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Introduction

 Inference presented algorithmically thus far
1. Find elimination order
2. Construct Bucket Tree
3. Pass messages on Bucket Tree

. New perspective on approximation
= p(x) is hard, so choose an easy g(x) € Q

= Formulate inference as an optimization problem

e.g. minimize “distance” between g and p
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Projection Problem

 Given p, find distribution from family of
distributions Q that is closest to p:

arg minqeg D(Qa p) What if p € Q?

Space of all
distributions
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Projection Problem

 Given p, find distribution from family of
distributions Q that is closest to p

arg mingec o D(gq, p)

p(x) q € Qr q € Qrnd
@)
© @)
000 o © °
© @)
“Hard” “Easy” “Easier”
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Outline
KL Divergence & Free Energy

 Simple form of Q
= Mean-Field
= Exact Inference / Junction Tree

J Approximate Free Energy
= Loopy Belief Propagation

J Variational Upper Bounds
= Weighted Mini-Bucket
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Divergence Measures

d Say | have distribution p(z1,z,): “1|2

X2 X2
b
5’,‘1 C d

J Approximate by q(z1,72) = g(z1)g(z2)

Information-Projection

= argmin ) _ q(x)log p(z)

= arg min —H [¢q] — E, [log p]
st. q(xz) >0, > q(z) =

Moment-Projection

qK/[proj = alrg min DKL (pn Q)

= argmin ) , p(x)log [zgxg]

Ly log g
st. qx) >0, > q(zr)=

= arg min —H [p| —
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Divergence Measures

X2 X9

U Say | have distribution (4, 2,): "} >21%%

71| 0.25 | 0.25

J Approximate by q(z1.22) = q(a1)q(a2)

|-Projection M-Projection

I-Projection

t-Projection

n e m——

. )
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Divergence Measures

X2 x9
d Say | have distribution ,(;,,2,): [ 227129
71| 0.03 | 0.47
 Approximate by q(z1,z2) = q(z1)a(z2)
|-Projection M-Projection
1 F M-Prajection ﬂﬂ

q(}q)
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Divergence Measures

X2 X9
d Say | have distribution ;. 2,): |22 122
71| 0.05 | 0.05

J Approximate by q(z1.22) = q(a1)q(a2)
|-Projection I\/I-Proiection

gix, )
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Free Energy and D, (q,p)

Unnormalized
 Let p(z) = Z—lw 11, Ya(za) = Z%b]b“(a:) < Measure

- Consider the I-Projection:

Dir(a,p) = ¥, a() log | 43| = —Hla(x)] - 3=, a() log p(v)

= —Hlq(x)] — >_, q(z)log p(z) + log Zy,
[ Since Dx(¢,p) > 0 we have a bound

log Zy > Hlq(x)] + >, q(z)log p(x) := F g, p]

\ J
Y

Energy Functional

Function is a mapping: = +— f(x)

’R& Functional is a mapping: f +— f(x) “function of a function”
A8 O
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Free Energy and D, (q,p)

Unnormalized
 Let p(z) = Z—lﬁ) 11, Ya(za) = Z%b]b“(a:) < Measure

- Consider the I-Projection:

Di1(,p) = 3, a(x) log | 45| = ~H[q(x)] - 3, a(x) log p(x)

d For I-Projections we have:
mingeo Dicr (¢ p) = maxgeo Hlg(x)] + 3, () log p(x)
(1 What about M-Projections?

=  Much harder: requires marginals of p(x)

o7

Function is a mapping: = +— f(x)

’R& Functional is a mapping: f +— f(x) “function of a function”
A8 O
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Outline
. KL Divergence & Free Energy

 Simple form of Q
= Mean-Field
= Exact Inference / Junction Tree

J Approximate Free Energy
= Loopy Belief Propagation

J Variational Upper Bounds
= Weighted Mini-Bucket
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Naive Mean Field

 Target distribution is: p(x) = 7 I1, Ya(@a)
 Assume g takes simple form: (=) =TT, @ (=)

. Running Example:

=11 ai(x
@ ©o

)

@2

p(z) = Zl—,d) Hij Vi (i, )

© O
© O

OOOO;‘E\
© 0 O O

© O
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Naive Mean Field

J Goal is to optimize:
maxqeo Hq(x)] + 2_, q(z) log p(x)

s.t.oq(x) =11 a6(xi) , 2oy, ti(z:) =1

J Can re-write Entropy as:
» Hlg(z)] = >_; Hlqi(z:)] = — >_; 2., qi(wi)log q;(x;)

J For our example: #(z) = I1;; vi;(xi, ;)
=) a(@)logp(x) =2 ;2 ., o @i(@i)a;(x;) log i (x4, x ;)
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Naive Mean Field

. Construct Lagrangian
L=) Hlgi(z;)]+
D i Dy G(@3)q5(25) 1og Yij (@i, 25)+
Zi \; (Z% q; (33@) _ 1) - From Normalization

Constraint

. Take partials and equate to zero

iy = ~logai(w:) — 1+

> jeN(i) 2oz, 45(@5) 1og hij (x4, x5)+
A =0
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Naive Mean Field

. Construct Lagrangian
L=) Hlgi(z;)]+
D i Dy G(@3)q5(25) 1og Yij (@i, 25)+
Zi \; (Z% q; (33@) _ 1) - From Normalization

Constraint

. Take partials and equate to zero

ity = ~logai(w:) — 1+

> ien() Bqllog¥ij (i, z;)[Xi = ]
A =0
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Naive Mean Field
J Re-arranging gives:
qi(ri) = 7 exp {ZjeN(i) Eq [logij(ws, x5)| Xy = ﬂi‘z']}

] For node i:

@ KQ(xj)loglbij(i%ﬂ?j) + Q(fj)logwij(xiajj)‘F\
1 q(zr)log Yik (s, Tk ) + q(Tr) log Yig (@i, Tr )+

(D)—CD)—CD qi(7i) = 7 exp q(z1) log Yur(wi, x1) + q(T1) log Vi (x4, T1 )+
\Q(l‘m) 10g Yim (Ti, Tm) + @(Tm,) 10g Yim (24, -’I_Tm)/

@

Complexity?
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Naive Mean Field Algorithm

Input:  p(z) = 21, ¢ z))
Output: q(z) = [1; ¢i(zs)

TRT xity?
initialize each ¢.” (z:), t « 0 Complexity

while -converged

for each node j

(t41)

Update: ¢; (i) < exp {ngN(i) Eq [log ¥ij(wi, z;)| Xi = Sﬁz]}

Normalize: Q§t+1)($i)

t+—t+1
return ¢(z)

v

A8 O
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Naive Mean Field Summary

J Every update increases energy

= Look at terms involving g;

Flgi, p) = Hilai(@i)] + 22 jeni) 2ows 0, 46(@i)a;(25) log i (@5, 25)

\ J \ J

v Y
Concave in ¢; (331,) Linear in q; (331)

1 Will converge to stationary point

1 Limitations:

L2 X9
x1| 0.47 | 0.03
xr1| 0.03 | 0.47

. i
£ nsp A
=2 ; ’ :’: %
4 i
D4 41/_; i
i
02 iz
.'(A"'
i
i N t} 01 0z 03 04 05 0B 07 08 038 1
‘ qlx,)
p O

If p(.ﬁCl, 372) :
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Structured Mean Field

J Choose g with some low tree-width structure

= Updates more complex / require inference in g

p(x) = Zl—w Hij Vij(Ti, ) q () q"(x)
o0—0—0—O0 o0—0—0—O0

o—0—0—0 0—0—0—0
o—0—0—0 0—0—0—0

o—0—0—0 o—0—0—0
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Structured Mean Field

J Choose g with some low tree-width structure

= Updates more complex / require inference in g
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Outline
. KL Divergence & Free Energy

 Simple form of Q
= Mean-Field
= Exact Inference / Junction Tree

J Approximate Free Energy
= Loopy Belief Propagation

J Variational Upper Bounds
= Weighted Mini-Bucket



BIREN:CS UNIVERSITY of CALIFORNIA { ) TRVINE

INFORMATION AND COMPUTER SCIENCES

Junction Trees

d Let T be a junction tree of p(x)

= Let C denote clustersinT

= LetS; denote separators on edges of T

Recall that:

Junction Trees Satisfy:
- Factor Preservation
- Running Intersection

= Let B, be the belief over cluster C.

= Let y; be the belief over edge sep. S;

d Ex: plz1, 20, 23,24, 25) = %@12(311,332)1/113(581,333) - y5(xg, T5)

\01 — {331733273;3})

Sia = {392,333}
CQ — {ZEQ,CU3,$4}
Soz = {$37334}

~N

Cs = {$3,$4,$5}
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Junction Trees

 Junction Tree T of p(x) defines a distribution g(x)

ILcy, Bitze)
QT('@) llweE H'zg( ”)

where

chi\xs.. IBZ(sz) — luij(ajsq:j) — Z:’ch\fcs-- Bj(xcj)

1] ]

1 ‘Consistent’ beliefs are marginals of g{x)

= e.g, QT($17$2,$3) — B1($1,$27$3)



BIREN:CS UNIVERSITY of CALIFORNIA { ) TRVINE

INFORMATION AND COMPUTER SCIENCES

Junction Trees

J In our example:

_ Bi(z1,x2,23)B2(x2,x3,24)B3(x3,24,25)
QT(LU17$27$37$47335) — ”12(3321333)“23(3337334)

where le 61(331,3327583) — M12(3327$3) = ZM 52(372;333@4)

ng Ba(z2, 73, 04) = p23(r3,74) = Z$5 B3(x3, 4, T5)

@ \Ol — {331733273;3})
1w Sa = feas]

’ (Ca = {a2, 22,24}

T I {Cg = {:C3,£U4,335H
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Exact Inference as Optimization

J Goal is to optimize:

maxy, F [(gr(z1,...,z5), p(@1, ... 25)]

. _ Pi(x1,x2,x3)P2(x2,2x3,24)P3(x3,T4,T5)
S't' QT(xla Xy, T3,T4, $5) — ﬂ12($23$3)ﬂ23($31$4)

\ Consistency
D, Bo0, w3, 34) = prog(ws, w4) = 3, Ba(ws, wa,s) [ CONSHRAINE

2/
___________________________________________________________________ ~N
D wg.mq B1(T1, T2, T3) =1 |
i _ Normalization
| Z$27$37$4 62(m2’x3’$4) o - Constraitits
Zg;g T4,Tx 63(333)39473:5) — 1 E
S | _)
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Exact Inference as Optimization
J More generally:

maxqeo, Hlg(z)] + >_, q(z) log p(z)

)
(Te;) = iy (%U) for all edges
)

S.t ZZE% \$Sij /67,(
Z(B . /BZ (:UC — 1 .
€ for all vertices
Bi(xc,,,) 2 0

[ Find stationary points by:
= Constructing Lagrangian L
= Taking derivatives of £ wrt 3;(x.,), pij(ws,,)
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Fixed Point Characterization

[ Results in standard message passing updates:
Mizsj(@si;) X g, \ao. Vi) ey ma—i(Ts,,)
bi(ze;) X Vi(@e,) | ieniy mi—i(@s,;)
J Ex:

{C’l ; 371,;(:2,373] —
A\ mi2(T2, T3) = Zwl Y12 - Y13

N 2—1(T2, 23
Q@ \£62 2332,;1:3,;54]

/
@ m3—>2($3, 374)

/ Ma—3(T3,T4) = Zmz P23 - P24 - M12

[Cg : x3,$4,:c5] <
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Outline
. KL Divergence & Free Energy

 Simple form of Q
= Mean-Field
= Exact Inference / Junction Tree

J Approximate Free Energy
= Loopy Belief Propagation

J Variational Upper Bounds
= Weighted Mini-Bucket
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Loopy Belief Propagation

d Cluster Graph generalizes Junction Tree

= Family preservation & relaxed running intersection

Junction Loopy Cluster
T Graph
ree

r1,ry —T1— 1,13
[:ElaanaxB} Zo -
X (3
o I3

o
[ o, I3, 364}

| To, T4 —T4— T3,24

e 5

Markov
Network

|
332?393

3, T4
| T4
X3,T4,T
Sij = CiNCj Sij € CiNC;j
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Factored Energy Functional
. Exact inference was cast as:
maxg F'lg, p] = maxq Hlg(z)] + >, q(x)log p(x)

ey Bitae)

ll ije By Uzj( s”)

St qr(x) =

ZQZC?.} \xsij /67/(3:01) — /’L’LJ (ISij) for a” Edges
Zazci /Bz(xcz) =1

for all vertices
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Factored Energy Functional

. Exact inference was cast as:

maxgq Flg, p| = maxq Hlq(x)] + >_, q(x) log p(x)

(d Because g is a junction tree, entropy decomposes
Hla(@)] = ey, HIB] = Sijer, Hluig) WHY?
d Factored Energy
Flg,pl =Y sev, HIBil = X icm, Hlnij] + Eqllog ]
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What if g isn’t a junction tree?

max, F[g, p]

S.t. Zazci\:cs.. /BZ(CUC’L) — Mij(xsij), chi /B’L(:CC?,) =1

]

1. cv. Bi(ze;) H.Evﬁi(irci)
— i V q T) = i
g7 () H%ET PE. () [T, pris (o)

, Loopy Cluster Graph
Junction Tree

1,3 %3"1 1,23

{331,332,-’1?3} N ’

I Ia I3

I9, T3

l L2 | T2, 23| T
{33253735-’174‘

|

T3, T4 To, Ty —L4— XT3, Ty

| E'j

[33:5,33‘4,-’1?5} L4
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What if g isn’t a junction tree?

max, F[g, p]

S.t. ZCUCZ- \xsij BZ (xci)

HiEVT Bi(we,)

QT(ZU) — HMGET Mij(msij)

1 Beliefs are marginals
= g(ze,) = Bi(ze,)

d Entropy factors, so
F[q, p] is exact energy

J Boundonlog Z,

— (), T Bile,) =1

_ Hievﬁi(xci)
Q(CC) B HijEEuij(msij)

1 Beliefs not necessarily
marginals

EI Entropy doesn’t factor,
so F'q,p| = Flg, p]
1 No bound onlog Z,
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Marginal Polytope

1 Marginal Polytope: Set of achievable marginals

= Not compact generally (exponential # of constraints)
= Difficult to optimize over

= NP-hard even to check if beliefs lie in polytope

Local
Consistency

Marginal B —

polytope

Distributions p

Cartoon borrowed from Andrew McCallum
\ : (http.//people.cs.umass.edu/~mccallum/courses/gm2011/14-loopy-bp.pdf)
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Marginal vs. Local Polytope

1 Local consistency polytope defined by
u Za:ci\:csij /BZ($C’L) — H”ij(wSij) , Zx% /Bz(xcf,.,) — 1’ /Bz(mcz) >0

D Exa m ple . Locally Consistent set of Beliefs
Ty T T3 I3
3 i) 04| 0.1 3 i) 0.4 ] 0.1
P12 ¢ _ 213+ _
Markov T %01 04 " %0104

Network
@ T1,To —L1— 1,23

@“@ s s

I3 .’1_’.?3

P23t _
* Zo| 04 |01 L2223
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Marginal vs. Local Polytope

1 Local consistency polytope defined by

- Zxci \Ts, Bﬁ (Q:Cri )

Try to find a solution to:

p(xla L2, $3) +p($1? L2, j?)) = 04

p 371,33'2,95’3) +p($1,$2,$3 - 0 41

p(x1,T2,23) + p(x1, 22, T3

S

( ) =

p(x1, %2, x3) + p(Z1, 2, x3) = 0.1
( ) =
( ) =

p 371,332,95’3) +p($1,$2,$3 - 0 1

p(T1,72,73) > 0
Zml,mz,ms p(a:lij,:Eg) =1

= M’L'j(xsij) , Zﬁ?ci /BZ(sz) - 1)

Locally Consistent set of Beliefs

Tg Tg T3
x| 0.4|f 0.1 T 04
Bi2: _ I Bz i _
Z1| 0.1 | 0.4 T 01
331,$2 931,$3
I3 ’?3
72 o040 L0203

I3
01
04
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Marginal vs. Local Polytope

1 Local consistency polytope defined by
u Za:ci\:csij /BZ($C’L) — H”ij(wSij) , Zx% /Bz(xcf,.,) — 1’ /Bz(mcz) >0

Try to find a solution to:

p(a1, 22, 23) + p(a1, T2, T3) =

b bl i
[
o r3 I
¢ 0 2: Ojr
= = = ) o . .
p(T1,%2,%3) > 0 Pag : _ T2, T3
Iro| 0.4 0.1

Zml,mz,ms p(ajl; I, 373) =1
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Loopy BP Algorithm

Input: p(z) = 7 I1;; i (zi, 25)
Output: Approximate marginals gi(z.,)

build cluster graph: CG = (V, E)

initialize messages: m;—j(zs,,) = 1

while locally inconsistent beliefs
foreach edge (i —» j) € E

update message: mi—;(Zs;;) < 2y oo Vil@e) Hienayy me—i(@si)
for each node
update beliefs: bi(7,) o< ¥i(z,) HjeN(q;) mj—i(Ts,;)
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Loopy BP Summary

J Introduces two approximations
= |nexact, factored energy functional
= Local consistency may yield bad marginals

] Does not provide a bound on log Zy,
 Does not improve energy at every iteration

- Might not converge, many stationary points

J Useful in hard problems!

= Easy to implement / solid empirical performance
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Outline
. KL Divergence & Free Energy

 Simple form of Q
= Mean-Field
= Exact Inference / Junction Tree

J Approximate Free Energy
= Loopy Belief Propagation

J Variational Upper Bounds
= Weighted Mini-Bucket
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Weighted Mini-Bucket [Liu & Ihler]
. Builds upon Mini-Bucket Elimination (MBE)

J Bounds log Z,, using Holder’s Inequality
= Parameterized by set of weights
= Weights optimized to ‘tighten’” bound
= Standard MBE is specific setting of weights

J Complexity controlled by iBound parameter
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Review of Mini-Bucket Elimination

Markov Network

Zop = D ) g wn.wa V120013014023 024134
= Dy 2wy V34 D g, Y321 ) Y12913¢14

Y
Bucket 1

Copies of Variable x,

In Bucket 1: e \

Yooy, x2)tns (w1, x3)1a(z, 24) < Zl Y1o(x], 22)13(21, 3) max 14(x7, 24)

T1 xl Ty

N\ J
N G ~ J

Cost is O(k*) Cost is O(K3)
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Holder’s Inequality

J The weighted summation operator is:

5 o = (S o)

where f;(z), i = 1...m are positive functions and
w = [wi, .., wn] are weights
. Holder’s Inequality

= Let wo = >, w; and all weights be positive, then

gjgfi(”:) = l]fjfz-@:) =11 (Zx: fi(;c)lfwi)wi
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Weighted Mini-Bucket Elimination

Markov Network

Zop = D ) g wn.wa V120013014023 024134
= Dy 2wy V34 D g, Y321 ) Y12913¢14

In Bucket 1: Let wy +wy =1
> ia(xr, x2)Yis(wr, x3)P1a(z1, 24) < Z¢12($1,5€2)¢13($1,$3) Z¢14($1,$4)

1 1

Gives the mini-bucket bound:
Zv,b Z 1/)341/)2315242%2(33’1,33’2)%013(561,563)i: (371,334)

ro,r3,r4
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Weighted Mini-Bucket Elimination

Markov Network

Zop = D ) g wn.wa V120013014023 024134
= Dy 2wy V34 D g, Y321 ) Y12913¢14

(d What happens when?
limw2—>0+ % 1/)12(33%3 '1.2)1#13(1%7 $3) %j:wlzl(aj%’ :64)

1
1
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Weighted Mini-Bucket Elimination

Markov Network

Zop = D ) g wn.wa V120013014023 024134
= Dy 2wy V34 D g, Y321 ) Y12913¢14

(d What happens when?

w1 wao
limy,, o+ » P12(x], 22)1s(21, 23) Y ra(at, z4)

xl x?

1 1

“Standard “
. 3 27,1112(50%,%2)%013(%%,333)mgxwm(w%,l&;)
mini-Bucket ;1 a2
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One-Pass WMB Algorithm

Input: p(x) = 7- 1, ¥a(za) , elimination order o

Output: Partition function bound Z,(w) > 7,

set F = {wa}

for i=1...n along ordering o
B; « {to|Vq € Fix; € x4}, F <+ F — B;
Partition B; into R; mini-buckets s.t. B, = UB;-

R;
Assign weight w;r to each B, s.t. ) w;r =1
r=1

Feru(y T1 ¢}

r;r ’I,DEBqT‘

return Z,(w) = ] ¢
pEF
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Tightening the bound
1 Note that bound written as Z,(w) > 2,

 Let pw) = {w| Swir = Ly > OV@}

- Optimization problem is:
min,, Zy(w) s.t. w € D(w)

J Weights are optimized by iterative algorithm
= Messages passed up/down the bucket tree
= Weights updated on each pass
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Experiments
. Run on 15-by-15 grid with binary variables

p(x) = zw 1T i 11 Yij

eV 1jeR

Vi(z;) = exp(0;(I|x; = 0] — Iz; = 1]))
Vij(wi,25) = exp (055 (I [zs = z5] — Iz; # 24]))

0; ~N(0,0.1)
0:; ~ N(0,02)for o* €{0.5,1,2}
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WMB - 6;; ~ N(0,0.5)
MI¥ 0.5
30 r
- i=2
—i=d .
o5 | e IBounds
T '|' T—i:m
I I 1
20
log [Z%E;.U)} %15_
10
T T
1 1
ar %:;E:::::::E?::::::::::::_f___
% 5 10 5 20 %

iterations
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WMB - 0;; ~N(0,1)

WIX 1,0
70 -
— =2
ol — | — IBounds
— =8
1 1 T —— =10
501 | | Il
VA (w) | =%
lo [‘b—} *
8177, |
e M
I T
o0 b 1 1 I
10+
U | | | | |
0 5 10 15 20 o5
iterations
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WMB - 0;; ~N(0,2)

e MI¥ 2.0
i=2
ol H T : -4 |, — IBounds
|  —:
100 l J J_ J. -
Zy(w)] & ®r
log [—%w } E
%ﬁ EU .
T T
I\H I I 1
40 F
o0 - % i . . .
% " 10 15 2 25

iterations
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Summary

[ Variational methods formulate inference as
an optimization problem

= e.g.given p, find distribution in Q closest to p

J Provides new perspective for analysis

= e.g.equivalence between fixed points of sum-
product message passing and stationary points

[ Led to development of many new algorithms
= e.g. Liu & lhler’s weighted mini-bucket
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