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CompSci 275, CONSTRAINT Networks 

Rina Dechter, Fall 2022

Boolean Satisfiability

Based in part on J. Marques-Silva tutorial, ECAI 2010 
Also on Darwuche&Pipatsisawat, handbook of SAT, chapter 3.
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Outline

• Review: DPLL, Resolution 
• CDCL: Conflict-Directed Clause Learning 

– Implication graphs,  
– asserting clauses,  
– Unique Implication points (UIPs) 

• Watch literals 
• Empirical evaluation

Reading chapters 3 and 4 in Handbook on SAT)
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• Review: DPLL, Resolution 
• CDCL: Conflict-Directed Clause Learning 
• Implication graphs, asserting clauses, Unique 

Implication points (UIPs) 
• Watch literals
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Do directional resolution in the order: 
X3,x4,x2,x1
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Comparing with CSP: 
• Sat can be decided before all variables are assigned 
Complexity:  when is unit propagation complete?.... 
Think Horn clauses
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Outline

• Review: DPLL, Resolution 
• Conflict-Directed Clause Learning (CDCL) 

– Implication graphs,  
– asserting clauses,  
– Unique Implication points (UIPs) 

• Watch literals
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Conflict Analysis: 
Implication Graphs

• The combination of these techniques makes sure that unit resolution is 
empowered every time a conflict arises, and that the solver will not repeat 
any mistake. The identification of conflict–driven clauses is done through a 
process known as conflict analysis, which analyzes a trace of unit resolution 
known as the implication graph.

Our vanilla CSP conflict did not take arc-consistency into account 
In SAT, conflict-driven analysis does.
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Implication graphs
 =
1. {A,B}
2. {B,C}
3. {￢A, ￢X, Y }
4. {￢A,X,Z}
5. {￢A, ￢Y,Z}
6. {￢A,X, ￢Z}
7. {￢A, ￢Y, ￢Z}

𝜑 Each node in an implication graph has the form l/V=v, 
which means that variable V has been set to value v at 
level l. Note that a variable is set either by a decision or 
by an implication. A variable is set by an implication if the 
setting is due to the application of unit resolution. 
Otherwise, it is set by a decision.
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Deriving conflict clause

• Every cut in the implication graph defines a conflict set as long 
as  that cut seperates the decision variables (root nodes) from 
the contradiction (a leaf node). 

• Any node (variable assignment) with an outgoing edge that 
cross the cut will be in the conflict set.

leading to conflicts: sets:
{A=true,X=true}, {A=true, 
Y=true} and
{A=true, Y=true, Z=true}.

 =
1. {A,B}
2. {B,C}
3. {￢A, ￢X, Y }
4. {￢A,X,Z}
5. {￢A, ￢Y,Z}
6. {￢A,X, ￢Z}
7. {￢A, ￢Y, ￢Z}

𝜑
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Earliest minimal conflict?

For the graph in Figure 3.7(b), {A = true} is a conflict cut. 

Conflict–driven clauses generated from cuts that contain exactly one variable 
assigned at the level of conflict are said to be asserting [ZMMM01]. Modern SAT 
solvers insist on learning only asserting clauses.

 =
1. {A,B}
2. {B,C}
3. {￢A, ￢X, Y }
4. {￢A,X,Z}
5. {￢A, ￢Y,Z}
6. {￢A,X, ￢Z}
7. {￢A, ￢Y, ￢Z}
8. {￢A, ￢X}

𝜑
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UIP: unique implication points
A UIP of a decision level in an implication graph is a variable setting at that decision 
level which lies on every path from the decision variable of that level to the 
contradiction. Intuitively, a UIP of a level is an assignment at the level that, by itself, is 
sufficient for implying the contradiction. In Figure 3.9, the variable setting 3/Y=true 
and 3/X=true would be UIPs as they lie on every path from the decision 3/X=true to 
the contradiction3/{}.

Deriving asserting clauses that contain the first UIP is popular: {¬A ∨ ¬Y } will be learnt 

 =
1. {A,B}
2. {B,C}
3. {￢A, ￢X, Y }
4. {￢A,X,Z}
5. {￢A, ￢Y,Z}
6. {￢A,X, ￢Z}
7. {￢A, ￢Y, ￢Z}
8. {￢A, ￢X}

𝜑
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Last slide
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Outline

• Review: DPLL, Resolution 
• Conflict-Directed Clause Learning (CDCL) 

– Implication graphs,  
– asserting clauses,  
– Unique Implication points (UIPs) 

• Watch literals
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Outline

• Review: DPLL, Resolution 
• Conflict-Directed Clause Learning (CDCL) 

– Implication graphs,  
– asserting clauses,  
– Unique Implication points (UIPs) 

• Watch literals 
• Restarts, Empirical evaluation
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Benchmarks

• Random 
• Crafted 
• Industrial
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• Review: DPLL, Resolution 
• Conflict-Directed Clause Learning (CDCL) 

– Implication graphs,  
– asserting clauses,  
– Unique Implication points (UIPs) 

• Watch literals 
• Restarts, Empirical evaluation


