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Consistency algorithms, part a 
Chapter 3



Fall 2022

Outline

• Arc-consistency algorithms 
• Path-consistency and i-consistency 
• Arc-consistency, Generalized arc-consistency, relation arc-consistency 
• Global and bound consistency 
• Distributed (generalized) arc-consistency 
• Consistency operators: join, resolution, Gausian elimination
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Consistency methods

• Approximation of inference: 
• Arc, path and i-consistecy 

• Methods that transform the original network into tighter and tighter 
representations
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Inference Algorithms  
will help search
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Arc-consistency
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Arc-consistency
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Revise for arc-consistency
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A matching diagram describing a network of constraints that is 
not arc-consistent (b) An arc-consistent equivalent network.
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A matching diagram describing a network of constraints that is not arc-
consistent (b) An arc-consistent equivalent network.
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AC-1

• Complexity (Mackworth and Freuder, 1986):  
• e = number of arcs, n variables, k values 

• (e , each loop, nk number of loops),  best-case = ek, 

• Arc-consistency is: 
𝑘2
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AC-3

• Complexity:                        since each arc may be processed in O(2k) 

• Best case O(ek),  
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Example: a 3 variables network with 2 constraints: z divides 
x and z divides y  
(a) before and (b) after AC-3 is applied.
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Example: A 3 variables network with 2 constraints: z divides 
x and z divides y  
(a) before and (b) after AC-3 is applied.
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AC-4

• Complexity:  
• (Counter is the number of supports to  in  from . is the set of 

pairs that ( , ) supports)
𝑎𝑖 𝑥𝑖 𝑥𝑗 𝑆(𝑥𝑖,𝑎𝑖) 

𝑥𝑖 𝑎𝑖 14
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Example applying AC-4
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Distributed arc-consistency 
(Constraint propagation)

• Implement AC-1 distributedly. 

•  node  sends the message to 
node 

• Node  updates its domain: 

• Messages can be sent 
asynchronously or scheduled in a 
topological order

h𝑗→𝑖  𝑥𝑗
𝑥𝑖

𝑥𝑖
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Exercise: make the following 
network arc-consistent

• Draw the network’s primal and dual constraint graph 
• Network =  

• Domains {1,2,3,4} 
• Constraints: y < x, z < y, t < z, f<t, x<=t+1, Y<f+2
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Arc-consistency  Algorithms

18

• AC-1: brute-force, distributed  
• AC-3, queue-based 
• AC-4, context-based, optimal 

• AC-5,6,7,…. Good in special cases 
• Important: applied at every node of search 
• (n number of variables, e=#constraints, k=domain size) 
• Mackworth and Freuder (1977,1983), Mohr and Anderson, (1985)…
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Constraint tightness analysis  
t = number of tuples bounding a constraint

19

• AC-1: brute-force,  
• AC-3, queue-based 
• AC-4, context-based, optimal 

• AC-5,6,7,…. Good in special cases 
• Important: applied at every node of search 
• (n number of variables, e=#constraints, k=domain size) 
• Mackworth and Freuder (1977,1983), Mohr and Anderson, (1985)…
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Constraint checking
→Arc-consistency 
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Is arc-consistency enough?

• Example: a triangle graph-coloring with 2 values. 
• Is it arc-consistent? 

• Is it consistent? 

• It is not path, or 3-consistent.
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Outline

• Arc-consistency algorithms 
• Path-consistency and i-consistency 
• Arc-consistency, Generalized arc-consistency, relation arc-consistency 
• Global and bound consistency 
• Distributed (generalized) arc-consistency 
• Consistency operators: join, resolution, Gausian elimination
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