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Road Map
 Graphical models 
 Constraint networks Model
 Inference

 Variable elimination for Constraints

 Variable elimination for CNFs
 Variable elimination for Linear Inequalities
 Constraint propagation

 Search
 Probabilistic Networks
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Inference: Join and Project
 Given 2 constraints we can deduce a new one by join 

and then project,  via variable-elimination

3

Join operation over A finds all solutions satisfying 
constraints that involve A
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Bucket Elimination
Adaptive Consistency (Dechter & Pearl, 1987)

Bucket E:    E D,  E  C
Bucket D:    D A
Bucket C:    C B
Bucket B:    B  A
Bucket A:

A C

  widthinduced  -*

*

w    
))exp(w O(n  :Complexity

contradiction

=

D = C

B = A

=


class2 828X 2019



The Idea of Elimination

project and join  E variableEliminate
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The Induced-Width

 Width along d, w(d):
 max # of previous parents

 Induced width w*(d):
 The width in the ordered 

induced graph
 Induced-width w*:

 Smallest induced-width 
over all orderings

 Finding w*
 NP-complete (Arnborg, 

1985) but greedy heuristics 
(min-fill).
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Adaptive Consistency, Bucket-Elimination

Initialize: partition constraints into
For i=n down to 1 along d  // process in reverse order

for all relations                                  do
join  and “project-out”  𝑋௜

8

nbucketbucket ,...,1

im bucketRR ,...,1
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i
 



If is not empty, add it to                            
where k  is the largest variable index in 
Else problem is unsatisfiable

newR ,, ikbucketk 
newR

Return the set of all relations (old and new) in the buckets
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Properties of Adaptive-Consistency
 Adaptive consistency generates a constraint network that 

is backtrack-free (can be solved without dead-ends).
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 Adaptive consistency generates a constraint network that 
is backtrack-free (can be solved without dead-ends).

 The time and space complexity of AC along ordering d is 
exponential in w*(d)                          .
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Properties of Adaptive-Consistency (AC)



Example: 
deadends, backtrack-freeness 
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Assign values in the order
D,B,C,A before and after adaptive-consistence

Order A,B,C,D, order A,B,D,C



 Adaptive-consistency generates a constraint network that 
is backtrack-free (can be solved without dead-ends).

 The time and space complexity of adaptive-consistency 
along ordering d is time and memory exponential in 
w*(d)                       .

 Therefore, problems having bounded induced-width are 
tractable (solved in polynomial time).
 trees (  w*=1), 
 series-parallel networks ( w*=2 ),  
 and in general k-trees  ( w*=k).
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Properties of Adaptive-Consistency



Solving Trees 
(Mackworth and Freuder, 1985)

Adaptive consistency is linear for trees and
equivalent to enforcing directional arc-consistency 
(recording only unary constraints)
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Tree Solving is Easy
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Tree Solving is Easy
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Tree Solving is Easy
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Tree Solving is Easy

3 3 3 3
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Adaptive-consistency is linear time because induced-width is 1
(Constraint propagation Solves trees in linear time)
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Example: Crossword Puzzle
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Adaptive-Consistency 
on the Crossword Puzzle 
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Adaptive-Consistency 
on the Crossword Puzzle 
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Adaptive-Consistency 
on the Crossword Puzzle 



Road Map
 Graphical models 
 Constraint networks Model
 Inference

 Variable elimination for Constraints

 Variable elimination for CNFs
 Variable elimination for Linear Inequalities
 Constraint propagation

 Search
 Probabilistic Networks
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Gausian and Boolean Propagation, 
Resolution

 Linear inequalities

 Boolean constraint 
propagation, unit resolution
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Extended Composition
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The Effect of Resolution on Its Graph

(~C) (AVBVC) (~AvBvE)(~B,C,E)



Directional Resolution 
Adaptive Consistency
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Directional Resolution 
Adaptive Consistency
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Directional Resolution 
Adaptive Consistency
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(~C) (AVBVC) (~AvBvE)(~B,C,E)
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Directional Resolution 
Adaptive Consistency
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Directional Resolution
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History

 1960 – resolution-based Davis-Putnam algorithm

 1962 – resolution step replaced by conditioning 
(Davis, Logemann and Loveland, 1962) to avoid 
memory explosion, resulting into a backtracking search 
algorithm known as Davis-Putnam (DP), or DPLL procedure.

 The dependency on induced-width was not known in 1960.

 1994 – Directional Resolution (DR), a rediscovery of
the original Davis-Putnam, identification of tractable classes 
(Dechter and Rish, 1994).



Properties of DR
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