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Algorithmic Approach for
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Based on Elias Bareinboim slides



Roadmap

®* Define a decomposition (factorization) of the
probability distributions generated by a SCM,
based on the corresponding causal diagram.

® Establish operations that allows us to identify
particular components (factors) from a distribution.

®* Express the target causal effect into factors and
develop a systematic procedure to identify each
one of them independently.



Factorizing Observational
Distributions



Bayesian Networks: Example
(Pearl, 1988)

P(S)

BN = (G, O)

P(BI[S)

P(CIS)

P(X|C,S)
' 018

P(S, C, B, X, D) =P(S) P(C|S) P(B|S) P(X|C,S) P(D|C,B)

Belief Updating:
P (lung cancer=yes | smoking=no, dyspnoea=yes ) = ?
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CPD:

P(D|C,B)
0.1 0.9
0.7 0.3
0.8 0.2
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Belief Updating

Algorithm BE-bel [Dechter 1996]

p(AIE =0) =« )Y  p(A)p(blA)p(c|A)p(d|A,b) p(e|b, c) 1[e = 0]
e,d,c,b
> 11

bucket B:  ~ p(blA) p(d|b, A) plelb,c)

~_\

bucket C: p(clA)  Apoc(A,d, c e)

\/ \ v J
bucket D: Ao—p(A,d,e)
/
bucket E: 1[E =0] A\p_g(A 2)
\/ W*=4

bucket A: Apsa(A induced width”

(max clique size)
/ p(E = 0)

p(A\E — ()) — p(A, F = ()) /p(E — ()s)lidesll 276 F24

o

Elimination & combination
operators




Bucket Elimination

Algorithm BE-bel [Dechter 1996]
p(AIE =0)=a > p(A)p(blA) p(c|A) p(d|A,b) p(eb, c) Le = 0]

S
b a_

— E—

o

Elimination & combination

operators

Time and space exponential in the
Induced-width / treewidth

8

DUCKe[ /_\: p(A) AE—)A(A) T 'V'U'V\.-’U WIU_“I \ T
(max clique size)

/ p(E = 0)

P(AlE =0) =p(A, E=0)/p(E = 0)




Induced Width (continued)

w’ (d) —the induced width of the primal graph along ordering d

The effect of the ordering:

A ?




Back to SCM



Markovian Case

®* The distribution P(v) decomposes as:

P(v) =s P) g Pilv...,Vii,u) =5 P(U) g P(vil pa, )
u VeV u VieV

P(z,x,y) =5 P(UP(z|u)P(x|z, u)P(y|x,z,uy)

u

/ \ r \ ( \ ( \
" "y =| s PZlwLPWU) || s PXIz,udPuy || s PlyIxzu)P(uy)

Uy )

\ J\ W J\
=P(2)P(x|2)P(y | X, 2)

®* In Markovian models, P(vi| pai) can be seen as “canonical factors”.



Markovian Case

®* Every P(vi|pai) is computable from P(v), i.e.,

P(v.|pa) = — X" Y
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Markovian Case

(U;)] P[—E{UE> —V
P([’;}r)! P(K[UF:@

PCU )r fj(}’/‘z;?ﬁv’ )-
»(2)= é (E/U) ?(0')—
%)Y, 2 .| %=

[ * - - D (/gD P(f&)

RAATIE zp(y(a,wwg

2

PhY 2= 2, () 5, (42 Y %2)




Markovian Case

(U;)/’ P(i"{u;> —

p(v,), P <1V
()

Plyly PUTR

;(%) 2 {E/U)P((/)_
X7, &) ‘= Y ':r(x’iz)

%(x Z) = Z P (<Y 1) P(Jx)

2 (v, % 2)- ZP(y(a W?W
Yy X?’(?*’J

PaY 2= A, (2) % 0 a)-hu_f{% %)

P(X,Y,Z) = P(Z)P(X|Z)P(Y|X,Y,Z)



Truncated Product iIn Semi-Markovian Models

The distribution generated by an intervention do(X=x)
In a Semi-Markovian model M Is given by the
(generalized) truncated factorization product, namely,

Pvldox) =Y || P (vilpa,u)P)

u {V; € VAX}

And the effect of such intervention onaset Yis

Piyldox)y= ) >, || Pilpa,uw)P)

vi(yUx) u {V, € V\X}



Semi-Markovian Case

® Start from a simple Markovian model:

>@

>®

>@

>®

V1

V2

V3

V4

Vs

P(v) = P(v)P(v, |v1)P(v3 | Vv2)P(v4 | v3)P(vs | Vy)

® [et's add an unobservable Ui, that affects two observables, and
breaking Markovianity:

U1
® >@ >@ >@ >@
Vi W2 V3 Va Vs

Uy

= P(v | V1)P(V4 | v3)P(Vg | Va)

(

\

P(v) = s PU1)P(vy [u1)Pv2 [v)P(V3 [ V2, Up)P(va [V3)P(Vs | va)

s PUyPvy [up)Pvs3 | vz, uy)

Uy

)

/



Using Bucket Elimination

v, POLIv) A AN
R IA A AR
U

1 ‘© 4
a3 Com Hes jﬁ”@ .

¢ w9 X[) tenod Un
‘“{{* P(b{a‘{v:f) jzl(vf) m%gj
V
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Semi-Markovian Case

®* From the previous model ...

U1
- = ~
// \\

P(v) =y P(U)P vy [upP (v, [ v)P(V3] Wb,u )P (v | V3)P (Vs | vy

& e oo ! ( \
Vi Vo V3 Vs Vs = P(v2 [v)P(v4 [V3)P(vs [Va)| 5= PUp)P(vq [Up)P(v3 | Vo, Up)

\ Y J

®* Add another unobservable Uy,

U1 U2 P(v) = 5 Pluy, u2)P(vy [upP(vz [vi)P(v3 | V2, Uy, U2)P(Vg [ V3)P(Vs | Vg, U2)

// \\ up,uz

® >® E. >® >® ( \
Vi V2 Vs Vi Vs =PW2[v))Ps|v3)| s Pur, u2)Pvy [u)Pv3 vz, Uy, U2)P(vs | Vs, U2)

Ut /




Semi-Markovian Case

®* From the previous model...

H{ ,L_JE P(v) = 5 P(uy, u2)P(vq [up)P(v2 [vi)P(v3 | v2, Uy, U2)P(v4 [ V3)P(Vs | Vg, U2)
/// \\\ /// \\\ ur,u2
< o oo
Vi V2 V3 Va Vs =PW2|v)Pva|v3)] s Puy, u)P(vq [upP(v3 v, Uy, Uu2)P(vs | va, Up)
up,u2

® Let's add one more, Us,

U1 U2
P(V) = 5 Py, up, T3)P(vq [u)P(vz vy, T3)PWV3 [ vz, Uy, Up)
o“/ >o¥ \;*oy / >@ \;o e MP(VSWmUz)
Vi V2P Vs ANi Vs .
—
Us
( \ ( )
=| 5 PU3)P(v2|vi,u3)P(va|v3,u3) [ | 5 Plur, Up)P(vy [ug)P(vs |v2, Uy, up)P(vs [ v, Up)
\ Us ) \UhUZ }
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C-Factors

® Recall our example

P(v) =

(

\

s P(U3)P(v2 | vy, u3)P(vg Vs, U3)

)

\

U1 U2

>@ > >
Vi VR Ve AV, s
Us

s PUy, U)P(vq [up)P(v3 | v, Uy, U2)P(Vs | vg, U2)

Uy,U2

®* These factors made of sums may be long to write in terms of P(v,u).
However, their structure follows from the topology of the diagram, then
we can abstract this concept out by defining a new function Q:

Q|Cl(e. pa,)

u(C) Vel

Z Pu(Q)) H P(v;|pa;, u,)

where ue) = Ju,

v.eC

Then P(v) can be re-written as
P(V) — Q[V21 V4](V21 V_41 V1, V3)Q[V] y V31 VS](V] y V3, V5, V2, V4)

\

/



C-factors

® For convenience Q[C](c,pac) can be written just as Q[C]

® Then, for our example, we can just write

P(V) — [V21V ]Q[V 1V3!V ] > > >
A —— : ] 5 V1 V:K Vs 1?/4

®* No need to name the variables in U explicitly!

®* Note that for the whole set of variables V
ovi= Y P [] P;lpazup = Pv) )
u Vev
® For consistency define Q[J]=1

Vs

24



C-tfactors are Causal Effects

® Let C c V. Consider the causal effect of all other
variables on C, that is P(c|do(v\c)).

® By the truncated product we have
P(c|do(v\e) = ) | | POvilpa;. u)P(u)

u VeC
® All Us that are not parents of any element in C can
be summed out, hence

P(c|do(v\e)i= ) Pw(C)) | | P(vi|pa. up|= QIC]
u(C) V.eC
Thisis a key connhection between C-factors and causal effects.
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Marginalizing Variables in C-factors

® Toa certain extent, c-factors behave as its probabilistic counterparts.

® Consider the c-factor Q[V1,Vs,Vs] In our example
U1 U2

QIV1,V3, Vsl = 5 P(uy, uz)P(vy [up)P(v3 | vz, Uy, U)P(Vs | Vg, Up)
4 Vv Vv
Uy,U> 1 3 5

® Variables V1,V3,Vsonly appear in one term, because they are not the
parent of any other variable in the factor. So, If we sum Q[V1,Vs,Vs] over
any of the vraiables, for instance V3, we have

Vsli= 5 5 PUr, up)P(vy, upP(vs | vz, Uy, Up)P(vs [ va, Up)

- s P(Ur, up)P(vy [ u)P(Vs | va, 4

Uy,Uz

30



Marginalizing Variables in C-factors

® Consider now a different c-factor U1 U2
Q[V1,V2,V3],
By Definition of Q:

QlVi, V2,V3] = 5 Pluy, Uz, U3)P(vy [ug)P(v2 [ vy, Uu3)P(v3 | v2, Uy, Up)

Uy,Uz,U3

® In contrast to the previous case, here Viappears in two terms since it’s
a parent of another variable in the factor. So, if we sum Q[V1,V2,Vs3] over
V1, we have

s Puy, uz, u3)P(vq [ug)P(v2 vy, U3)P(v3 | V2, Uy, U2)
v ul,Us

ui,U> Vi,U3

Can we remove V1 here? Symbolically? 31



Marginalizing Variables in C-factors

®*lLet Wc CcV, be two sets of variables.

U1 U>
®* Lemma (ancestral-reduction). If W is ancestral, ./). ?7‘( » )4\,
. . . . \ g
that is, it contains all An(W) present in the Vi Ve e
3

subgraph made of the variables in C, I.e., Gc.

®* Then, QW= ) QIC]

ch\w

®* For example, for C={V1,V2,V3}, In Gc

U1
* W={V1,Ve}is ancestral  Q[v,.v,1=) Q[V,.V,.Vi]
. > >
* W={V1} Is ancestral IVl = Z\.WQW Va.Val vi v, Vs

* W={V2,V3} Is not ancestral

32



Confounded Components
(C-Components)

® Recall our example

( \
P(v) = | s P(U3)P(V; | v, u3)Pvg |3, u3)
| 1 J

® Definition (C-component). W
unobservable parent U, P(vi
together by the sum over Ue

for short).

(

\

U1 U2

>

V1 \)/:K\ Vs ,7)'?/4 Vs
~G.”

)

s PUy, U)P(vq [u)P(v3 | v, Uy, U2)P(Vs | vg, U2)

Uy,Up )

nen Viand Vjshare a common

pai, ui) and P(vj| paj, u;) are tied

JiNUj. Then, we say that Viand
Vjare in the same confounded component (C-Component,

We are interested in C-Factors over C-Components

33



C-Component Factorization

® Consider another example

Q[V] — Q[ZZ! Z3! X1 Y]Q[Z]]

X .
P(V) — P(221 23! XY ‘ dO(Z]))P(Z] ‘ dO(Zz, 231 X, Y)) \\.Zl Y

L -
-----

Z.l X.F\ /1 /?

slides11 276 F24
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C-Component Relationship

U1 U2

V1 \)/zk §/3 )?/4 )\/5
N

U3

V1 Vozk\Vs /{/4 Vs

—

® V1 is in the same c-component as Vs,

® Vs is in the same c-component as Vs,

® By extension, Viis in the same c-
component as Vs too.

® V2is In the same c-component as V..

® Tosee it easily, consider the graph
Induced over the bidirected edges!

® Obs. The C-Component relation defines
a partition over the observable
variables, hence it is Reflexive,
Symmetric and Transitive.

35



C-Component Factorization

®* The distribution P(v) factorizes into
c-factors associated with the

c-components of the graph. Us Us
Q=1V2, Vel Q2 =tV1, V3, Vs} Vi \)/:k Vs /)':/4 Vs
S

( \ ( )
P(v) = [ s PU3)P(v2 [vi,U3)P(vg|v3,u3) | | 5= PUy, u)Pvy [u)Pv3 |V, Uy, Uup)P (s | Vg, Up)
e J \ e )

P(v)=QI[V,, V4] Q[V;, V3, Vs]

36



C-Component Factorization

® Forany H c V, consider a graph Grh.

® Let Hi, Hy, ..., Hk be the c-components of Gh.
® Then

QIH] =7 QIH|]
J

And, the C- factor of any C component can be computed from Q(H).
We will next see how.



C-Component Factorization

(Continued)

®* Let V<Vh<...<Vh be a topological order over
the variables in H according to G.

® et H=i be the variables in H that come before
Vhi, Including Vh.

®* | et H> be the variables in H that come after Vh..
® Then

QIH=1
sery Q]

Q[H=T=ys Q[H]

h>4

QIH] =

38



C-Component Factorization

® Suppose H=V={V1,V2,V3,V4,Vs}
IS ancestral in Ge¢.

U1 U>

>@ > >0 >
Vi VR Vs Ay s
\U_/
3

Q[V] — Q[V] 1 V31 VS]Q[VZ! V4]

QV] Q[V]!VZ!VB] Q[V]!V21V31V4!V5]
Q] QIVi,V2]  QIVy,Va, V3, V4]

Q[V] y V31 V5] —

Q[V] y V2] Q[V] y V21V3!V4]
V y V — <i
V2 Vel = —oNT OV Vs, Vil Q1= 11 o

VieH

39



C-Component Factorization

Ql[V;, V3, Vc] = Q[Vi] QIVy, V2, V3] QlVy, V2, V3, Vs, V5]

———————————

Q@ Q[V] 1V2] Q[V] !V21V31V4]

ZVz,Vg,V4,V5 Q [V] ZV4,V5 Q [V] Z % Q V
ZV] ,V2,V3,V4,V5 Q[V] Z:V3,V4,V5 Q[V] Z“v5 Q V

sz,v3,v4,v5 P(v) Z\,4,\/5 P(v) X % P(v)

- Q[H=1=5 Q[H]
ZV] V2,V3,V4,V5 P(V) ZV3,V4,V5 P(V) ZVS P(V) h>i
_ P(vy) P(v1,v2,v3) P(vy,V2,V3, Vg, Vs) U Us
] P(vi,v2)  P(vq,V2,V3,Va)

V1 \)/.z\ K/s /)\./4 )\/5
= P(v1)P(v3 | vq,V2)P(Vs | v, V5, V3, V4) Us

41



C-Component Factorization

QlVy, Vi QlVy,V, V3 VY
Q[V]] Q[V] !VZ! V3]

QIVI =, QIV]

QlV, V4 =

v3v Vs

2 vavavs QLVI 2 | QLV]

ey POV) X P(V)

S PW 5, PV

V2,V3,V4,Vs

_ P(V] y VZ) P(V] y V2, V3, V4)
P(V]) P(V] y V2, V3)

= P(v5 | v1)P(v4 | vy, V5, V3)

i How to get just Q[V2] or Q[V4]?
\ Both are ancestral in Gyvz,va !

' QIV2l =5 QIVa, Vil

Vg

=P\, | v)

" QIV4] = s Q[V,, V4]

V2
=5 Py [v))P(v4 | vy, vy, V3)
V2

U1 U>

O
V1 \)/.27’\ K/3 /)\/4 )\/5
3

42



C-Component Factorization

How to get just Q[V2] or Q[V4]?
Both are ancestral in Gyvz,va !

QlV2l =5 QlVz, V4

QlVy, Vi QlVy,V, V3 VY
Q[V]] Q[V] !VZ! V3]

o QVI  QIV]
zVZ,W,VSQ[V] S, QIV]

QlV, V4 =

]
- . S S S S S S e e B e e .

3 ;' [V21V4]
B V3,Va,Vs Y Notice that these c-factors are |
> | expressible in terms of the obs. {1y, \p(y, |v Vo V2)
V2 V3 VaVs distribution (no U-terms)! ] AL

P(V] y Vz) ' comppipraon

P(vi)  P(vy,v, v3)

= P(vy |vy)P(v4 [V, V5, V3)
slides11 276 F24



C-factor Algebra - Summary

We have two basic operations over c-factors

1. Reduce to an ancestral set

O[W] = Z QO[C] If W is ancestral in Gc

c\W

2. Factorize into c-components

c-components in Gg
Each Q[H]] is identifiable
from Q[H]

QOH]| = HQIHII Where H;, ... Hx, are the
J

44



C-Factor (component)

Definition C-factor or C-component

A c-component (short for “confounded component,” [3]) of variable set V'
on graph G consists of all the unobservable variables belonging to the same
c-component related part of U and all observable variables that have an un-

observable parent which is a member of that c-component. -

Definition of Ancestral set

We conclude this section by giving several simple graphical definitions that
will be needed later. For a given variable set ' C N, let G denote the sub-
graph of G composed only of variables in C' and all the bidirected links be-
tween variable pairs in C'. We define An(C') be the union of ' and the set of
observable ancestors of the variables in C' in graph G and De(C') be the union
of C' and the set of observable descendents of the variables in C' in graph G.

An observable variable set S € N in graph (' is called an ancestral set if it
contains all its own observed ancestors (i.e., S = An(S)).
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Causal Effect In terms of
C-Factors

* Consider an intervention do(x)

. /z :
)Y
P(V) QlZ] [X@ P(y[do(x)) = s P(y,z|do(x))

® We can get both Q[Z] and Q[Y] from
Q[V] using c-component
decomposition with G and P(v).
Qzl  ZyxQIZXY]
21 =qlg) = 2, 5 QLZ X, Y] =P@

(o 19000) = 5 PYI20P@

SlES L 276 F D o e b st s
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Causal Effect In terms of
C-Factors

® Consider an intervention

---------
‘— L

S —s
Plv) =Qlx, Y[Qlzl Py |do() = 5 Py, 2]do(o)
QX Z] _ -
Q[Z] — Q[X] —P(Z |X) _ZZ Q[Y, Z]
®* Q[Z] is the same in both =y QLY ‘Q[Z]i

® Can we get Q[Y] from Q[X,Y] ?

slides11 276 F24
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Causal Effect In terms of

C-Factors
 Consider an intervention
.# > ;. & > » @
X V4 Y X 7 Y

QlX| Q[X.Z.Y]

X,Y]=
ant Qlol QIX.Z]

= P(X)P(y|x,2)

e /Y})is ancestral in Gxnn  +
X

— Z O[X,Y]
= Y POP(yIx.2)

P(y|do(x)) = ) O[Y1QIZ]
= Z (Zm)pu E2 ,,,)) P(z|x)

( Zme)ZP{x)Pm .2) ]
oot ]

109
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A General Identification Algorithm

®* Given G and the query variables X,Y
P(y|do(x) = ) QIV\X]

v\ (xUy)

— z QD] where D=4n(Y) in Gx
d\y

®* Suppose the graph Gp has C-components
D¢, Do, ..., Dy, then

P(y|do(x)) = ) []oID]

d\y i

52



ID Algorithm

To compute P, (S) = P(S|do(X))

INPUT: a set S C V.
OUTPUT: the expression for P.(s) or fail to determine.
Phase-1:
1. Find the c-components of G: S*,S4,..., Sk, where X € S¥.
2. Compute the c-factors Q[S*], Q[S1], ..., Q[Sk]
3. Let D = An(S)cy, x; DX = Dn.SX.
4. Let the c-components of Gpx be Di¥,j=1,...,1.
Phase-2:
For each set D' :

Compute QD] from Q[S*] by calling the function Identify(Dy,S*,Q[S™])
If the function returns FAIL, then stop and output FAIL.

Phase-3: ’
Output Pp(s) = ZD\S Hj Q[Dﬁ] Hz Zs.,-\D Q[Si]'



Completeness

Theorem [Huang and Valtorta, 2008]

The causal effect P(y|do(x)) is identifiable from
causal diagram G and P(v) if and only If each of
the C-factors Q[D; is identifiable by
Identi1fy (Di,Ci,Q[Ci],G).

Where C;is the C-component of G containing D;.
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Examples of Estimand
Expressions

""""""""""""

v v H@s v q@s/\: P(Vr1do(Vi)) = % P(Ve| ViV Vs Va Va)P(Va | V3, Vo, Va)P(V: | V1)
2,V3,Y4,V5,V6
X NPV | V{,Vo,Va,Va, Ve, Ve )P(Vs | V|, V5, V3, V)P(V5 | V{,Vo)P (V]
Figure 1: Chain Model with 7 observable variables and 3 latent variables %; (V7 1V1, V2, V3, Vi, Vs, Vo) P (Vs 1 V1, V3, Va, Vi) P (Vs 111, V2)P (1)

(W)

/ /
- - Estimand Expressions for Models 1 & 8 .
(a) Model 1
Model Estimate of P(Y | do(X))
1 Sw P(X,Y|RW)P(W)

> w P(X|R,W)P(W)
ER,W,Z P(Z\R,W,X)P(R|W) > P(Y|R,W,z,Z)P(z|R,W)P(W)

Qo

(c) Model 8



Examples of Estimand

Expressions

TN
/Vm (v
@ @ @ )
@ A ’ PVo|Vi4, Vio, Va)
‘:." .r|1' Vi, Vi, Vo, Vi, Va, Vi, Vi, Via, ¥
r111,11|1 1|.f|1111111111,|~,;
@ @ P(Vs|Vig, Via) P(VeVig, Vit )P(Vig, Via, Via)s
¥ P(Vy|Vy, Va, Va, Vi, V., Ve, Vo, Ve, Vo, Vi, Vi, Vie, Via, V) >

*-__}t___,'i-** ;1|1 Vi, Vi, Vi, Vo, Ve, 1 1,D1, Via, Via. Vi)

f|1|1111111111'|:!|w

(b) Cone Cloud, n = 15 (15-CC) P(Va, ViaVi. Vs, Vip. Via, Via) P (V| Vs Vis. Via) P(Viy. Via)

14}

An estimand often corresponds to inference over a Bayesian network
Which is sometime very dense.

The treewidth of the above example is sqrt of n, when n is the number of variables

So, is evalution Exp(w)?.



Solving the NapKin

® Recall the Napkin graph from last time

\
v
>@

Y

P(v) = Q[Wy, X, Y ]Q[W,] Py |do(x)) =5 QIW;, W, Y]

®* Q[W1,X,Y] Is computable from Q[V]
® Can we get Q[Y] from Q[W1,X,Y] ?

e {Y}is ancestral in Ggw:. w3, SO

P(y [do(x)) = QLY]

slides1ll 276 Winter 2024
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Solving the NapKin

®* We can compute Q[Wz,X,Y] from Q[W1,W2,X,Y] P(y|do(x)) = Q[Y]

QIwW,] QIW, W, X]IQIW ;W o X, Y]
Q] QIWi,W2]  QIWq,Ws, X]

Q[W] y XaY] —

_ Pwy) Plwy, w2, %) P(wy, W, X, Y)
1 Pwy,wp)  Plw,wy, X)

= P(wy)P (x| wy, w2)P(y | wq, W, X)
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Solving the NapkKin

* {X,Y} is ancestral in Ggwx v P(y |[do(x)) = Q[Y]

QIX, Y] =5 Q[W;,X,Y]

Wi

=5 P(wy)P|wq, wo)P(y [wy, wa, X)

Wj

slides1ll 276 Winter 2024

61



Solving the NapKin

® Gix,vyhas two c-components, hence

QIX, Y] = QIXIQLY]

QIX] =, QIX, Y]

2 oy, PP [wq, wo)P(y [wq, wa, X)

2w PW1)P(X | wy, W2)P(y | wq, Wy, X)

Y,Wi

P(y [do(x)) = Q[Y]

o PP wy, w2)P(y [wy, W, X)

= | =P(y[do()

2 o, PW1)P(X | wy, wy)
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Solve the Napkin
using Do-Calculus

® Let's see an equivalent do-calculus derivation - *\\
P(y [do(x)) = P(y [do(x, w2, W1)) Rule3: (Y 1L Wo W1 | X) 7We
= D(y X, dO(Wz, W1 )) Rule 2: (Y 1L X| Wy,W) Gy 5

@
W, W5 X Y

_ P(y, x|do(wy, wy))

— SO doW W) Conditional probability

= P(y, x| do(wy)) Rule 3: (Y, X LW1 | W2)
P(x[do(w)) - ® Wi
2, Py, x| do(wz), wi)P(w, |do(wy))

— Condition on W1

2., Px]do(wz), wq)P(w, |do(w))

2 PO XIWo WPWL) - Ruie 2: (1 X 1w w2 [ Wi

ZW] P(x [ w2, w1)P(w) Rule 3: (W1 1L Wz)GW_2
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Food for Thought

® Use the strategy discussed in this lecture to
identify the effect P(y|do(x)) in the following
causal diagram

slides11 276 F24

64



References

® Tian, J. (2002). Studies in Causal Reasoning and Learning.
Computer Science Department, University of California, Los
Angeles, CA.

® Tian, J., & Pearl, J. (2002). A General Identification Condition for
Causal Effects. In Proceedings of the Eighteenth National
Conference on Artificial Intelligence (AAAI 2002) (pp. 567-573).
Menlo Park, CA: AAAI Press/The MIT Press

® Huang, Y., & Valtorta, M. (2008). On the completeness of an
identifiability algorithm for semi-Markovian models. Annals of
Mathematics and Artificial Intelligence, 54(4), 363—408.

65



	Slide 1
	Slide 2: Roadmap
	Slide 3: Factorizing Observational  Distributions
	Slide 4:  Bayesian Networks: Example (Pearl, 1988)
	Slide 7: Belief Updating
	Slide 8: Bucket Elimination
	Slide 9: Induced Width (continued)
	Slide 12
	Slide 13: Markovian Case
	Slide 14: Markovian Case
	Slide 15
	Slide 16
	Slide 18: Truncated Product in  Semi-Markovian Models
	Slide 19: Semi-Markovian Case
	Slide 20: Using Bucket Elimination
	Slide 21: Semi-Markovian Case
	Slide 22: Semi-Markovian Case
	Slide 23: C-Factors
	Slide 24: C-factors
	Slide 26: C-factors are Causal Effects
	Slide 30: Marginalizing Variables in C-factors
	Slide 31: Marginalizing Variables in C-factors
	Slide 32: Marginalizing Variables in C-factors
	Slide 33: Confounded Components  (C-Components)
	Slide 34: C-Component Factorization
	Slide 35: C-Component Relationship
	Slide 36: C-Component Factorization
	Slide 37: C-Component Factorization
	Slide 38: C-Component Factorization
	Slide 39: C-Component Factorization
	Slide 41: C-Component Factorization
	Slide 42: C-Component Factorization
	Slide 43: C-Component Factorization
	Slide 44: C-factor Algebra - Summary
	Slide 45: C-Factor (component)
	Slide 48: Causal Effect in terms of  C-Factors
	Slide 49: Causal Effect in terms of  C-Factors
	Slide 50: Causal Effect in terms of  C-Factors
	Slide 52: A General Identification Algorithm
	Slide 55: ID Algorithm
	Slide 56: Completeness
	Slide 57: Examples of Estimand Expressions
	Slide 58: Examples of Estimand Expressions
	Slide 59: Solving the Napkin
	Slide 60: Solving the Napkin
	Slide 61: Solving the Napkin
	Slide 62: Solving the Napkin
	Slide 63: Solve the Napkin  using Do-Calculus
	Slide 64: Food for Thought
	Slide 65: References

