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i Belief Updating

P (lung cancer=yes | smoking=no, dyspnoea=yes ) = ?



i Probabilistic Inference Tasks

= Belief updating:
BEL(X,) =P(X, = x, | evidence)

= Finding most probable explanation (MPE)
x* =argmaxP(Xx,e)

= Finding maximum a-posteriory hypothesis

. . _ Ac X:
(a;,...,a,) =arg maax % P(x,e) hypothesis variables

= Finding maximum-expected-utility (MEU) decision

* * — _ D c X : decision variables
(dy>-.., di) = arg m%x XZ/D: P(x, e)U(x) U (X) : utility function



i Belief updating is NP-hard

= Each sat formula can be mapped to a
bayesian network query.

= Example:
= (U,~v,w) and (~u,~w,y) sat?




i Motivation

= Given a chain show how it works
= How can we compute P(D)? P(D|A=0)?

= Brute force O(k™4)



iBelief updating: P(X|evidence)=?

P(ale=0) o< P(a,e=0)=

> P(a)P(bla)P(cla)P(dIb, a)P(er )=
——

e=0,d,c,b
n ” \ l
Moral” graph p(a)z ZZP(cIa)ZP(bIa)P(dIb a)P(elb,c)

'\\\/\ ~— -

Variable Elimination h®(a,d,c,e)




Eelief Updating

Pla)je —m 0) —m o P(a, e — 0O).
P(a) Moralize ("marry parents"")
N = (a)
7 ZAN
o
b L=
Pl S N peera S
(B / Lo "E‘X% =
\Qf}“_ u\}’_\/
f:( WE ) Plelb.e) f—< E
D D

Ordering: a. b, c. o, e

Pla,e = 0) = 2 _b.e,d,e=0 P(a,b,c, d, e)

= 2 b2 2od 2oe=0 (e|b, c) P(d|la, b) P (cla)P(b|la)?(a)
= pla) >22p P(Ula) 22 P(c|la) 22 P(d|b,a) > c—0 £(e|b, )

Ordering: a., e, o, o, Rb
P({l: e — D) ZE:O,d-_,C..b P(ﬂ, !]I]'- o, d._, e)
P(a,.e — Q) P(a) > . > a>. . FP(e|la) >, P(bla)P(d|a, b’



Backwards Computation —
Elimination

Ordering: a, b, ¢, d, e
P(a) >, P(bla) 3. P(cla) S gq P(db, a) 3 .—o P(e|b, )

— P(a) >, P(bla) >, P(cla)P(e = O|b,c) >4 P(d|b, a)
= FP(a) > P(bla)ANp(a. b)) > P(c|la)P(e = 0O|b, )

— (a) > pP(bla)Xpp(a, DY (a, b)

= P(a)Aap(a)

T he Bucket elimimation process:

buclket( ) — P(e|b, ), e = 0O
bucket (1) — P(d|a, b)
bucket(C) = P{c|la)
buchket( B2) — P(b|la)

bucket{A) — P{a)



EBackwards Computation,
Different Ordering

Orderimnmg: a, e, d, c, b
Pla,e = 0) = P(a) 3 e—=0 >_d>c P(c|la) 3 P(bla)
P(d|a,b)P(e|b, )

Pla) > c—0>2a>. P(Claj’}"B({*: d,c,e)
Pla) 2 c=02_ac(a,.d. e)

P(a) >Te=0 Ap(a, e)

Pla)Ap(a.e = Q)

T he bucket elimination Process:

bucket( B3) — P(e|b,c), P(d|la,b), P{b|nr_.))
bucket () = P{c|la) AgCa,d, ¢, e)
buclhet( 1)) — [ AexCer, e, &)

bucket (1) — e — O Apylla, e)

brcket(A) — P(a) | App(a,e =— 0O)



Nhe Bucket Operati1on

[ " . - N

Elimination: multiply and sum

bucket(3) = {P(e|b,e), P(d|la,b), P{(bla)} —
Apla.c, d,. e) = >, P(bla)P(d|la, b)) P (e|b, <)
L) d a B Prdja, b} a B Prbla)
ﬂﬂﬂ‘ 7O 5
1 7 | I
111 p o o1| a .
- - } - mrl:En'j.:l[‘-'_ s . -
d | P = Pye|b.c) Pidja,b) P¢bla) acd e P
@ G000

514 Frl

_—— — = — —=

Observed bucket:

bucket({ 3) — {P(e|b, ), P(d|la.b), P{(bla).b =—= 1} —
Apl(a) = P(b = 1|a)
Apla.d) = P(d|la.b = 1)

Agle, ) = P(e|lb = 1,¢).



Algorithm elim-bel (Dechter 1996)

iBucket elimination

ZI_L— Elimination operator

b A

bucket B:  P(bla) P(dlb.a) P(elb.c)
W
bucket C: P(cla) pB (@, d, c, e)}
\/ v
bucket D: h€(a, d, e)

bucket E: e=0 h°(a, e)

\ Vd W*=4

bucket A: P@)  h7(a)  snduced width”
P(ale=0) (max clique size)

11



Elim-bel

Input: A belief network {7, ..., Pu}, d,e.
Output: belief of X1 given e.
1. Initialize:

2. Process buckets from p» — 7 to 1
for matrices Aq, Ao, ..., A; N buckety do
e IF (Obserwved variablej XNp — ap assign
XNy — @xp Lo each Aj;.
o Else, (multi_ply and sum)
Ap = 2 _x, I‘Ile,’kf-

Add Ap to its bucket.

3. Returm BDel(xq1) = P (o) - T (xeq )




Bucket Ellrnmination anmnd
Induced vwwidth

Ordering: a, b, c, d, e

bucket () — Ple|lb, ), e = O

bucket( I2) — Pld|la, B)

buckelt (7)) = P c|a) || e = O|b, <)
bucket( B3) — Plola) || AoCa, b)), Ao(b. )

bucket () PCa) || AsCa)

Ordering: a, e, d, c, b

bucket ( B3) Fle|b, o), P(d|la, b)), FP(b|a)
bucket () Plo|la) || Aa(a,c,d.e)
bucket ( 12 [| A, d, e

bucket( E) e =0 || Ap{(a,c)

bucket () Pla) || As(a)



Complexity of elimination

O(nexp(w (d))

w (d) — the induced width of moral graph along ordering d

The effect of the ordering:

3

“Moral” graph w'(d,)=4 w(d,)=2

14



i Finding small induced-width

= NP-complete
s A tree has induced-width of ?

= Greedy algorithms:
= Min width
= Min induced-width
= Max-cardinality
« Fill-in (thought as the best)
= See anytime min-width (Gogate and Dechter)

15



‘L Different Induced graphs

16



Handling Observations

O bserving H = 1
Ordering: a, e, d, <, b

bucket( B) — FCe|lb, c). P(d|la, b)), P(bla).b = 1
bucket () — Pl{c|la), || P{e|lb = 1.c)
bucket(( 1)y — Il Pl(d|la.b = 1)

bucket () — e =0 || Aco(e.a)

bucket () Pla)y, || (b l|la) Ap(a), As(e, a)

Ordering: a, b, c, d, e

bucket () = Ple|lb,c), e = O

bucket (1) — FPdd|e, B)

bucket () — Plc|la) || As(bH.c)

bucket({ 3) — Plbla)y.b = 1 || MAp(a,d&). Ao(a.b)
bucket () — P(a) || MXga(a)



i The impact of observations

18



Irrelevant buckets Tor
<lim-bel

Buckets that sum to 1 are irrelevant.
Identification: Nno evidence, Nno Nnew functions.

Recursive recognition : ( bel(al|le))

bucket (1) — Ple|lb,¢), e = 0

barclfeet( 1) — P(d|la. b),...skipable bucket
bucket () = P{c|la)

bucket{ 3) — P({b|a)

bucket () — P(a)

Complexity: Use nduced width in moral graph
without irrelevant nmnodes, then update for ewvi-
dence arcs.

Use the ancestral graph only



From Bucket elimination to
i bucket-tree elimination

Bucket G: P(G/F) G
Z(F) | P(GI

Bucket F: P(F/B\—‘,F(F) E /

Bucket D: P(D/A};\ P(FIB,C)) D

P(DIA,B
Bucket C: P(C/A)\ 25(B,C) lﬂ?(B,C)
Bucket B: A B/A P A, B (AL P(CIA)
A BJA) /1D( B) A(AB) o

Bucket A: AA) /IA(A) m /( @

T

20



From Bucket-Elimination To Bucket Trees

Bucket E:
Bucket ID:
Bucket C:
Bucket B:
Bucket A

G
D))

=

P

(A

Defimmntion: T 1s a bucket tree.
Theorem: 7 1s an 1-map of G.
e “Variable-elinunation

PIE|B,.C)
P A B)

A )\\ .13;?3- =3
B A) Iﬂ(,{_ﬁfjﬂ,l_;ﬁ (A B),
Prd) T,

E
5B

E
[PrE|B.C)| D

C AEBCY [P{‘D |4, B

} ~ | | A4 B)
C A'Jf e my B

A = | P(B A

Pﬁg)JAfﬁ:{-i)

|

_ o | (D.B.4)
= [amc)l . =
A | a4
AL

can be viewed as

message-passing (elimination) using a
rooted bucket tree.

- Amny variable (bucket) can be the root.



Propagation in a Bucket Iree

Definitions:

« Let ¢ be 2z Bavesian network. . an ordering
and B, .. EB_ the final bucket created processing
along d = x;...x,,.

= Let B, be the set of variables appearing in
bucket i when it is processed.

Bucket Tree:

= A Ducket tree has each B, cluster as a node and
there 1s an arc from B, to F, if the function
created at B, was pla ced 11 B

Graph-Based Definition:

« Let &, be the induced graph along . Each
variable » and it’s earlier 11E1E_1b ors 11 a node,
B, .. There is an arc from B_to B, if y is the
closest parent of . )




Generalization: Eliminate (sum over)
Y ariables Not in Separators

N ultiply all mcoming messages, and ;s 1in
the bucket and sum over B,/ 5.

Az (s) = Z (@II A -(I1 P:)
Bi1—=
Given a rooted bucket tree. 7, everyv node can

be the **root™ of the variables-elimination
computation.

If B, 1s the root, bucket B, and then Bucket B,

should be processed: m-messages sent from 5B,
to B, and from B, To B,



+

Bucket-Tree propagation

cluster(u) =y (u) U {h(x,u), h(x,,u),....h(x, ,u),h(v,u)}

Compute the message :

h(l/t, V) = Zelim(u,v) ercluster(u)—{h(v,u)} f

24



Upwards Messages On The Bucket Tree

[ E.5. O

A(B.CY D
A, B Ty

0

A BC ] ALA.E)

\\\ |
TT o (4. E}\\[ 5 4 1

I ___—

———

o — =
[ P ] A (A

[1(.4) = P(.A4)
[15(A4.8B)=P(B. 4A)e A (4. 8B)
[15(A4. B)=P(B. A)eIl(4A)e A (4. .8)

[I2(B.C)=>P(C.A)=I15(A4.8)
|



BTE: full Execution

Bucket G: A G/F) [17(F)

Bucket F: RF/%A@(F) [1-(B,C)
Bucket D: AD/ABN [12(A, B)
Bucket C: AC/A)\_ A (B.C) [1<(A. B)

TN
Bucket B: AB/A) A(A,B) A.(AB) TI%(A)
Bucket A: RA) (A~

G
Ag(F)
=
. P(GIF)
P(FIB,C) D

X(B.C)
C Wrrso P(DIA,B)

A (A, B)
P(CIA) = B ¢T T2 (A, B)
A 4B e B P(BIA)

<
P(A) )= A
15 (A) 26




From buckets to superbucket
i to clusters

(A) (B) ©)

' GF | ' G,F | | GF '
F F F
' F,B,C

B,C

AB.C 28




(Cluster) Tree Decomposition
and elimination (CTE)

= A (cluster)-tree decomposition is a set of subsets of
variables (clusters) connected by a tree structure:

= 1. Every function (CPT) has at least one cluster that
contains its scope. The function is assigned to one such

cluster.
= 2. The cluster-tree obeys the running intersection property.

Proposition: If T is a cluster-tree decomposition, then any
tree obtained by merging adjacent clusters (the variable set and

the functions) is also a tree-decomposition.

Join-Tree: a tree-decomposition where all clusters are maximal.

28



Tree Decomposition for belief updating

p(a)

p(cla,b)

29



Tree Decomposition

ABC
pla) p(a), p(bla), p(cla,b)

BC

BCDF
p(db), p(fic,d)

BF
BEF
p(elb,f)

EF

EFG
p(glef)

p(cla,b)

30



Tree decompositions

(more formal)
[ ABC ]
p(a), p(bla), p(cla,b)

A tree decomposition for a belief network BN =< X,D,G,P >1is a

BC

triple<T, ¥, >, where T =(V,E)1s a tree and y and y are labeling

functions, associating with each vertex ve V two sets, y(v) < X and [ BCDF J

w(v) < P satisfying : p(db), p(fic,d)
1. For each function p, € P there is exactly one vertex such that BF
p; € w(v)and scope(p;) < x(v)
BEF
2.For each variable X, € X theset{ve VIX. e y(v)}forms a [ p(elbf) ]
connected subtree (running intersection property)
EF

EFG

p(gle)
Tree decomposition
31




Same Message Passing

cluster(u) =y (u) U {h(x,u), h(x,,u),....h(x, ,u),h(v,u)}

Compute the message :

h(l/t, V) = Zelim(u,v) ercluster(u)—{h(v,u)} f

32



Cluster Tree Elimination

[ ABC J
p(a), p(bla), p(cla,b)

iy (B,0)=Y_ p(a)- p(bla)- p(cla,b) s

!

BCD
p(dib), h; 5 (b,c)

h(2,3) (baf) :Zp(d l b)'h(le) (b,C)p(f lc,d) BF
c,d

sep(2,3)
elim(2,3)

!

= {B,F}
={CD]

BEF
p(elb.f)

EF

[ EFG J
p(gle,f)




CTE: Cluster Tree Elimination

L a0 =Y p@-pGlay pela,b)

hoy(b.c)=Y p(d1b)-p(flc,d)-hy, (Db, f)
d,f
2‘ BCDF

h(2,3)(b9f):z p(dlb)p(f|c9d)h(12)(b’c)
c,d

BF
oy (b, f)=Y plelb, f)-hyy (e f)
3 B]%Fj e
haw (e )= plelb, f)-hy, (b, f)
EF b

hys(e, f)=pG=g,le f)
i 4| EFG
Time: O (exp(w+1))

Space: O (exp(sep)) For each cluster P(X|e) is computed 34



i Tree-Width & Separator

The width (also called tree-width) of a tree-decomposition < T, x, ¢ >
is 5 Ix(v)], and its hyper-width is | 5[ (v)]. Given two adjacent
vertices u and v of a tree—decompoqnlon a separator of v and v is

defined as sep(u, v) = x(u) N x(v).

35



i Finding tree-decompositions

= Good Join-trees using triangulation

= [ree-width can be generated using
induced-width ordering heuristics

36



CTE - properties

= Correctness and completeness: Algorithm CTE is correct, i.e. it

computes the exact joint probability of a single variable and the

evidence.
= Time complexity:

= Space complexity:
where

O (deg x (n+N) xd w1 )

O(Nxds®)
deg = the maximum degree of a node

n = number of variables (= number of CPTs)

N = number of nodes in the tree decomposition
d = the maximum domain size of a variable

w* = the induced width

sep = the separator size

37



Inference on trees is

easy and distributed

my(Z)=> P(M|Z)
my(Z)=Y P(L|Z)

My (X)= > P(Z1X)-my,(Z)-m,(Z)

my, (Y) m, (Z)
Mpy (Y) my, (Z) My, (Z)

My, (X) = P(X)-my(X)
My (Z)= P(Z1X)-my,(X) -my,(Z)

My (Z)=D P(Z1X)-my, (X)-m,(Z)

Belief updating = sum-prod

Inference is time and space linear on trees

38



Pearl’s Belief Propagation

A polytree: a tree with A ()=

Larger families P(z 1)

A polytree decomposition

Running CTE = running Pearl’s BP over the dual graph
Dual-graph: nodes are cpts, arcs connect non-empty
intersections.

Time and space linear propagatin

39



[terative Belief Propagation — IBP
(Loopy belief propagation)

s Belief propagation is exact for poly-trees

= IBP - applying BP iteratively to cyclic
networks

One step:
update BEL(U,)

;Lxl(ul)

= No guarantees for convergence
= Works well for many coding networks

40



Finding the MPE

(AN optimization task)

P(_EE} Moralize ("mary parents"") L

CAa) = Ca)

sty e

i \L gy ‘-\\
P{b|a}_\%/ f{ N P(e|a) - ’/j;’{ >__
B T = fo
L‘\——’%_.-'- S L\“-— s —
E VE ) Plelb.c) o WEL
2, WD
P{db.a)

Ordering: a. b, o, d, e

e =— MaxXg b ede—o 4 (a, b, c.d,e) =

— Mmaxg P(a) maxg, P(bla) max. P(cla) maxg 2(d|b, a)
Max.—o Pe|b, &)

Ordering: a. e, d, o, b

7 = MaxX, o—o.dcb i (a, b, o d, e)

e = mMmaxa P(a.') Maxe Maxg -

max,. P(c|la) maxg P(bla) P(d|la, b)) P(e|b, ¢)



Finding MPE = max P(x)
i Algorithm elim-mpe (Dechter)i996)

Z 1s replaced by max .
MPE = max P(a)P(c la)P(bla)P(d |la,b)P(elb,c)

ae C

m'glx H‘— Elimination operator
— A

bucket B:  P(bla) P(dlb,a) P(elb,c)

/
bucket C: P(cla) h® (g, d, g2 e),
\/
bucket D: h€ (a, d, e)
bucket E: e=0 h°(a e
. \;,/ W*=4
bucket A: P(a)\‘/ (a) mioduced width”

MPE (max clique size)



i Generating the MPE-tuple

5. b'=arg max P(b [a’ )x
x P(d' [b,a’ )x P(e' [b,c')

4. c¢c'=arg max P(c [a' )x
xh®(@' ,d ,c,e')

3. d'=arg maelwxhc(a',d,e')

2. e =0

1. a'= arg max P(a) h* (a)

B: P(bla) P(dlb,a) P(elb,c)

C: P(clay h°(ad,ce)
D: h®(a,d,e)
E: e=0 h°(@ae)

A: PG) h)

Return (a’',b’,c’',d’',e')

43



Elim—-mpe

Input: A belief network {7, .... Pu}: d;, e.
Output: mpe

1. Initialize:

2. Process buckets: tor p — + to 1 do

s fey N buckely do
e IT (Observed wvariable) assign X, = @xp

to each h; and put in buckets.
e Else, (multiply and maximize)

for matrices fvq., oo,

— M - e .
hp —_— ax__:'q—._ J!;_lJrTI'.-?
e =L S . -

. = QAT GgTILLIT % ph,p_

Add Ly TO Its bucket.
2. Forward: Assign wvalues

in ordering

T heorem: Elim-mpe fTinds the wvalue of the

most probable tuple and a corresponding tuple.



Finding the MAP

(AN optimization task)

— Moralize ("mary parent-;"]

A (a)
TN /PT’&\

C_/y\ S (B ?\/’ }j

= /oo
vk LE ) Ppelb.e) AL (B
P{db.a)

“Wariables LA and B are the hvpothesis wvariables.
Ordering: a. b, o, o, e

mar, pl(a, b, e — 0) — Max, 2 cde—=0 (a. b, c, d, e)
— max, FP(a) max, P(bla) > P(c|la) >, P(d|b, a)
ZEZDP{EI'I}? C}

Ordering: a. e. d, ., b ... illegal ordering
max, s P(a,e,e = 0) = max, ;> pla.b, e, d, e)
max, p F(a,. b, e = 0) = Maxga P(a) maxg P(bla) S -
M a X P((‘*lt‘l}P(filﬂ BYFP(e = O|b, &)



Elim-map

Maximum aposteriori hypothesis (A.AFP):

Given A — {A,. ... A, C X, find a® = (a®1....a;)
s.t. p(a®) = maxg, S A M7, Plx;|wpa;. ).
Input: A belief network and hvpothesis A =
{_.-;1]_.. ....,_a"—llr\_.}, d1 = .
Output: AN o map.
1. Imitialize:
2. Process buckets @ for p — » to 1 do
for matrices S, /532, ..., F; Iin bucket,, do
e If observed wvariable, assign XN, — @,

e« Else, (multiply and sum or rmax)

Py = Z;{ n'j:J_ i,
(Np € A) B = maxx, Mi_, 5
a® AT GFFLOT 5 [Ty

Add F, to its bucket.
3. Forward: Assign wvalues to Al

Wariable ordering is restricted: ma=>=-buckets should
preceede (processed after) summation buckets.



Complexity of bucket
elimination

T heorem

Given a belief network hawving . variables, ob-
servations «, the complexity of elim-mpe, elim-
bel, elim-map along «, 1s time and space

(e - exp(aw = (d))

where w=+(d) is the induced width of the moral
graph whose edges connecting evidence to ear-
lier nodes, were deleted.



Conditioning generates
the probability tree

P(a,e=0)=P(a))_ P(bla)) P(cla)d P(dla,b)) P(elb,c)

=t < e=0
ﬂ __,.a-""- C}q__:ﬂzl ':-_:' e=ll

——
£
) ¥
Picla) — = )
T’{dla,ﬁ Pielb.c) Pi{aP{bla)P{cla)yP{dla. by elb.c)

Complexity of conditioning: exponential time, linear space

48



Conditioning+Elimination

P(a,e=0)=P(a))_P(bla)) P(cla)) P(dla,b)) P(elb,c)

A B C D E

mAl  Pibla) Picla Pidlab Pielb,
b {bla)y icla) (dlab)y (elb.ch Pia.e=01 b=0,c=0)

sam Piae=0b=0)
G _‘_'__,__,—'——'__'_'_
pi@fa) — Pia.e=01 b=0,c=0)
p(Ola P ——
il 1l
S i [ ) Pia.e=0Mb=1)
E’Mm _______———__________
(e

Idea: conditioning until W™ of a (sub)problem gets small

49



Conditioning + Elimination
Trading space for time

e Aldgorithm eflirm-condad b)), b bouncs width:
Yvihhen b = wedth, apply conditioning.

& O is full conditioning,

b 20 is pure bucket elimination

(5] 1 is the cycle-cutset method.

T ime exp(b + |lcornd(b)|), space exp(b)

TIrowangd — 2 P{"llh E)

conditiominos \ P({c|I»)
/ "| / P Ca|1)

D./




‘L Loop-cutset decomposition

= You condition until you get a polytree

ff’ — 1%'7

P(B|F=0) = P(B, A=0|F=0)+P(B,A=1|F=0)

Loop-cutset method is time exp in loop-cutset size

And linear space 51



i W-cutset algorithms

Elim-cond-bel:
Identify a w-cutset, C_w, of the network

For each assignment to the cutset solve by
CTE the conditioned subproblems

Aggregate the solutions over all cutset
assignments.

Time complexity: exp(|C_w|+w)
Space complexity: exp(w)

52



All algorithms genaralize to
i any graphical models

= Through general operations of
combination and marginalization

= General BE, BTE, CTE, BP

= Applicable to Markov networks, to
constraint optimization, to counting
number of solutions in a SAT formula,
etc.

53



Tree-solving

updating CSP - consistency
(sum-prod) (projection-join)

my, (Y) m, (Z)
myy (Y) Mpy (Y) my, (Z) My, (Z)

MPE (max-prod) #CSP (sum-prod)

Inference is time and space linear on trees
54



Graphical Models

graphical model (X,D,F):

» X = {X;,...X,} variables

= D= {Dll

« F={f,...f} functions
(constraints, CPTS, CNFs ...)

= Operators:
= combination
= elimination (projection)

= Tasks:
= Belief updating: 3, I]; P,
= MPE: maxyI; P
= CSP: [Ixx;G
= Max-CSP: miny X; F;

D, } domains

Conditional Probability

Table (CPT) _
A C F|P(FIAC) Relatlo;1 C 3
0 0 0 0.14
0 01 0.96 red green blue
010 0.40 blue red red
0T 0.60 blue blue green
7070 0.35 green red blue
1 0 1 0.65
1 1 0] 0.72
1 1 1 f; = (F = A+C)

T

Y
Primal graph
(interaction graph)

= All these tasks are NP-hard
= exploit problem structure
= identify special cases
= approximate 55




Algorithm bucket-tree elimination (BTE)
Input: A problem P=< X,D,F,Q,|, {z1,...,2,} >, ordering d.

Output: Augmented buckets containing the original functions and
all the m and A functions received from neighbors in the bucket-tree.
A solution to P computed from augmented buckets.

0. Pre-processing:

Place each function in the latest bucket, along d, that mentions a
rariable in its scope. Connect two buckets B, and B, if variable y
is the lastest earlier neighbor of z in the induced graph G,.

1. Bottom-up phase: \ messages (BE)

For i = n to 1, process bucket B, :

Let Ay, ...A; be all the functions in B, at the time B,, is processed,
including original functions of P. The message A} sent from z; to
its parent 7., i1s computed by

J
)“fl (S E}J(ﬂ?i ? y)) - usﬁp{r;,y} @ f}"ti

1=1

where sep(x;,y) is the separator of z; and y.
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2. Top-down phase: m messages

For 2 = 1 to n, process bucket B,,:

Let Aq,...A; be all the functions in B,, at the time B,, is processed,

including the original functions of P. B, takes the m message re-
. te €T , . 23

ceived from its parent y, 7, and computes a message 7; for each

child bucket z; by

?T;f(fi’ﬁp(.’l'i, Ej)) :i.l'.?ep{:.-:hzj} W;H ®(® Ai/Aii)
i

3. Compute solution: In each augmented bucket compute: |,
®f€bw.cke!,- f:
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Cluster-Tree Decomposition

["|8*P=<X,D,F,®,V,{Z}> be an automated reasoning
problem. A tree decomposition is <T,y,w>, such that

s[=(V,E) is a tree
» associates a set of variables y(v)cX with each node
=\ associates a set of functions y(v)cF with each node

such that

nVf.eF, there is exactly one v such that f.e y(v) and
scope(f)cx(v).
nVXe X, the set {ve V|xcy(v)} induces a connected subtree.

aVi Z; cx(v) for some ve V. -



Example: Cluster-Tree

X(6) ={1,5,6}

l//(6) = {fl (596)9 fz (1’6)}

2(5)={12.5) 27(3)={2.3)
w(5)=1{£,(2.5)) 5> @l/f(3)={fs(2,3)}

/

x(2)={12} 2> x(4)={14}
w(2)={fs(12)} (@) =1/}

DG
O=0

(a) (b) (c)
Tree-width = 3
sep(5,6) = {1, 5} cq

x @) ={1}
p() =0\l

\
~ -,
\N ,/
S ~a o -
o e ————



Cluster-Tree Elimination (CTE)

4

m(u,w) = Usep(u,w) [®j {m(vj,u)} ® l|I(U)]
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Example: Cluster-Tree Elimination

Z(6) ={1,5,6}
l//(6) = {fl (596)9 fz (1’6)}

x(3)=1{2,3}

2(5)=(1,2.5)
5> v (3)=1£.(2.3))

w(S)=1/3(2.5)}

x(2)={12}
w(2)={fs(1,2)}

x4 ={L4}
y(@)={f,1L4D)}

)=l
y()=0

VRN
{1,5,6}

m 5, (1,5) = ming{ f,(5,6) +<{f1’f2}> 6
+ 1,06} |

mis ¢, (1,5) = min, { £, (2,5)+ $
+my 5, (1,2)) 5
{1,2,5)

m(5,2)(1’2) = mins{f3(2,5) + \ {f3}

+mgy(L5) §

7

m3 o) (2) =min,{ f;(2,3)}

m, 5 (L2) = f(1L2)+ T

+m0)(2) +m 5 (1) Mo 5(2) = min, { f¢(1,2) +

+mys, (L2)+m, (D}

2
4

My 1 (1) =min,{f,(1,2)+
+ms, (1,2)+mg, (2)}

X gy (1) = min, { £, (14}
M o) (1) :=myy ;) (1) T 1
2 my 4, (1) :=mg, ;) (1)
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