c.d, f,g) = P(a)P(bla)P(c|a)P(f|b,c)P(d|a,b)P(g|f)

becomes

Cla,b,c,d,e) = —logP = C(a) + C(b,a) + C(c,a) + C(f,b,c) + C(d,a,b) + C(g, )

nirén Z

|
bucket B C(a.b.d). C(b.f) C(b.c) I B
bucket ¢ Cla.c) Cle.) I (a.d.c.f) C
: .

bucket I I (a,d.e) | # D
bucket p  C(f.g) H(a, £ ® F
bucket A H (a, ) +, A
bucket & hg) - L o

) Width w =4

OPT Induced width w*= 4

Figure 5.12: Schematic execution of BE-Opt



‘L Marginal Map

» Max-Inference f(x*) = max | [ fa(xa)

» Sum-Inference Z=> 1] fa(xa)

» Mixed-Inference | f(xi/) = rg{l&}cz ] fo(xa)
Xs

= NP-hard: exponentially many terms



Example for MMAP A pI cations

= Haplotype in Family pedlgrees ,%.
NG =

¥ (,s',)

= Coding networks = «

¥ 5
N _‘) (5
oy a5 il 7Y
@ O (’;{/__7 @
~ ” -}\ P ) T
KON KON ) @) ]
O R ERO SRR OSSR O
3 A D SN A A
) @ ® ® C‘I/ ® & ®
n AN N Y N P
VN OHONONOROHONO)

= Probabilistic planning Al

2

Al
LT T -Ip 2 B ja |5
2 2 eallle 1 2= (= l ) == | B
L g Py
EINIEE = E ]l

0 Dlag NOSIS i

= T




i Marginal MAP is Not Easy on TreeS

s Pure MAP or summation tasks

=« Dynamic programming
= Ex: efficient on trees
_>

—/

= Marginal MAP

_ Max variables
= Operations do not commute:

—\

= Sum must be done first!

Z max # max Z



Bucket Elimination for MMAP

Bucket Elimination

(A 5 _ | B JAB)J(B.OB.DI(B.E), /B‘-\
o I \__/
B 7 EB Ia'l.'ff 5',
GAG 5 n : 5 / PJ.IH/JV\.[
" "Es' C IA (A,O,D’E)f(A,C) f(CﬂE)l : I||| : C \ | :
= ! II I"\_ _../fl
E . % S
Q G g - D: /\C‘ (AAID/E) f(A D)l ;i | ‘ /,l ):|| H'ull
Xy =i4,.D. B} £ /maaf:p ‘ | \D>< Ill
Xs ={B,C} E . RUNEEE
3 < | E: AE) N
(@) < II K"/ '\)/I |
o = maxrg ". \E ) |
max 3 P(X) \ &
XM . \ . I.'I!'I
o v H; \ D /
MAP* is the marginal MAP value \ﬁ/ (A C,D,E)



%/hy is MMAP harder?

XM — {AaDaE}
XS - {B,C}

(Park & Darwiche, 2003)
(Yuan & Hansen, 2009)

constrained elimination order

SUM

MAX

exact upper
boun
B) . E
(]
o
P i """""" B
: [
: i 9
IV g
i : : £
- ’ : £
(b E
L7 . =
i e
. s
E) 2
= S
: : (@)
~ :
4 ____________ \A/ _____ A(A’ C’ D’ E) v
wt =14

In practice, constrained induced is much

larger!
max (Z') < max (ﬁ
X ZE: “:E: X



i Complexity of Bucket-Elimination

= Theorem:

BE is O(n exp(w*+1)) time and O(n exp(w*))
space, when w* is the induced-width of the
moral graph along d when evidence nodes are
processed (edges from evidence nodes to
earlier variables are removed.)

More accurately: O(r exp(w*(d)) where r is the number of CPTs.
For Bayesian networks r=n. For Markov networks?



Inference with Markov Networks

= Undirected graphs with potentials on cliques

= Query: find partition function. Same as probability of the evidence in a Bayesian network.
= The joint probability distribution of a Markov network is defined by:

1 . BE is equally
Plz)= =) leeeVe(ze) .
A ; applicable
Z =3 peeVelae) (2.2)

For example. A markov network over the moral graph in Figure 2.4(b) is defined by:

U(a,b,e)-Uibe, f)-Ula,bd)-U(f q)

Pla.be.d f,q) = 7

(2.3)

where,

Z = Z Ula,b,c) - W(b,c, f)-Wla.bd) - V(f g) (2.4)

abedefg



* Inference for probabilistic networks

= Bucket elimination

s Belief-updating, P(e), partition function
»« Marginals, probability of evidence

= The impact of evidence

» for MPE (=>MAP)

« for MAP (= Marginal Map)

= Mixed networks

s [ree-decomposition schemes
s Bucket tree elimination
» Cluster tree elimination

slides7 828X 2019



‘L Party Example

PN
P(W)

CN

P(B/W) P(CIW) ©, (o—C©
A—B C—A

Query:
Is it likely that Chris goes to the

party if Becky does not but the

7 ?
Semantics: weather is bad?

Algorithms?
P(C,—-B|w=bad,A—B,C—> A



i Bucket Elimination for Mixed Networks

The CPE query

Ps(p)= ) P(xy)

XgEMod(yp)

Using the belief network product form we get:

Pep)= ) ] PGilxpa).

X XgeMod(g))i=1

P((C 2 B) and P(A > (C))



Bucket-Elimination example
for a Mixed Network ¢ = BVC),(GVD),(~DV~B)

In BucketG :  Ag(f.d) = Z P(glf)

tglgvd=rme}

In Buckety :  Ap(b,c.d) =) P(f|b.c)Ac(f.d)
I

In Bucketp :  Apla,b.c)= ) P(d|a,b)Ar(b.c.d)
fd|—dv—-b=true!

In Bucketg : Ag(a.c)= ) P(bla)Ap(a,b,c)rr(b.c)
h|bve=true}

In Buckete :  Acla) = E P(cla)Ag(a.c)
In Buckety : Ayq = Z Pla)Ac(a)

P(g) = Aa.

(a) Directed Acyclic Graph (b) Moral Graph



Bucket-Elimination example
for a Mixed Network ¢ = BVC),(GVD),(~DV~B)

B R e e e et e e el T e T B Tt e T Tt T T e e

Bucket G: P(G|F,D) (GvD)

\k ¢
Bucket F: P(F|B,C) io(F.D)
Bucket D: P(D |A B} (-Dv-B) Aip(B,C,D)
Bucket B: P(B|A) (BVC‘) Ap(A,B,C)
Bucket C: P(C|A) Ap(A,C)
'
Bucket A: P(A) Ac(A)
¥
Hy)
Figure 4.18: Execution of BE-CPE.
slides? 8.

(a) Directed Acyclic Graph (b) Moral Graph



‘L Trace of Elim-CPE

Belief network P(g,fd,c b,a)

Bucket G:

Bucket D:

Bucket B:

Bucket C:

Bucket F:

Bucket A:

=P(g/£d)P(flc,b)P(d|b,a)P(b/a)P(c|a)P(a)

P(G|FD)

\K

P(DIAB) (-Dv-B), °(F,D) " D

P(BIA)|P(FIB.C) | (BvC)|| A°(AB)| —B

P(CIA) >(F,C) C

A (F)| \A(F)

AN BB W x
P((”)‘/




i Bucket-Elimination for CPE

Bucket G: P(G|FD) _c Bucket G: P(G]| F,D)QAV G)(—F vG)(FvDv—G),—G
Bucket F:  P(F| B}‘J«; _0|F,D) Bucket F: P(FIB,.C) pG=0|F,D) \ [(=F)

/ |/
Bucket D: P(D|AB) ™ B,c,D) Bucket D: P(D|A,B). |7 (D) (D)

/

Bucket C: P(C|A) 1°(AB,C) Bucket C: P(C|A)

A7 (B,C)

(AvO)

Bucket B: P(B|A) 5 (A B) Bucket B: P(B|A) J°(A,B), J°(A,B)
Bucket A: P(A)\A (A) Bucket A: P(A)\“ 2 A)/ Pis
N/ 1
P(A|-G) \‘ P(A|-G)

(a) regular Elim-CPE (b) Elim-CPE-D with clause extraction



Bucket-Elimination example
for a Mixed Network |

@ = (BVC), (GVD), (~DV~B) , +

Bucket G: PGIFD) (Gw D)
"
™~

A L
Bucket F: P(FIB.C) EFI.(F L)

T
Bucket D: P(DIA.B) (=Dwv—B) ™AJdB,C.D)
e n, d

-...._...-....--\ F"

Bucket B: P(BIA) (BvC) “A,(A.B.C)

N,
Bucket C: PiCl4) Ag(AC)

Y

Bucket A: PiA) A (A)

\\“
G
BucketG: PGIF.D) (Gv D) =G
—3 T,
Bucket D: P(DIAB) (—Dwv—=B), A (F.D) D
----"'-.__ -----"':-.___. _'_r'/ :. I'ul
-------."l- N} -.---.:-'."*
Bucket B: P(BIA)PIFIBC), (BvC) A (AB)| B

Bucket C: | P(CIA)

o T
e

Bucket F: A EF} ~

Bucket A: };(:L’L} Ay (A) ‘ ,
N .

. | | L
P(p) Different orderings P

Figure 4.15: Execution of BE-CPE.

Figure 4.16: Execution of BE-CPE (evi-
dence =G).
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Bucket-Elimination example

for a Mixed Network  _ zvcy (v, copv~p)

Bucket G- P(G|F,D} (GvD) -G
—_— —_—

I e
Bucket D: P(D|A,B)  (~-DV-B), ig(F.D) ~ D
T — TTm——

_\_\_\_\_\—\_

Bucket Flia(F)

\ _________‘.

1, <
Bucket A: 1g(A)

Figure 4.19: Execution of BE-CPE (evidence —G).
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