Causal and Probabilistic Reasoning

Rina Dechter

The Identification Problem
The Front-Door Criterion,
The Do-calculus

Based on Elias Bareinboim slides

Primer, chapter 3, Causality 3.3, 3.4, 2.5, (Biometrica 1995)
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Outline

The backdoor criterion and the adjustment formula



How could adjustment help

In real data analysis?
(The Problem of Confounding)
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Confounding Bias

Cholesterol Level

What's the causal effect of Exercise on Cholesterol? age
What about P(cholesterol | exercise) ? yd \\

150

140

130

120

110

100

90

80

70

':O‘!'.3: L PRI
[ _J . ° °

exercise ——> cholesterol

° ° [ ] . [ .
oo slides9 276 2024 °
hd °

- 2.

"Exercise (hours/week)



Confounding Bias

What's the causal effect of Exercise on Cholesterol? age
What about P(cholesterol | exercise) ? / \

exercise ——> cholesterol
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Adjustment by Direct Parents

Thm. Given a causal diagram G of any Markovian

system, S aaado(x)) is
identifia at is,
wheneve What if the parents are not visible? ariables X
are mea hen

obtained

P(y|do(x)) = ) P (y|x.pa,) P (pay)

Pdy

Quiz: 1) derive from previous slide
2) derive for non-Markovian models 13



If Season Is latent,
IS the effect still computable?

Queries:

-
" -

0> = P(wet | do(Sprinkler = on))

20 o POV Sp = on, rayP(Sp = om)P(ra| se)P(se) sprinkler rain

P(Sp = on)
— Z P(we|Sp = on, ra)P(ra| se)P(se) \ /
wel

se,ra
= Z P(we|Sp = on,ra)P(ra, se)

se,ra
slides9 276 2024

= Z P(we|Sp = on, ra) 2 P(ra, se)

a_ slippery
If 2. PwelSp = on.ra)P(ra) | Adjustment by Rain!

ra
AR = e




If Season Is latent,
IS the effect still computable?

Queries:

Q2= P(wet | do(Sprinkler =on))

By conditioning on rain,
- p2 (the non-causal path) is blocked, and wet B
- p1 (the causal path) remains unaffected! l

slippery




3.3 The Backdoor Criterion

Definition 3.3.1 (The Backdoor Criterion) Given an ordered pair of variables (X.Y ) in
a directed acyclic graph G, a set of variables Z satisfies the backdoor criterion relative to

(X.Y )ifnonode in Z is a descendant of X, and Z blocks every path between X and Y that
contains an arrow into X.

If a set of variables Z satisfies the backdoor criterion for X and Y, then the causal effect
of X on Y 1s given by the formula

P(Y =yldo(X =2)) =) P(Y =y|X =2.Z=2)P(Z = z)

Rationale:

. We block all spurious paths between X and Y .
2. We leave all directed paths from X to Y unperturbed.

3. We create no new spurious paths.
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The Back-door Adjustment

If a set Z satisfies the bdc w.r.t the pair XY, the
effect of X on Y Is identifiable and given by:

P(y|do(x)) = )’ P(y|x,2)P(z)



Back-Door Sets as Substitutes
of the Direct Parents of X

Direct derivation,
showing it works

Rain satisfies the back-door criterion

relative to Sprinkler and Wet:
(i) Rain is not a descendant of Sprinkler, and

————

, A . *
- ? \‘
(2 «

(i1)Rain blocks the only back-door path from sprinkler rain

Sprinkler to Wet. / 7
Adjusting for the direct parents of Sprinkler, we | /
have: wet B

P(we |do(sp)) = ) P(we| sp, se)P(se)

se slippery
= Z P(we | sp, se, ra)P(ra| sp, se)P(se)
-~ (SplLRal|Se)

— Z P(we|sp,ra)P(ra| se)P(se) é’."’// (WelLSe|Ra,Sp)

se,rd e

= ) P(welsp,ra) ) P(ra,se) ={ ) P(wel|sp,ra)P(ra) | Adjustment by Rain
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Adjustment by Direct Parents
— Back-door Adjustment

More Generally:

e B A LR

() nonode in Zis adescendent of X;and = F§ (X 1LZ | Pax)

(i1)Z blocks every path between X and Y
that contains an arrow into X.

Then: /

P(yldo(x)) = ) P(y|x. pay)P(pay)
pay
= ) P(y|x. pay, )Pz |x, pa)P(pay)
Z.pa,

= Z P(y|x,2)P(z|pay)P(pay) <

LDl Adjustment by Z is equivalent to
= Z P(y|x.2) Z P(z, pay)= Z P(y|x,2)P(z) § adjustment by direct parents
z pa z : whenever Z is bd-admissible!

— | (YLPax|Z X)




How do we find these bd-sets?
Graphical Condition

P(y | do(x)) Is |dent|f|able If there is aset Z
that Y GX (the graph G where all arrows

emanating from X are removed.)

%;/

G

P(y|do(x)) = ) P(y]x, 2, 2)P(z;, 24)

Zl 7Z4



Back-door Examples

Are there admissible back-door sets (relative to
X,Y )for the following graphs?

/2

A ‘%'Zs
OV
0‘— >0 >0 o, >0
X Zs Y X \ Y
slides10 276 2024 ®
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Back-door Examples

Are there admissible back-door sets (relative to
X,Y )for the followinggraphs?

/2

/ 24\ /
.¢— > @ >0
X Zs Y

slides10 2762024

X.\ :.Y
Z

/= {Z4, ZZ}, {Z41 Z5}’ =
{24, 22, Z5}



Examples

P(Y|do(X))?

No backdoors between X and Y and therefore: P(Y|do(X))= P(Y|X)

What if we adjust for W? ... wrong!!!

But what if we want to determine P(Y|do(X),w)? What do we do with the spurious path X > W & Z<-T > Y ?

if we condition on T, we would block the spurious path X > W < Z<-T - Y. We can compute:

P(Y =yldo(X =x), W =w)=> PY =y|X =2 W =wT=1t)P(T =W =uw)
i

£ 4 4

Example: W can be post-treatment pain
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Adjusting for Colliders?

Figure 3.7: A graphical model in which the backdoor criterion requires that we condition on
a collider (Z) 1n order to ascertain the effect of X on Y

There are 4 backdoor paths. We must adjust for Z, and one of E or A or both

slides10 276 2024



Example: Backdoor

Backdoor for the effect of Xon Y

E A E A
vzﬁ vzﬁ
.//—\,. ./—\. backdoor 1: A, Z
X Y X Y

backdoor 2: E, Z

£ a £ a backdoor 3: A, E, Z
z z
X "y X "y

enumerating backdoor paths
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Outline

Computing bd: Inverse probability weighting



Evaluating BD Adjustment

®* The backdoor provides a criterion for deciding when a
set of covariates Z is admissible for adjustment, I.e.,

P(y|do(x)) = ) P(y|x,2)P(z)

® In practice, how should backdoor expressions be
evaluated?

®* There are sample & computational challenges entailed
by the eval. of such expressions since one needs to

®* estimate the different distributions, and

® evaluate them, summing over a possibly high-
dimensional Z (i.e., time O(exp(|Z])) ).

Is it really exp in Z?



Inverse Probability Weighting (IPW)

® Let's rewrite the bd-expression,

P(y|do(X = x)) = ) P(y|x,2)P(z)

~ P(x | 2)P(2)
)= ENtries of the joint distribution

Z g(z)

Inverse Propensity score



Inverse Probability Weighting (IPW)

®* Assume we have N samples, then

P(y,x,z)
P(X | Z)

Z N j= 1 Y—yX—XZ—Z

g(z)

_ —Z Z 1Y—yX—XZ—z

i 8(z)

P(y| do(x)) = 2

./ el 1Y—yX—XZ
A 8(z)

\ >Requires time proportional to
the number of samples N

slides10 276 2024



Inverse Probability Weighting (IPW)

® |n practice, evaluating the expr. 1 i

can be seen as: N

g(z2) = 0.33

N
9(z2) N
>

1/g(z2

n

Inverse
Probability Weighting

“pseudo”
causal samples  *°

Observational samples

slides10 276 2024



Inverse Probability Weighting (IPW)

* In practice, evaluating the expr. ii

can be seen as: N3

IYFY:FX,ZFZ

g(z2) = 0.33
1
2 B,

- Any statistics computed on the
re-weighted samples is causal, in
' the sense that the samples come |

from a pseudo-population that

n . mimics the intervened population.
- N 1117411513 :
Probability Wel hting “pseudo” .

Observational samples

causal samples

slides10 276 2024



Inverse Probability Weighting (IPW)

This provides us with a simple procedure of estimating P(Y = y|do(X = x)) when we
have finite samples. If we weigh each available sample by a factor = 1/P(X = x|Z = z),
we can then treat the reweighted samples as if they were generated from P., not P, and
proceed to estimate P(Y = y|do(x)) accordingly.

X=yes, and normalizing Rewighting by 1/P(x=yes|Z=male) =0.233
Table 3.3 Joint probability distribution (dIVIdmg by 0'49) Or P(X=yes | Z=fema|e)= 0.765
P(X, };,CZI; ) for tIh?TdEg'lgti‘;der'recovery Table 3.4 Conditional probability distri-
story of Chapter able 1. . . Titv dictribntion £
Y P bution p(y: Z‘X) for drug users (X _ Tabl(i: 3..5 P;o?aé)llht%f ;hstrl(ﬁ)unotl: t(?r the
X v 7 % of population ) . e -, population of Table 3.3 under the inter-
(PP }.e,s‘) in the population of Table 3.3 vention do( X = Yes), determined via the
Yes Yes Male 0.116 . . inverse probability method
Yes Yes Female 0.274 X Y Z %0 of population - :
Yes No Male 001 X Y Z % of population
| Yes Yes Male 0.232
Yes No Female 0.101 Yes Yes Male 0.476
No Yes Male 0.334 Y‘SS Y‘SS Female 0547 Yes Yes Female 0.357
No Yes Female 0.079 Yes No Male 0.02 Yes No Male 0.041
No  No  Male 0.051 . Yes No Female 0.132
No  No  Female 0.036 Yes No Female 0.202

This will provide saving if the number of samples is far smaller than domain of Z ’
ere

P(Y|DO(X=yes) =
0.476+0.357=0.833



Outline

Conditional intervention



Conditional Intervention

Suppose a policy maker contemplates an age-dependent policy whereby an amount x of drug
is to be administered to patients, depending on their age Z. We write it as do(X = g(Z)).

To find out the distribution of outcome Y that results from this policy, we seek to estimate
P(Y = y|do(X = g(Z))).

We can often get it through z-specific effect of P(Y|do(X=x),Z=z)

Rule 2 The z-specific effect P(Y = yldo(X = x),Z = z) is identified whenever we can
measure a set S of variables such that S U Z satisfies the backdoor criterion. Moreover,
the z-specific effect is given by the following adjustment formula

P(Y = yldo(X ==x),Z = z)

=) P(Y =y

X=xS=s2Z=z)P(S=s)



Conditional Intervention

We now show that identifying the effect of such policies is equivalent to identifying the
expression for the z-specific effect P(Y = y|do(X = x), Z = z).
To compute P(Y = y|do(X = g(Z))), we condition on Z = = and write

P(Y = yldo(X = g(Z)))
= ZP Y = ’u|do =9(Z)),Z = z)P(Z = z|do(X = g(Z)))

=) P(Y =yldo(X = g(2)).Z = 2)P(Z = z) (3.17)

The equality
P(Z =zldo( X =g(Z))) = P(Z = z2)

stems, of course, from the fact that Z occurs before X'; hence, any control exerted on X can
have no effect on the distribution of Z. Equation (3.17) can also be written as

Z P(Y = yldo(X =x), 2)

P(Z = =z)

r=g(z)
which tells us that the causal effect of a conditional policy do(X = ¢g(Z)) can be evaluated
directly from the expression of P(Y = y|do(X = x), Z = z) simply by substituting g( =) for

r and taking the expectation over Z (using the observed distribution P(Z = z)).

So if we can compute conditional interventions we can compute conditional policies.



Outline

Front door condition



Incompleteness of Backdoor Criterion

Genotype (hidden) Genotype (hidden)
-0 —
Smoking Cancer Smoking Tar Cancer
no backdoor no backdoor
causal effect is not identifiable causal effect is identifiable!

causal effect of smoking on cancer Pr(c|do(s))



Reminder: Truncated Product
N Semi-Markovian Models

The distribution generated by an intervention do(X=x)
In a Semi-Markovian model M is given by the
(generalized) truncated factorization product, namely,

P(V\do(x))—z H (v:| pa, u;) P(u)

u {V. e V\X]}

And the effect of such intervention onaset Yis

Pyldoxp= ) D || Pvlpra,u)P

vi(yUx) u {V, € V\X}

w A~



Interventions - Another Example

Real world
Z

/\

X Y |
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Interventions - Another Example

Real world

Ux
.y
\
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Interventions - Another Example

Real world Alternative world
U U
Y o
& Y Intervention o 4
X Y X Y
. X « fX(uxya ux) M . Jﬂ((é':xya :"{x) X=xXx
Y — fylx, g, u,) do(X=x) Y Y = Syl uy)

slides10 276 2024



Interventions - Another Example

Re-writing the interventional distribution, Alternative world
N [ UY}’
P(v|do(x)) = z POy P(y | X, wyy, uy)P(u, uy, u,) ..
sy, ‘
( \ \ /
-1y Z P(Y 1%, ttyy, ) P(ay) | PGag) [ | ) Py o >
. n X Y
L ) ) \ /
P(y|do(x)) = Z P(y|x, 1y, )P(it,,) RN
AT Xy Y X =
We can get rid of U y Mx —
But not of U_xy Y « fy(x Uy, U ;)

These distributions are not observed,
and nothing more can be removed.
slides10 276 2024



The Front-door Case

Real world

Uxy
L

7 N\

>
N é

(X« fx(ny» Uy)
M= Ze fz2(xup)
Y — fY(Z, qu, Uy)

-

P(v) = > P(x]| Uy, U) P (2 | X, Uy)

P(y | Z; ny» uy)P(u)

Intervention

do(X=x)

slides10 276 2024

Alternative world

Ux
.y
\

N @

fX g fX(qu, UX) X = X
L« fZ(Xl Uz)

Y — fY(Z, qu, Uy)

P(vido(x)) = 5 PGty udP(2]x, U)

P(y | Z» uXyr Uy)P(U)



1. (Y IL X | Z, Uy)
2. (Z 1L Uxy | X)

The Front-door Case

Re-writing the interventional distribution...

P(v|do(x)) = 5 DO¢lu

u

( )
s PI%uPU)

\ )

PEIX)s Ply12 Uy)P(uy)

Uyy

Summing over X

P(Z |X) Z P(y | Z, ny)P(uxy | X’)P(X,)

X', Uyy

(Y L X | Z, Uy)

P 5 Py 1z, X, ug)P Uy [XIP(X)

X', Uyy

(Uxy 1L Z | X)

PEIX) 5 P(Y 12X, Uy)P(Uy X', 2)P(x)

X', Uyy

Chain rule and sum out Uxy

PEIX)s 5 P(Y, Uyl 2 X)P(x)

UP(Z X, U)P(Y |z, Uyy, uy)P(U) U.X\V
( \( \
Z P(y | Z, ny» Uy)P(ny; Uy) Z P(UX) \\\ |
\ ot AN ) ¢ e o
X Z Y

Alternative world

P(vido(x)) = P(z[X)y P(ylz x)P(x)

Pyldo()) = 5 PzIX)y P(ylz X)P(x)

JA

These factors can be computed
from the observed distribution



Front-door Condition

Definition 3.4.1 (Front-Door)

A set of variables Z is said to satisfy the front-door criterion relative to an ordered pair of

variables (X,Y ) if

‘ ‘ <Gf?n£;;_\-‘,?9
I. Z intercepts all directed paths from X to Y. /\
2. There is no unblocked backdoor path from X to Z. X Z v
SMOKING[ ™| . TAR -l LUNG
DEPOSITS CANCER

3. All backdoor paths from Z to Y are blocked by X.

(b)

Theorem 3.4.1 (Front-Door Adjustment)
If Z satisfies the front-door criterion relative to (X,Y ) and if P(z,z) > 0, then the causal
effect of X on'Y is identifiable and is given by the formula

P(yldo(z)) =) P(z|z) Y  P(ylz’,2)P(a’). (3.16)



Example (Front-door)

Table 3.1: A hypothetical dataset of randomly selected samples showing the percentage of

cancer cases for smokers and nonsmokers in each tar category (numbers in thousands)

Tobaco industry:

Only 15% of smoker developed

Tar No tar All subjects cancer while 90% from the non-
400 400 800 smoker
r,S"fﬁ okers Non smokers Smokers Nonsmokers Smokers Nonsmokers
- 380 20 20 380 400 400
No cancer 323 1 18 38 341 39 ) )
(85%) (5%) (90%) (10%) (85%) (9.75%) Antismoke lobbyist:
Cancer 57 19 2 342 59 364 If you smoke you have 95% tar vs
(15%) (95%) (10%) (90%)

Q {90.25%@

no smokers (380/400 vs 20/400)

Table 3.2 Reorganization of the dataset of Table 3.1 showing the percentage of cancer cases in
each smoking-tar category (number in thousands)

SMOKERS NON-SMOKERS ALL SUBJECTS
400 400 800
Tar No tar Tar No tar Tar No tar
380 20 20 380 400 400
No cancer 323 18 1 38 324 56
(85%) (90%%) (5%) (10%9%) (819%) (19%)
Cancer S/ 2 19 342 76 344
(15%) (10%9%) (95%) :;L]D";ﬂ (9%) (81%)

If you have more tar, you increase
the chance of cancer in both smoker

(from 10% to 15%) and non-smokers (from 90%
To 95%).



The Syntactical Goal on
ldentification of Causal Effects

®* For both back- and front-door settings, the
goal was to reduce the quantity Q = P(y|do(x))
INto an expression with no do(.), I.e., estimable
from the observational distribution P(v).

®* We are interested In rules or a set of axioms
that allow the systematic transformation of a
do(.) expression into a do-free expression while
preserving the equivalence to the target effect.

12



Outline

The do calculus
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Rules of Do-Calculus

Theorem 3.4.1. The following transformations are valid
for any do-distribution induced by a causal model M:

Rule 1: Adding/removing Observations
P(yldo(x),z,w)=P(y|do(x),w) T @ZLY|W)g

Rule 2: Action/observation exchange
P(yldo(x),c0(z),w)=P(y|do(x),z,w) it (ZLY]|X W)g_

Rule 3: Adding/removing Actions
P(yldo(x),co(z),w)=P(yldo(x),w) if (Z 1LY|X, W)

where Z(W) is the set of Z-nodes that are not ancestors of any W-node in G . 93

Gxzow)



Insight 1. Adding/removing Observations

®* Adding/removing observations

In the original model, Zand Y ¢ ;{»; s
may be not separable, e.q.:

G Gx
(Z4Y), (Z4Y | X)

do(X=x)
However, in the the do(X)-world (model My), Y and Z
are d-separated, that is,

(ZLY)s = PIdo(),)=P(yldo(x))
Let's verify this equality!

slides10 276 2024 Try it yourself



Insight 1. Adding/removing Observations

®* Adding/removing observations

P(yldo(),)=P(yldo(x)) ?

First, let’s write the interventional distribution,

P(v|do(x))

=5 PzlugP(y[x, uy, ug)P(u)

u

P@)s Py 1%, Ug)P(Uy)

Xy

Let's keep the truncated in this form and ...

&< e ° o——o
X Y / X Y
G Gx
do(X=Xx)



Insight 1. Adding/removing Observations

®* Adding/removing observations

— ? >CK > —_—
P(y|do(x),2)=P(y|do(x)) - s s e —p
And, let’s rewrite the conditional effects, do(X=x) X

P(y [do(x),2) = 2 :21d0())

/ P(z|do(x))

P(y,z|do(x)) = P(Z)Z P(y 1%, Ux)P(uy) P(ZIdO(X))— P@@)y Py[x uy)P(uy)

Uyy y Uyy

= P@

slides10 276 2024



Insight 1. Adding/removing Observations

®* Adding/removing observations

P(y|do(x),)=P(y|do(x)) ? 2 S
Substituting the factors back... G Gx
do(X=Xx)
’E?T"”i P@X,,, P I, Ug)P(uy)
: (y| “O(X)' Z)_ _ P(Z)
= > P(ylx, ny)P(uxy)
: Choteny| @ LY)g ok

£) X



Insight 2: Action/Observation Exchange

® Action/Observation Exchange

: :
After observing Z, variable Y /\ o \.
X Y X Y

G G

reacts to X in the same way,

with and without intervention. do(X=x) ’

Note that given Z, Y Is correlated with X only through
causal paths, hence, see(X=x) will be equiv. to do(X=Xx).

ldea. If Z blocks all bd-paths w.r.t (X, Y), then cond. on Z,
all the remaining association Is equal to the causation.

YLX|Z) = Pyldox),2)=P(ylx2)
) Let’s verify this equality! ..



Insight 2: Action/Observation Exchange

® Action/Observation Exchange

z .
P(yldo(),2)=P(y]x.2) ? / \; . \»;
G Gy

First, let’s write the interventional distributions, do(X=x)

P(y,zldo(x)) = 5 PElu)Pylxzu)Pu)  Pzldo() =y P@PYIx2)
u y
= P(2)P(y[x, 2) = P(2)

Piv[dond 7l BEwldo)) | P@PlyIX2—
e P(2]d0(X)) P(z) |

slides10 276 2024 (Y 1L X ‘ Z)Gl( £)
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Insight 2: Action/Observation Exchange

® Action/Observation Exchange

. .
P(Y]d0(0),2)=P(y]2) 2 / \; . \»;
G Gy

First, let’s write the interventional distributions, do(X=x)
P(y, z|do(x)) = 5 P(zlu)P(y lo(x)) =y P@PYIx2)
u y
= P(2)P(y|x, 2) = P(2)

Piv[dond 7l BEwldo)) | P@PlyIX2—
e P(2]d0(X)) P(z) |

slides10 276 2024 (Y 1L X ‘ Z)Gl( £)
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Insight 2: Action/Observation Exchange

® Action/Observation Exchange

/ /

[
Great, but what about the equality /\ . \.
X Y X Y

G G

P(y|do0))=P(y[x)?
(Y ;H: X)GX do(X=x)

Let's compare left and right-hand sides:

Plyldo() =5 5 PIxzu)Pzlu)P)  pry|x) - 5 P(yix,qP(z'lx)}

Z

X

) Z P(Y|X, z) n- A

20



Rules of Do-Calculus

Theorem 3.4.1. The following transformations are valid
for any do-distribution induced by a causal model M:

Rule 1: Adding/removing Observations
P(yldo(x),z,w)=P(y|do(x),w) T @ZLY|W)g

Rule 2: Action/observation exchange
P(yldo(x),c0(z),w)=P(y|do(x),z,w) it (ZLY]|X W)g_

Rule 3: Adding/removing Actions
P(yldo(x),co(z),w)=P(yldo(x)w) it (Z 1L Y|X, W

where Z(W) is the set of Z-nodes that'aie’ri6t’aricestors of any W-node in Gy . -



Insight 3: Adding/Removing Actions

®* Adding/Removing Actions

If there Is no causal path from L .
X to Z, then an intervention on Z X Y Zz X Y
G X

X will have no effect on Z.

(ZLX)g = P@dor)=P@
Let’s verify this equality!

slides10 276 2024



Insight 3: Adding/Removing Actions

®* Adding/Removing Actions

=P(z) ? ey F
Pl )=P@)° Z X Y Z X Y
l P(Z|d0(><))‘: 3 P(v|do(x)) do(X=x)
. Y y
-y 5 P(Z|uzy: U»)P (Y [X, Uzy) P (Uzy, Uzy)
Y Ugy, Uz

= Z P(Z | uZy; UZX)P(uzy; uZX)

=@ (Z 1L X)Gy( Iil)

slides10 276 2024



Rules of Do-Calculus

Theorem 3.4.1. The following transformations are valid
for any do-distribution induced by a causal model M:

Rule 1: Adding/removing Observations
P(yldo(x),z,w)=P(y|do(x),w) T @ZLY|W)g

Rule 2: Action/observation exchange
P(yldo(x),c0(z),w)=P(y|do(x),z,w) it (ZLY]|X W)g_

Rule 3: Adding/removing Actions
P(yldo(x),co(z),w)=P(yldo(x)w) it (Z 1L Y|X, W

where Z(W) is the set of Z-nodes that'aie’ri6t’aricestors of any W-node in Gy . -



Properties of Do-Calculus

Theorem (soundness and completeness of do-
calculus for causal identifiability from P(v)).

The causal quantity Q = P(y|do(x)) Is identifiable
from P(v) and G if and only if there exists a
seguence of application of the rules of

do-calculus and the probability axioms that
reduces Q into a do-free expression.
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Genotype (Unobserved)

Lo
Derivation in Do-Calculus
Smoking Tar Cancer
PCcldo(s) 3 3 P(eldo(s).0P(1]dofs) Probability Axioms
= ) P(c|do(s),do(t))P(t|do(s)) Rule2 (T1L.C|S), Ty
= iP(cldo(r))P(rldo(s)) Rule3 (SLC|T), .
= ) P(c|do(t)P(t|s) Rule 2 (S11),, P

_ Z 2 P(c|do(t),s")P(s'| do(t))P(t|s) Probability Axioms

-------

— Z ZP(C|t,S’)P(S’|d0(f))P(t|S) Rule 2 (TJJ_ C | S)GT .L). na.

-------

4 S
@ P(c|1, s)P(s)P(t|5) Rule3 (TLS), ¢
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Example. Non-identifiable Effect

e et M be a model compatible with G and inducing an observational

distribution P(v): 5
i » Without intervention, U is

o . M= {;f:fU(X ,, | alwaysequalto Xin both
& " o . models, hence Y always outputs
X y U~ Pen=0-1" gy U)and PO®)=PO(v)=P(v).
(X « ny
MDD = Ye{fY(X’U) iflU=X
0 otherwise
XUy (i
M(2)=<Y<_{fy(X,U) if U=X =Py | x,U=x)P(U = x)
1 otherwise — P(y | X) P()C)

POW) = PPU) = P(U)

Both models induce the same gra h G and have the same P(v)
ides10 276 2024 28



Example. Non-identifiable Effect

e Let M be a model compatible with G and inducing an observational

distribution P(v): | |
[ i » Under intervention do(X=x), U
U dﬂ’f) S . and .X do not need to match,
~. i hence M. and M2 will output
& i‘o L i‘o : _ . . -
X Y X Yi{ Y=1I with different probability:
N POy [ do()) 010 MV, L in M
M=y e {fy(X, U) ifU=X =)
0 otherwise Z = Z P(Z)(y | x, WP (u)

(X e
M@ = 3 if [7 =
v {fY(X, U) ifU=X
1 otherwise

POW) = PAWU) = P(U)

Even though both models induce the same grap
P(v), the causal effect P (y|do(x)) # P (y|do(x))!

N G and have the same

29



Non-identifiability Machinery

Lemma (Graph-subgraph ID (Tian and Pearl, 2002))

®*If Q =P(y|do(x)) iIs not identifiable In G, then
Q Is not identifiable in the graph resulting from
adding a directed or bidirected edge to G.

®* Converse. If Q = P(y|do(x)) Is Identifiable in G,
Q Is still iIdentifiable in the graph resulting from
removing a directed or bidirected edge from G.



Non-identifiability Puzzle

®* Is P(y | do(x)) identifiable from G? x .-~

®* Is G of bow-shape? \., ' /
/2

® Is P(y | do(x), z2) identifiable from G? Y
® Is P(y | do(x, z1)) identifiable from G?

Try it at home

P(Y|do(x) is not identifiable
But when conditioningonZ_1, or Z_2 they are.
So, computing the effect of a joint intervention can be easier than [C] sec 35.

Their individual interventions.



Non-ldentifiability Criterion

Theorem (Graphical criterion for non-identifiability
of joint interventional distributions (Tian, 2002)).

If there Is a bidirected path connecting X to any of
its children in G, then P(v|do(x)) Is not identifiable
from P(v) and G.
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Some ldentifiable Graphs

Z
X

7
X X X N
\ v Z /I
Y ol Y
(a) (b) (c)

(d)




Some Non-ldentifiable Graphs

- Z
\\

X




Summary

®* The do-calculus provides a syntactical characterization to
the problem of policy evaluation for atomic interventions.

®* The problem of confounding and identification Is
essentially solved, non-parametrically.

®* Simpson’s Paradox iIs mathematized and dissolved.

®* Applications are pervasive In the social and health
sciences as well as In statistics, machine learning, and
artificial intelligence.
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