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Chapter 10
Hybrid of search and inference
Time-space tradeoff



Outline

« Conditioning vs tree-clustering

Fall 2022



Transforming into a tree

By Inference

e Time and spacde exponential in tree-width
« By Conditioning-search

« Time exponential in the cycle-cutset

Fall 2022



Treewidth equals cycle cutset

treewidth = cycle cutset = 4



Treewidth smaller than cycle
cutset

treewidth = 2

cycle cutset =5
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DR versus DPLL: Complementary Properties

Uniform random 3-CNFs (k,m)-tree 3-CNFs
(large induced width) (bounded induced width)
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Complementary behavior of
search vs variable elimination

Search Variable Elimination
Wor'st-case
time
Average Better than Same as
time worst-case worst-case
Space
Output One solution ~ Knowledge

compilation
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How to combine search and inference

 Pre-processing by bounded inference and then search

« Alternate search and inference (do inference on a subset of variables,
resulting in a smaller problem on which we can search

« Search with look-ahead (e.g arc-consistency) doing inference at every
node in the search tree.

e We will illustrate 2 general architectures for hybrids.
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Conditioing
Specialized cutset schemes

* Inference may require too much memory

Graph "

Coloring . . :

oroblem G\Yﬂ‘ (K) Condition on some of the variables
N
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Conditioning

i

* Inference may require too much memory

Graph

Coloring " . . bl

oroblem GﬂA (K) Condition on some of the variables
N
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Cycle cutset

Cycle cutset = {A,B,C} I B
9 O ©
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© (9
(P




The Cycle-Cutset Effect

A cycle-cutset is a subset of nodes in an undirected graph whose
removal results in a graph with no cycles

« An instantiated variable cuts flow of information cycles

e If a cycle-cutset is instantiated the remaining problem is a tree and
can be solved efficiently

(a) (b)

Fall 2022
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Example of the cycle-cutset scheme
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Cycle-cutset complexity

Theorem 10.1.2 Algorithm cycle-cutset decomposition has time complexity of
O(nkC+2)

where n is the number of variables, c is the cycle-cutset size and k is the domain
size.

The space complexity of the algorithm is linear.

Fall 2022 14



From cycle-cutset to b-cutset (or w-cutset)

Definition 10.2.1 (b-cutset) Given a graph G, a subset of nodes is called a b-cutset iff
when the subset is removed the resulting graph has an induced-width less than or equal to

b. A minimal b-cutset of a graph has a smallest size among all b-cutsets of the graph. A
cycle-cutset is a 1-cutset of a graph.

How can we find a b-cutset? A minimal one?

Let’s use a variable ordering and remove one variable after another until we get a b-cutset

Fall 2022 15



Adjusted Induced-width

It is clear that finding a minimal b-cutset is a hard task. though we can define a b-
cutset relative to the variable ordering. Given an ordering d = ry. ..., r, of G, a b-cutset
relative to d is obtained by processing the nodes from last to first. When node r is
processed, if its induced-width is greater than b it is added to the b-cutset. Otherwise, its
earlier neighbors are connected. The induced-width relative to a cutset is called adjusted
induced-width. The adjusted induced-width relative to a b-cutset is b. Clearly a minimal
b-cutset is a smallest among all b-cutsets.
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Elim-Cond(b)

Algorithm elim-cond(b)

Input: A constraint network R = (X, D,C), Y C X which is
a b-cutset. d 1s an ordering that starts with Y such that the
adjusted induced-width, relative to Y along d, is bounded by b,
Z=X-Y.

Output: A consistent assignment. if there is one.

1. while 7 < next partial solution of ¥ found by backtracking,
do

(a) Z < adaptive — consistency(Ry_g).
(b) if Z is not false, return solution=(7, z).

2. endwhile.

3. return: the problem has no solutions.

Firmra 10 5 Aloarithm olim_annd/{h)

Fall 2022
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Time-space tradeoff

Theorem:
The b-cutset scheme yields space complexity O(kb )Jand time complexity

O(n Kot ) , where ¢, is the size of the b-cutset.

As b decreases, ¢, increases.

The cycle-cutset decomposition is linear space and
Has time complexity of

Fall 2022
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Space-time tradeoffs

In general:

l4+e1 224602 . .0+, ... 2 W + Cye =W

C_iis the smallest i-cutset

« Space complexity O(k")
« Time complexity O(n kb+ “w) , where ¢, is the size of the w-cutset.

« Asw decreases, ¢, increases.

Fall 2022
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Hybrid algorithms for propositional theories



W-cutset Example

(~CVE)(AvBvCvVD)(~AvBVEVD)(BvCvD)

Input .
Bucket A | / RV, BV C AVB‘—__\/—];)
-
Bucket B l “"BVCVD /._
e |
Bucket C |\ﬂ—?___’.__—_“_— : C X _]:_)_*_
Bucket D }A[v)

Bucket E V

Cr_c;nditioning

Elimination _
D
E bound b=2
wW(A) =3
wH*(B)=3
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Review: Cluster Tree Elimination

e Cluster Tree Elimination (CTE) works by passing messages
along a tree-decomposition

e Basic idea:

« Each node sends one message to each of its neighbors

« Node u sends a message to its neighbor v only when u received
messages from all its other neighbors

Fall 2022 22



Constraint propagation




Join-Tree Decomposition

(Dechter and Pearl 1989)

1 ABC « Each function in a cluster
R(a), R(b,a), R(c,a,b)
BC « Satisfy running
intersection property
BCDF

2 ety Leigprn)  Tree-width: number of

variables in a cluster-1

E
BF
3 BEF « Equals induced-width
R(e,b,f)
G EF
EFG
4 R(g.ef)
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The bottom up messages

Bucket G: R(G.F ; P2 (F)

Bucket F: R(F, B )R pl(F )/ pPL(B.C)

Bucket D: R(D,A,B) / p2(A. B)

Bucket C: \R((,',A)\ pr(B.C) % PY(AB)

l\ >
Bucket B: R(B.A) p,’;(mpfm.@ ph(A)

Bucket A: R(4)  pj(A)

(R(D.A.B))

N pl(A,B)
(AR I S , \
PlAB)Y B RIB.A)

e’
P (A)

rdil Zuss

25



Super-clustering

Theorem 10.3.1 Given a tree-decomposition T over n variables, separator sizes So;
Si..., St

and secondary tree-decompositions having a corresponding maximal number of
nodes in

any cluster, 10, ,..., rt. The complexity of CTE when applied to each secondary tree-

decompositions T IIS O(n exp(r_i)) time, and O(n exp(s_i)) space (i ranges rall
the

B G

secondary tree-decomposition). '
— CAB D)
. B ) (&8 ) E
(‘A‘B_ > \P\B—/ ¢ D
B B B
< ®p \
\BD —— BD }
BBE <GE,HE /..»J_.\ /BC 'DGEFH \
= - @26 ) op |
~_ \ R
(a) o ® T (¢) T2

Figure 10.12: A tree-decomposition with separators equal to (a) 3, (b) 2, and (c¢) 1
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Super-buckets

G 4) (B) ©)
© v

©54) —> (5D

Figure 10.13: From a bucket-tree (left) to join-tree (middle) to a super-bucket-tree (right)

Fall 2022
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The idea of super-buckets/clusters

Larger super-buckets (cliques) =>more time but less space

N ( AB
N (a8 ) Nl
B B B
BCD ) 8cD )
\__ﬁ_____.- . . o
| - —
|'B D /..-—';F-l-_l\ BD // \\
1 GEFH) ) - \
/BDG ™ Ka,_-.--- A [ BCDGEFH ‘,
. J (BD \ GD l'\ /
I ‘60\ /GEE —L N %
'(__GDEE) —]C_.__L“_:DEFH D, —
(a)
T0 by TIL @ T
.
Complexity

1. Time: exponential in clique (super-bucket) size
2. Space: exponential in separator size

Algorithm CTE(b)” generate a tree-decomposition with seperator size bound by b.
Then, apply algorithm CTE. Fall 2022 28



Hybrid of Hybrids.

Algorithm hybrid(b1; b2): Apply elim-cond(b2) inside each cluster of a b-tree-
decomposition.

Space complexity exp(b1) time complexity exp(b2), b2 <= b1.

Hybrid(b_1,1): apply cycle-cutset in each cluster (see circuit examples next)

Hybrid(1,1): apply cycle-cutset for each non-separable component.
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Application: circuit diagnosis

Problem: Given a circuit and its unexpected output, identify faulty

components. The problem can be modeled as a constraint

optimization problem and solved by bucket elimination.

- —:'-..‘EI:E. NEEE E] E .l.f“.: l!. l:E. r‘j |
»«’-j'ch-:a %l-l BRI %f s : E -~E%S;
(IR .é.j (i |
é]é]ﬁ g.lé—,., B B Bale A b'#:{ =N HH NG
e s e AR e oy oy
E‘J_T | :Eﬂ_%ﬂ:[ I ‘—ll_- _'T & _LT! B ::l
e e & e e e B E?é'-' Il
i[ilF i"“%” = ||=ales] 3 EF E??
iift | il == i |
HHN ! *'1”" |
-l$é%3%ﬂ LI%EIL!
SRt [imé = g..; 3 B B
%a_ - Eas &
e B
T
Circuit || €17 | ¢432 | ¢499 | ¢880 | ¢1355 | ¢1908 | ¢2670 | ¢3540 | ¢5315 | ¢6288 | ¢75H52
#nodes | 11 | 196 | 243 | 443 H87 913 1426 | 1719 | 2485 | 2448 | 3719
#edges || 18 | 660 | 692 | 1140 | 1660 | 2507 | 3226 | 4787 | 7320 | 7184 | 9572
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Figure 10.17: Primary join tree (157 cliques) for circuit ¢432 (196 variables); the maximum
separator size is 23.
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Figure 10.20: Secondary trees for c432 with separator sizes 16 and 11, 7 and 3.
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Circuit c432 Circuit c499

o |
2 £0 qJ60
; 50
E 50 i Eo
[_'40 3 E_‘30
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Space Space
- Circuit c880 Circuit cl1355
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qJ120 o
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Space Space
200 Circuit cl908 Circuit c2670
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-[:1150 ;200
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Space Space

Figure 10.19: Time/Space tradeoff for ¢432 (196 variables), ¢499 (243 variables), ¢880
(443 variables), ¢1355 (587 variables), ¢1908 (913 variables) and ¢2670 (1426 variables).
Time is measured by the maximum of the separator size and the cutset size and space by
the maximum separator size.
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Constraint Optimization and counting
Chapter 13
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Outline

e Introduction
o Optimization tasks for graphical models
» Solving optimization problems with inference and search

o Inference
e Bucket elimination, dynamic programming
« Mini-bucket elimination

« Search
« Branch and bound and best-first
« Lower-bounding heuristics
« AND/OR search spaces

Fall 2022
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Outline

e Introduction
o Optimization tasks for graphical models
» Solving optimization problems with inference and search

Fall 2022
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Constraint optimization problems
for graphical models

f(A,B,D) has scope {A,B,D} /



Constraint Optimization Problems
for Graphical Models

f(A,B,D) has scope {A,B,D} /

Primal graph =
Variables --> nodes
Functions, Constraints --> arcs
F(A,B,C,D,FG)= f1(A,B,D)+f2(D,F,G)+f3(B,C,F)
f1(A,B,D)
f2(D,F,G)
f3(B,C,F)

Fall 2022 38



Example: constrained

optimization

Example: power plant scheduling

o

23

X2

o — @ |(

.7‘

I
L

| |

@?_) T

Ntmxu X4
/ /Q\ ®

X4

Unit | Min Up | Min Down
# Time Time
1 3 2
2 2 |
3 4 |
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Example: combinatorial auction

Given a set of elements A= {q,,..., a,} and given a set of bids, B={b,,..., b;}, each

is a subset of A, each having cost r_i, select a subset of bids B’ with maximal
total cost where no two bids share an item.

maxgMax Z r_i
b;in B

Consider a problem instance given by the following bids: by = {1.2.3.4.}, by =
{2,3,6}, bg = {1,5.4}. by = {2,8}, by = {5,6} and the costs r; =8, 12 =6, r3 =5, 1y =
2, r5 = 2. In this case the variables are by, by, by, by, bs, their domains are {0.1} and the
constraints are Rys. Ry3. Ry4. Roy, Ros, R3s. The cost network for this problem formulation
1s 1dentical to its constraint network, since all the cost components are unary. The reader
can verify that an optimal solution i1s given by by = 0,by = 1.b3 = 1.by = 0,b5 = 0.
Namely, selecting bids by and by 1s an optimal choice with total cost of 11. O
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Probabilistic Networks

P(S)

P(C|S) P(B|S)
| P(D|C,B)
C B D=1 D=0
o o o1 0.9
o 1| 07 0.3
/ 1 o | o8 0.2
1 1| o9 0.1

P(DIC,B)
P(X|C,S) |

P(S,C,B,X,D)=P(S)-P(C|S)- P(B|S)- P(X|C,S)-P(D|C,B)
MPE: Find a maximum probability assignment, given evidence
= Find argmax P(S) - P(C|S) - P(B|S) - P(X|C,S) - P(D|C, B)
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Graphical models

o A graphical model (X,D,F):
« X={X,..X.} variables
«D={D,..D,} domains
« F={f,...f .} functions

e Operators:
e combination
« elimination (projection)

e Tasks:
- Belief updating: >, [];P,
« MPE: max,[];P,
 CSP: [], %, C,
 Max-CSP: min, 2 f,

Relation

A C F
A C F |P(FIAC)

red green  blue
0 0.0 0.14 blue red red
8 (1) 2) gig blue blue  green

: green red blue

0o 1 1 0.60
1 00 0.35
1 0 1 0.65
110 0.72
1 1 1 0.68

Primal graph
(interaction graph)

= All these tasks are NP-hard
exploit problem structure
identify special cases

= approximate
Fall 2022 42



Combination of cost functions
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Outline

 Introduction

 Solving by inference and search

 Inference

« Bucket elimination, dynamic programming, tree-clustering, bucket-
elimination

« Mini-bucket elimination, belief propagation

Fall 2022
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Conditioning vs. Elimination

Conditioning (search) Elimination (inference)

e

® ——®
T e‘e
® B ® B

k “sparser” problems 1 “denser” problem
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Computing the optimal cost solution

Constraint graph
OPT = f(a,b)+1(a,c)+f(a,d)+(b,c)+(b,d)+H{(b,e)tf(c,e)
H_J — _J/

V

Nbination\

fad)+  flaorfice)+  fabyiboyHbdyHibe

'\‘\\/ e

Variable Elimination

4
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Finding

Algorithm elim-opt (Dechter, 1996)
Non-serial Dynamic Programming (Bertele and Briochi, 1973)

< Elimination operator

bucket B:  f(a,b) f(b,c) f(b,d) f(b,e) -
bucket C: f(c,a) f(c,e) G)
\/ r

bucket D: f(a,d)
e @

bucket E: e=0

bucket A:

- @

Ol)’];all 2022



Generating the optimal assighnment

A

B: f(a,b) f(b,c) f(b,d) f(b,e)
C: f(c,a) f(c,e)

D: f(a,d)

E: e=0

Fall 2022 48



Complexity

Algorithm elim-opt (Dechter, 1996)
Non-serial Dynamic Programming (Bertele and Briochi, 1973)

< Elimination operator

A

bucket B: rf(a,bw f(b.c)

N
bucket C: f(c,a) f(c,e)

\/ _ —
bucket D: f(a,d)

/
bucket E: e=0

~..

bucket A: exp(w*=4)

/
OPT Fall 2022

o€
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Induced width

Bucket-elimination is time and space

r = number of functions The effect of the ordering:

constraint graph

Finding smallest induced-width is hard

50



Using a different ordering

i

Figure 13.1: The cost graph of the cost function: C(a,b,c.d. f,g) = Fyla) + Fy(a,b) +
Fy(a,c)+ Fs(b.c, f) + Fy(a,b.d) + F5(f, g)

max Y.
Bucket G: Fi(g.f) Bucket G-'rFs (f.g)
Bucket D: F,(d.b.a) Bucket D: F,(a.b.d)
Bucket F: F;(f.b.c) Bucket F: _Fy(b.c. /)N °(f),
Bucket B: E(b.a) Bucket B: F(a.b) WP(a.b) T hf(b.c)
Bucket C: F(c.a) Bucket C: Ja.o n® (a.c),
Bucket 4: Fy(a) Bucket A: Fy(a) he (a)

(@) (b)

Figure 13.4: Bucket elimination along ordering dy = A.C, B, F. D, G.
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Induced-width (again...)

= @
B3 <>
L <
e
=)
) ”»
@ o @

Figure 13.7: Two orderings of the cost graph of our example problem
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Min sum
Is more popular

Elim-opt: BE for optimization

Algorithm elim-opt

Input: A cost network C = (X, D.C), C = {F}..... F}}; ordering d
Output: The maximal cost assignment to ), F}.

1. Initialize: Partition the cost components into ordered buckets.
2. Process buckets from p < n downto 1

For costs hy. ha, ..., h; defined over scopes Q1, ...,Q; in bucket,. do:

o If (observed variable) x, = a,, assign x, = a, to each h; and put in appropriate
buckets. Terminate if value is inconsistent.

e Else, (sum and maximize)
A — U;Q; — {:I?P}
| — ? ] .
hP = max,, Y 5, hi.
Place hP in the latest lower bucket mentioning a variable in A.

3. Forward: From 7 = 1 to n, given @;_;. assign x; a value a; that maximizes the sum
values of functions in its bucket.

Figure 13.5: Dynamic programming as elim-opt
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Example: combinatorial auction

Given a set of elements A= {q,,..., a,} and given a set of bids, B={b,,..., b;}, each

is a subset of A, each having cost r_i, select a subset of bids B’ with maximal
total cost where no two bids share an item.

maxgMax Z r_i
b;in B

Consider a problem instance given by the following bids: by = {1.2.3.4.}, by =
{2,3,6}, bg = {1,5.4}. by = {2,8}, by = {5,6} and the costs r; =8, 12 =6, r3 =5, 1y =
2, r5 = 2. In this case the variables are by, by, by, by, bs, their domains are {0.1} and the
constraints are Rys. Ry3. Ry4. Roy, Ros, R3s. The cost network for this problem formulation
1s 1dentical to its constraint network, since all the cost components are unary. The reader
can verify that an optimal solution i1s given by by = 0,by = 1.b3 = 1.by = 0,b5 = 0.
Namely, selecting bids by and by 1s an optimal choice with total cost of 11. O
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Elim-opt for auction problem

Bucket b,
Bucket b,:
Bucket A,:
Bucket 5. r

Bucket 5,:

processing bucket by. In this bucket we compute h*(by. by) = MAX{ (b, (b b2 bs)eRasxRa2} T(D4),
yielding:
0 ifby=1.0rby=1
4 _ 1 2
’”Mﬁﬂ_{z if by = 0,by =0

Processing bucket bg we compute h3(by, bs) = MAX{(by|(by ,ba.bs)eRa1xRas} T(03). yielding:

0 lfl)lzl Ol‘b,r;:l

3 —
hmﬁ”‘{s&m:u%:o

Processing bucket by, which now includes a new function, gives us:
2 — ma . 4 Saldino-
h (bl I)5) = 111"1-\{(b2|(b1,bQ.b5)eR21NRQ5}(’ (bg) +h (bl bz)) }101(11113,.

0 ifby=1.0b5=1
. 0 ifby=1.0b5=0
2 — ' ;
he(by,bs) = 2 by =0.b5=1

b1={1,2,3,4} b2={2, 3,6}

I'(h.b,), b3 ={1,5, 4} b4 ={2,8} b5=1{5,

h*(h.b.), 6}

costs 1 =8,122=6,r3=5;,4=2;15=
2
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Bucket-elimination for combinatorial auction

Bucket &,: Ay, Ry, r(b, )J

Bucket 6, R;,, Ifm

Bucket b, R, Rys, 7(5,) h* (5,.5,),
v

Bucket b, #(bs) (b, 65) I (5,,05),
~
Bucket b, r(5,) (b, )

¥
b

0

- © G

(@) (b)

Figure 13.8: Schematic execution of elim-opt on the auction problem
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Algorithm elim-opt-cons

Input: A cost network C = (X.D,C}y,Cs), C, = {Rs,.....Rs,. }; Cs = {Fg,,.... Fg,}.
ordering d;

Output: A consistent solution that maximizes ) . - Fi.

1. Initialize: Partition the Cy and ), into buckets using the usual rule.

2. Process buckets from p — n downto 1,
For costs hi,ho,....h; defined over scopes (1,....Q;, for hard constraint relations
R1, Ro, .... R defined over scopes 51, ..., St in bucket,, do:

o If (observed variable) x, = a,, assign x, = a, to each h; and each R; and put in
appropriate buckets.

¢ Else, (sum and maximize, join and project)

1. Let Up = U;S; — {zp}, Vp = UiQi — {xp}, Wp=Up UV},
2. RP =y, (Xf_; R;). (generate the hard constraint)

3. For every tuple t over W, do: (generate the cost function)

hp(t) = Mariq |(tap) satisfies {R1,...,R}} Zg=1 hi(t' (lp)'
Place h? in the latest lower bucket mentioning a variable in W,. Place RP in

the bucket of the latest variable in U,.

3. Forward: Assign maximizing values in ordering d, consulting functions in each bucket.

Figure 13.6: Algorithm elim-opt-cons

Treating constraints as constraints
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Bucket-elimination for counting

Algorithm elim-count
Input: A constraint network R = (X, D, C), ordering d.
Output: Augmented output buckets including the
intermediate count functions and The number of solutions.
1. Initialize: Partition C' (0-1 cost functions) into ordered buckets buckety, ..., bucket,,,
We denote a function in a bucket Nj, and its scope S;.)
2. Backward: For p «— n downto 1, do
Generate the function NP: NP = ZX,, [ 1. cbucket,, N;.
Add NP to the bucket of the latest variable in | J]_; Si — {Xp}.
3. Return the number of solutions, N! and the set of output
buckets with the original and computed functions.

Figure 13.9: Algorithm elim-count
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Outline

e Introduction

 Solving by inference and search

 Inference

« Bucket elimination, dynamic programming, tree-clustering, bucket-
elimination

« Mini-bucket elimination, belief propagation

Fall 2022
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Directional i-consistency

il g

Adaptlve i d-path i d-arc
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Mini-Bucket Elimination (MAP/MPE)

Split a bucket into mini-buckets —> bound complexity
bucket (X) =

{ R oo B frrs oo f

/ Ax(-) = max Hf@-(a:, . )\

{fla---fr} {f,,aH,...

Ax,1(7) = max Hfz‘(x, ) Ax.2(-) = max H fila, ...
=1 1=r+1
Ax () < Axa() Axz()
Exponential complexity decrease: O(e") — O(e") + O(e"™")

Fall 2022
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Mini-Bucket Elimination (MAP)

mini-buckets [Dechter & Rish 2003]
bucket B: lf(a,b) (b, c)l S(b,d) f(be)
bucket C: 1f(c’ a) f(c,e) A\p_c(a,c)
bucket D: / fla,d) Ap_p(d,e)
‘ : .
' bucket E: Ac—e(a,e) A g(a,e)
Q G bucket A: fla) Ap—a(a)

|

U= uppér bound

Ap—cla,c) = max f(a,b) f(b,c)

AB—D (d7 6) — mguxf(b, d) f(b7 6)

In our case, min Z
Ao—g(a,e) = max. ..
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Mini-Bucket Decoding (MAP)

mini-buckets

/\‘
b* = arg max f(a™,b)- f(b,c") r A v o A

B: f(a,b) f(b,c f(b,d fb,e‘
- f(b,d*) - f(b,€”) fla,b) fb,c)  f(b,d) f(b.e)
¢ fle,a) fle.e) Apocla,c)

l J
c® =argmax f(c,a”) - f(c,e”) - Apco(a”,c) | ,
C

D: f(av d) /\B—>D (d7 6)
d” = argmax fla*,d)- App(d,e™) ‘ \ '
E: A A\
e* — arg max )\C—>E(a*7 6) ) )\D—>E(a*7 6) 1 C—>E<a7 6) E—)E(a/7 6),
a® = argmax f(a)- - Ag-a(a) A: |f(a) )\E—>A(a')

|

U = upper bound
Greedy configuration = lower bound PP
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Properties of Mini-Bucket Eliminaton

Bounding from above and below:

270 p T

i=1

Relaxation upper bound by

- mini-bucket
280 12 /
e e |=5
=7 _g izl
* i=13
* MAP
24m 4...1 :\n \. sl "

Consistent solutions ( greedy search)

Fall 2022

« Complexity: O(r exp(i)) time
and O(exp(i)) space.

« Accuracy: determined by
Upper/Lower bound.

« As i increases, both accuracy
and complexity increase.

e Possible use of mini-bucket
approximations:
« As anytime algorithms
 As heuristics in search

64



MBE vs BE

Bucket G: Fi(f.g)

Bucket B: i’q,(ah Fi(c.b.f). F(a.b),

?/'
Bucket C: Fy(a.c) / hB(a.c.d.fL
X
Bucket D: h€(a.d. f)
>
Bucket F: Be(f) hP(a.d),
Bucket 4: F(a) hF(aL
Opt

(a) A trace of elim-opt

Fall 2022

(B) e‘@
e

Figure 13.1: The cost graph of the cost function: C(a,b.c.d, f.g) = Fy(a) + Fi(a.b) +
Fy(a,c¢)+ F5(b.c, f)+ Fi(a,b,d) + F5(f.g)

Bucket G: Fi(f.g)

Bucket B: F(b.c.f) \ F.(a.b.d). F(a.h),
YT

hB(iy

c
h (a‘.d)

he(f),

Bucket C: F,(a.c)

Bucket D:

Bucket F: \hc(a. )

~

h (a),

Bucket 4: F,(a)

.
Not Opt

(b) A trace of mbe-opt(3)
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Bucket-elimination for combinatorial auction

example

Bucket &, R,,, R,,, r{(5,) (B

Bucket . A, Ifm @

Bucket b,: Ry, Ry, r(b,) ’ h“(b,,bg ()

v~
Bucket b, #(bs) 7 (b,,65) H (5,,05), (8)
~

Bucket b, r(5,) (b)) (8
v
bO

(@) (b)

Figure 13.8: Schematic execution of elim-opt on the auction problem
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Example mbe-opt

Example 13.4.3 Let us apply algorithm mbe-opt(2)to the auction problem along the or-
dering d = by, bs, by. by, by. Figure 13.12 shows the resulting mini-buckets; square brackets
denote the choice for partitioning.

We start with processing bucket by. A possible partitioning places the constraint Ry in
one mini-bucket and the rest in the other. We compute a constraint R“(b]) = 7, Ra1,
which 1s the universal constraint so it need not be recorded. In the second mini-bucket,
we also compute h*(by) = max((sy|(by ba)c ez} T(bs). yielding:

w,g):{o if by =1 Bucket by @ [Ra1], [Ra2,7(bs)]

2 ifb=0 )
. . o _ , Bucket b3 : [Rgl], [R35, (bg)]
Processing the first mini-bucket of b3, which includes only hard constraints, will also not ef-
fect the domain of b;. Processing the second mini-bucket of by by h3(bs) = max((bs(b 5s)c Res} T(b3). BUCket bg : [ Rr)l ] [ R‘)5 T ) | | ( )]

e h3(b5):{0 if by = 1 Bucket b; [T b5) ” h (b5 ( )]
5 ifbs=0 Bucket by : r(by) || h®

Processing the second mini-bucket of by (the first mini-bucket includes a constraint whose

!
projection is a universal constraint) by h%(bs) = max((py|(sa.5s)cras) (T(b2) + h*(b2)), gives Yleldlng Opt hl - AI

" 2 ifbs=1
2 _ 05 =
h(bS)‘{s ifbs=0

Processing bucket bs (with full buckets now) the algorithm computes h® = max;. (r(bs) +
h2(bs) + h3(bs)). vielding:
B® =11

Finally, in the bucket of b; the algorithm computes h! = max, (r(b;) + A%). yielding:
h' = max{0+ 11,8 + 11} = 19.
The maximal upper-bound cost is therefore 19. To compute a maximizing tuple we
select in bucket b; the value by = 1, which maximizes 7(b;) + h®. Given b; = 1. we choose
bs = 0, which maximizes the functions in bucket bs. Then, in bucket by, we can choose
only by = 0, due to the constraint Rys. Likewise, the only subsequent choices are by = 0
and by = 0. Therefore, the cost of the generated solution is 8, yielding the interval [8,19) 67
bounding the maximal solution. u]



Algorithm mbe-opt

Algorithm mbe-opt(i)

Input: A cost network C = (X, D, C'); an ordering d; parameter i.

Output: An upper bound on the optimal cost solution, a solution and a lower bound
and the ordered augmented buckets.

1. Imitialize: Partition the functions in C' into buckety, ..., bucket,,, where bucket;
contains all functions whose highest variable is x;. Let Si,.....S; be the scopes of func-
tions (new or old) in the processed bucket.

2. Backward For p — n down-to 1, do

e If variable x, is instantiated (x, = a,), assign z;,, = a,, to each h; and put each result-
ing function into its appropriate bucket.

e Else, for hi, ho, .... hj in bucket,, generate an (i)-partitioning, Q ={Q1,....Q}.

For each Q; € Q' containing hy,....h;, generate function h!, h! = maxg, Zle hy, .

Add ! to the bucket of the largest-index variable in U;, U; = |JI_; scope(hy,) — {z,}.
3. Forward For i = 1 to n do, given aq, ..., a,_1 choose a value a, of r, that maximizes
the sum of all the functions in x,’s bucket.

4. Return the ordered set of augmented buckets, an assignment a = (ay....,a,), an
interval bound (the value computed in buckety and the cost F'(a)).

Figure 13.9: Mini-Bucket Elimination Algorithm
rai zuzz
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Properties of MBE(i)

o Complexity: O(r exp(i)) time and O(exp(i)) space.
o Yields an upper-bound and a lower-bound.

« Accuracy: determined by upper/lower (U/L) bound.
« Asiincreases, both accuracy and complexity increase.

o Possible use of mini-bucket approximations:
e As anytime algorithms
« As heuristics in search

o Other tasks: similar mini-bucket approximations for: belief updating,
MAP and MEU (Dechter and Rish, 1997)

Fall 2022
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Outline

e Introduction
« Optimization tasks for graphical models
« Solving optimization problems with inference and search

« Inference
« Bucket elimination, dynamic programming
o Mini-bucket elimination

 Search
« Branch and bound and best-first
« Lower-bounding heuristics
« AND/OR search spaces

Fall 2022
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Branch and bound

procedure BRANCH-AND-BOUND

Input: A cost network C = (X, D, Cy, Cs), L current upper-bound, An upper-bound
function f defined for every partial solution.

Output: Either an optimal (maximal) solution, or notification that the network is
inconsistent.

i—1 (initialize variable counter)
D! — D; (copy domain)

While 1 <i<n

instantiate r; «— SELECTVALUE

If z; is null (no value was returned)
i—i—1 (backtrack)

Else

i—i+1 (step forward)

D: — Di

Endwhile

Ifi=0

Return “inconsistent”

Else

Compute C' = C(z1, ....7n), U — maz{C, L}
1e—mn-—1

end procedure

procedure SELECTVALUE

If i = 0 return U as the solution value and the most recent assignment as solution.
While D is not empty

select an element a € D] having max f(d@i-1,a)

and remove a from D!

If < z;,a > 1s consistent with @;_{ and f > L, then

Return a (else prune a)
Endwhile
Return null (no consistent value)

end procedure

Fonure 12 92:- The Rranch and Ronind aloormthm
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Search tree for first-choice heuristic

1) = max Fj(dn)
Fyec THan b,
b,
b,
bs

Figure 13.3: Branch and bound search space for the auction problem

Example 13.2.1 Consider the auction problem described in Example 13.1.2. Searching
for a solution in the order d = by, by, by, by, by vields the search space in Figure 13.3,
traversed from left to right. The search space i1s highly constrained in this case. The
evaluation bounding function at each node should overestimates its best extension for a
solution. The first-choice bounding function for the root node (the empty assignment)
i1s 23. The first solution encountered (selecting < b;.1 > and < bs,1 >) has a cost
of 10, which becomes the current global lower bound. The next solution encountered
has the cost of 11 (when < by.1 > and < bs.1 >). while the rest of the variables are
assigned (). Subsequently, the partial assignment (< b;,0 >, < by, 0 >) is explored. Since
fre(< b1,0 >, < by, 0 >) =9, this upper bound is lower than 11, and therefore search can
be pruned. ] 72



The search space

ABf, ACf, AEf, AFf, BCfs BDfif BEf, CDf; EFf
002 003 000 002 000 004 003 001 001
010 010 013 010 011 012 012 014010
101 100 102 100 102 101 101 100 100
114 111 110 112 114 110 110 110 112
0] 1]
0] 1] o] 1]
0] 1] o] 1] o] 1] 0] 1]

[o[1]of1]o[1]o[1]o]1]o[1]o[1[o1]o[1]o[1[o[1]o[1]o[1]o[1]o[1]o]1][o]1]o[1]o[1]0]1]o[1]o[1]o]1]o[1]o[1]o[1]o1]0[1]o]1]o[1]0[1]0]1]
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The search space

ABf, ACf, AEfy AFf, BCfs BDfg BEf, CDfg EFfy
002 003 000 002 00O 004 003 001 001
010 010 013 010 011 012012014 010
101 100 102 100 102 101 101 100 100
114 111 110 112 114 110 110 110 112
0 0
0] 1]
2 0 1 4
0] 1] 0] 1]

3 1 5 4 0 2 2 5

0] 1] 0] 1] 0] 1] 0] 1]
5 6 4 2 2 4 1 0 5 6 4 2 2 4 1 0

3/\5 3/\5 3/\5 3/\5 1/\3 1/\3 1/\3 1/\3 5/ \2 5/ \2 5/ \2 5/\2 3/\0 3/\0 3/\0 3/\0

o] [a] [o] [4] [o] [4] [of [a] [o] [a] [o] [4] [o] [4] [o] [4] [o] [1] [o] [4] [o] [4] [o] [1] [o] [1] [o] [4] [of [4] [o] [4]
3/\02/\23/102/\23/\0 2/\23/\02/\2 3/\02/\23/\0 2/\23/\0 2/\23/\02/\2 1/\20/\4 1/ 20/ 1/ 0/\4 1/ 0/\a 1/\20/ W4 1/2 0/ W1/ )2 0/\a 1/ 2 0/\a

[o[1]of1]o[1]o[1]o]1]o[1]o[1[o1]o[1]o[1[o[1]o[1]o[1]o[1]o[1]o]1][o]1]o[1]o[1]0]1]o[1]o[1]o]1]o[1]o[1]o[1]o1]0[1]o]1]o[1]0[1]0]1]

Arc-cost is calculated based on cost components.
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The value function

ABf, ACf, AEf; AFf, BCfs BDf, BEf, CDfg EFfy
002 003 000 002 000 004 003 001 001
010 010 013 010 011 012 012014010
101 100 102 100 102 101 101 100 100
114 111 110 112 114 110 110 110 112
5
0 0
0] A1
2 0 0 4
6/0] 1] 7/0] 1]
3 1 5 4 0 2 2 5
8[o] 5[1] 3[0] 1]1] 7/0] 41] 0] 0 1]
5 6 4 2 2 4 1 0 5 6 4 2 2 4 1 0

3[0] 3[1] 3[0] 3[1] 1[0] 1[1] 1[0} 1[1] 2[0] 2[1] 2[0] 2[1] 0[o] ol1] ofo] 0[1]
3/\s 3/\s 3/\5 3/\s 1/\3 1/\3 1/\3 1/\3 5/ \2 5/ \2 5/ \2 5/ \2 3/\0o 3/\0o 3/\0 3/\o

no] 2(1] oo] 2[1]o[o] 2[1] ofo] 2[1] ofo] 2[1] 0[] 2[1]o[0] 2[1] 0[0] 2[1] 1[0] o[1] 1[e]o[1]1[0o]o[1]1[e]o[1] 1[0o] 0[1]1[e]o[1]1[0]0o[1]1[0]0[1]
3/\02/\23/\02/\23/\0 2/\23/\02/\23/\02/\23/\02/\23/\0 2/\23/\02/\2 1/\20/\a 1/\20/a1/\20/\a 1/\20/\a 1/\20/\a1/\20/\a1/\20/\a 1/ \20/\a

[o[1]of1]o[1]o[1]o]1]o[1]o[1[o1]o[1]o[1[o[1]o[1]o[1]o[1]o[1]o]1][o]1]o[1]o[1]0]1]o[1]o[1]o]1]o[1]o[1]o[1]o1]0[1]o]1]o[1]0[1]0]1]

Value of node = minimal cost solution below it
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An optimal solution

ABf, ACf, AEf; AFf, BCfs BDf, BEf, CDfg EF f
002 003 000 002 00O 004 003 001 001
010 010 013 010 011 012012014 010
101 100 102 100 102 101 101 100 100
114 111 110 112 114 110 110 110 112
5
0 ‘n
2 ' 0 4
6/0] KN 7/0] 211 ]
3 1 5 4 0 2 2 5
8[o] 5[1] 3[0] 1]41] 7/0] 41] 0] 0 1]
5 6 4 2 2 4 1 0 5 6 4 2 2 4 1 0
3[0] 3[1] 3[0] 3[1] 1[0] 1[1] 1[0} 1[1] 2[0] 2[1] 2[0] 2[1] 0[o] o1 olo] 0[1]
3/\5 3/\s 3/\5 3/\5 1/\3 1/\3 1/\3 3 5/ \2 5/ \2 5/ \2 5/ \2 3/\o 3/\0o 3/\0 3/\0

no] 2(1] oo] 2[1]o[o] 2[1] ofo] 2[1] ofo] 2[1] 0[] 2[1]o[0] 2[1] 0[0] 2[1] 1[0] o[1] 1[e]o[1]1[0o]o[1]1[e]o[1] 1[0] 0[1]1[e]o[1]1[0]0o[1]1[0]0[1]
3/\02/\23/\0 2/\23/\0 2/\23/V0 2/\2 3/\0 2/\2 3/\0 2/\23/\0 2/\23N0 2/\2 1/\20/\a 1/\2 0/\a 1/20/\a 1/ 0/\a 1/\20/\a 1/\20/\a1/\20/\a 1/\20/\a

[o[1]of1]o[1]o[1]o]1]o[1]o[1[o1]o[1]o[1[o[1]o[1]o[1]o[1]o[1]o]1][o]1]o[1]o[1]0]1]o[1]o[1]o]1]o[1]o[1]o[1]o1]0[1]o]1]o[1]0[1]0]1]

Value of node = minimal cost solution below it
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Basic heuristic search schemes

Heuristic function f(x) computes a lower bound on the best
extension of x and can be used to guide a heuristic
search algorithm. We focus on

1.Branch and Bound 2.Best-First Search

Use heuristic function f(xr) to ~ Always expand the node with
prune the depth-first search tree. the highest heuristic value f(xp).
Linear space Needs lots of memory

77
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Classic branch-and-bound

Upper Bound UB

Lower Bound LB

5 LB(n) = g(n) + hin)

Prune if LB(n) > UB

h(n)

OR Search Tree
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How to Generate

e The principle of relaxed models

 Linear optimization for integer programs
e Mini-bucket elimination
« Bounded directional consistency ideas

Fall 2022

Heuristics
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Generating Heuristics for
Graphical Models

Given a cost function:

f(a, ..., e)= f(a)+ f(a,b)+ f(a,c)+ f(a,d)+ f(b,c)+ f(b,d)+ f(b,e)+ f(c,e)
define an evaluation function over a partial assignment as the cost of its

best extension:

f%&@Jﬁ nﬂpbcl)@

- f<)+$nf(a )+ s(lc)+ . _la=12=0)

f A s
=4@£D>+M@£Jn j /ﬁ¥ /E\ ’qg f/qx
Rl m AR A R R A

D [ ]
C @ @ @ @ @ @ E o (1 @ @ @ @ @ @
[Kask and Dechter, 2001] 5

@m@m@m@mlm@m@m@mmumu@m@m@m@mlm@m
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E

D

C

Static Mini-Bucket Heuristics

Given a partial assignment,

@@@@@@@@@@@[ﬂ@@

B @m@m@m@m@m@m@m@mmumn@m@m@m@m@m@m

cost to go:
h(a e, D) = /IC_>E(a e)
+szD>+ﬂ&mU)@
(admissible: E(@,e,D) < h*4. 8, D))

cost so far:

(4&&D>=ﬂA=3)‘

[@a =1,¢ =0]
mini-bucket gives an admissible heuristic:

mini-buckets

. \‘ngnz 1)

A

bucket B:  f(a,b) f(b,c)

"f(b.d) f(be)
( J

[ J

/
bucket C: Ap_cla.c) f(c,a) f(c,e)

| J

|
fla,d) Az p(d.e)

( J

- /
bUCket . C—)E(a’e) AD—)E(a’ e)
| ( J

bucket A: fl@) Ag_4(a)

\

\
L = lower bound
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BBMB(i) with mini-bucket

b1 =1{1,2;3;4); b2={2;3;6};

heuristics

Let us now apply BnB with f,,;, which is the bounding function extracted from mbe-
opt(2). Based on the functions in the augmented bucket of by produced by mbe-opt(2),
fup(by = 0) = 7(by) + h® = 8+ 11 = 19 while f(by = 1) = 0+ 11 = 11. Consequently,
by = 1is chosen. We next evaluate fop(by = 1,bs) = 8 + h3(bs) + h*(bs). vielding
fun(bs =0) =19 and f(bs = 1) = 10. Consequently, by = 0 is chosen. The path is now
deterministic, allowing the only choices: by = b3 = by = . We end up with a solution
having a cost of 8, which becomes the first global lower bound L = 8. BnB backtracks.
The path is deterministic, dictating the choices (by = bg = by = 0) whose bounding cost
equals 10, yielding a solution with cost 10 (by = 1,05 = 1,09 = 0,b3 = 0,b4 = 0,). The
global lower bound L is updated to 10. The algorithm backtracks to the next choice
point, which 1s (b = 0). whose bounding cost is 11. Next, for bs. fup(by = 0,by) =
0+ 1(bs) + h2(bs) + h3(bs), vielding fo(bs = 1) = 4, which can be immediately pruned
(less than 10), and fo(bs = 1) = 11. We select b5 = (. Subsequently, choosing a
value for by we get: frp(by = 0,05 = 0,by) = r(by) + h*(by) + h3(bs) (note that h%(bs)
is not included since 1t is created in bucket by). This yields f;(by = 1) = 11, while
fun(by = 0) = 5, which 1s pruned. The next choice for by is determined using the
hounding function fo(b; = 0.bs = 0.by = 1.bg) = 6+ r(bg) + h*(by = 1). vielding for
b3 = 1 the bound 11, while for b3 = 0 the bound 6, which will be pruned. b3 =1 is
selected. Subsequently, only by = 0 s feasible and we get the best cost solution of value
11. The global lower bound, L is updated to 11 and BnB will lead to only pruned choices.

We see i this example that the performance of BnB using these two bounding func-

Fall 2022

b3 ={1:5; 4}

b4 = {2:8} b5 = {5; 6}

costsr1 =8;,22=6;,r3=5;,4=2;r5=2

Bucket by :
Bucket b3 :
Bucket by :
Bucket b :
Bucket b, :
Yielding: opt:

[Ra1], [Ra2, r(bs)]

[R)l] [R)g r b
[r(bs) || R*(bs

Il W (b))

(
[Rai], [Ras, r(bs

(

3( 2(bs)]

)
)]
2)
), h

r(bi) || h°

W= N



BnB with first-cut (b) and mini-
bucket (a) heuristics (BBMB(i))

10 8 11
Bucket by : [Ru] [Rp 7(b1)]
Bucket by :  [Ra1], [Ras, r(bs)]
Bucket bg : [R)]] [R)g (b)) || 1( )]
(a) Bucket by :  [r(bs) || h*(bs), h?(b: 5)] h)
Bucket b; : r (bl) || B

Yielding: opt: h!' = M’



Heuristics properties

« MBE Heuristic is monotone, admissible
e Retrieved in linear time

 IMPORTANT:

 Heuristic strength can vary by MBE(i).

« Higher i-bound = more pre-processing = stronger heuristic
=> |ess search.

« Allows controlled trade-off between
preprocessing and search
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Experimental methodology

Algorithms

« BBMB(i) — Branch and Bound with MB(i)
e BBFB(i) - Best-First with MB(i)
« MBE(i)

Test networks:

« Random Coding (Bayesian)
« CPCS (Bayesian)

« Random (CSP)

Measures of performance

« Compare accuracy given a fixed amount of time - how close is the cost
found to the optimal solution

o Compare trade-off performance as a function of time

Fall 2022
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Empirical evaluation of mini-bucket heuristics,
Bayesian networks, coding

Random Coding, K=100, noise=0.28 Random Coding, K=100, noise=0.32
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Max-CSP experiments

(Kask and Dechter, 2000)

MBE MBE MBE MBE MBE MBE
BBMB | BBMB | BBMB | BBMB | BBMB | BBMB | PFC-MRDAC
BFMB | BFMB | BFMB | BFMB | BFMB | BFMB
i=2 i=4 i=6 i=8 i=10 i=12
#/time | #/time | #/time | #/time | #/time | #/time # /time
N=100, K=3, C=200. Time bound 1 hr. Avg w*=21. Sparse network.
70/0.03 | 90/0.06 | 100/0.32 | 100/2.15 | 100/15.1 | 100/116
90/12.5 | 100/0.07 | 100/0.33 | 100/2.16 | 100/15.1 | 100/116 100/0.08
80/0.03 { 100/0.07 | 100/0.33 | 100/2.15 | 100/15.1 | 100/116
0/- 0/- 4/0.35 | 20/2.28 | 20/15.6 | 24/123
0/- 0/- 96/644 | 92/41 96/69 | 100/125 100/757
0/- 0/- 56/131 | 88/170 | 92/135 | 100/130
0/- 0/- 0/- 0/- 4/14.4 4/114
0/- 0/- 100/996 | 100/326 |{ 100/94.6 | 100/190 100/2879
0/- 0/- 16/597 | 60/462 | 88/344 | 84/216
0/- 0/- 0/- 0/- 4/14.9 8/120
0/- 0/- 52/2228 | 88/1042 | 92/396 |100/283 | 100/7320
0/- 0/- 4/2934 | 8/540 | 28/365 | 60/866 N




Dynamic mbe heuristics

e Rather than pre-compiling, the mini-bucket heuristics can be
generated during search

e Dynamic mini-bucket heuristics use the Mini-Bucket algorithm to
produce a bound for any node in the search space

(a partial assignment, along the given variable ordering)
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Branch and bound w/ mini-buckets

« BB with static Mini-Bucket Heuristics (s-BBMB)

« Heuristic information is pre-compiled before search. Static variable
ordering, prunes current variable

« BB with dynamic Mini-Bucket Heuristics (d-BBMB)

« Heuristic information is assembled during search. Static variable
ordering, prunes current variable

« BB with dynamic Mini-Bucket-Tree Heuristics (BBBT)

« Heuristic information is assembled during search. Dynamic variable
ordering, prunes all future variables

Fall 2022
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Empirical evaluation

« Algorithms:

o Complete
« BBBT
- BBMB
« Incomplete
« DLM
e GLS
« SLS
 |IJGP
« |BP (coding)

Fall 2022

Measures:
- Time
- Accuracy (% exact)
- #Backtracks
- Bit Error Rate (coding)

Benchmarks:
- Coding networks
- Bayesian Network Repository
- Grid networks (N-by-N)
- Random noisy-OR networks
- Random networks
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Real World Benchmarks

BBBT/ | BBBT/ | BBBT/ | BBBT/
avg. | max | BBMB/ | BBMB/ | BBMB/ | BBMB/ | GLS | DLM | SLS
Network |# vars|dom.|dom.| [JGP [JGP 1JGP [JGP

=2 1=4 =6 1=8 % % %
%[time] | %[time] | %[time] | %[time] | [time] | [time] | [time]
100[0.28] | 100[0.56] - - 15 0 90
Mildew 35 17 | 100 | 30[10.5] | 95[0.18] - - [30.02]([30.02]([30.02]
00[3.59] | 97[33.3 . -
05[1.65] | 95[1.65] | 95[2.32] [100]1.97]| O 0 0

Munin2 | 1003 | 5 | 21 |95[30.3] | 95[30.5] | 95[31.3] | 100[1.84] [[30.01]{[30.01]|[30.01]
05[2.44] | 95[5.17] | 95[64.9] -

90[15.2] [100[3.73]|100[2.36]|100[0.58]| 10 0 0
0[30.01] | 60[4.85] | 80[0.02] | 95[0.04] |[30.02][[30.02] |[30.02]
80[0.31] | 77[0.53] | 80[1.43] | 83[6.27]

()

Pigs 441 3

100[0.17]] 100[0.27]]100[0.21][ 100[0.19]] 100 | 100 | 100
100[0.04] | 100[0.03] | 100[0.03] | 100[0.03] |[30.02]{[30.02]{[30.02]
100[10.6]]100[10.5]|100[9.82]| 100[8.59]

(S
(S

CPCS360b| 360

Average Accuracy and Time. 30 samples, 10 observations, 30 seconds
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Empirical Results: Max-CSP

« Random Binary Problems: <N, K, C, T>
e N: number of variables
e K: domain size
e C: number of constraints
o T: Tightness

e Task: Max-CSP

Fall 2022
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BBBT(i) vs BBMB(i), N=100

N =100, K =5, C = 300. w™ = 33.9. 10 instances. time = 600sec.

T ) =3 =4 BBMB =5 =6 =7 ?ESZT PFC-MPRDAC
# solved # solved # solved # solved # solved # solved # solved # solved
time time time time time time time time
backtracks | backtracks | backtracks | backtracks | backtracks | backtracks | backtracks backtracks
3 6 6 6 6 8 8 10 10
6 6 6 5 6.8 15 7.73 0.03
150K 150K 150K 115K 115K 8 60 750
5 2 2 2 2 3 3 10 10
36 32 24 0.3 38 33 14.3 0.06
980K 880K 650K 130K 870K 434K 114 1.5K
7 0 0 0 0 0 0 10 6
29 267
331 1.6M
BBBT(i) vs, BBMB(i). )



Outline

e Introduction
o Optimization tasks for graphical models
« Solving optimization problems with inference and search

« Inference
« Bucket elimination, dynamic programming
o Mini-bucket elimination

e Search
e Branch and bound and best-first
o Lower-bounding heuristics
« AND/OR search spaces

Fall 2022
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AND/OR search space
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(A) AR
N

®
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AND/%R vs.OR & ®

[0 1]
(e) (e) AND/OR
0 1] 0 ]
(E) (© E) O. (E) (© E) O.
o] [1] [q] 7 [ [@ [9 7 [ [ [ 7 [ [ [ 1]

(o) (®) (o (&) (@ ) @ & @ © @ 6 ) F (@
O D AR EARE O IR A EGCDE O AREGEEDEE [ D6 66 E - G

AND/OR size: exp(4), OR size exp(6)
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OR space vs. AND/OR space

OR space AND/OR space
width | height
Time (sec.) Nodes Backtracks Time (sec.) AND nodes OR nodes
5 10 3.154 2,097,150 | 1,048,575 0.03 10,494 5,247
4 9 3.135 | 2,097,150 | 1,048,575 0.01 5,102 2,551
5 10 3.124 | 2,097,150 | 1,048,575 0.03 8,926 4,463
4 10 3.125 | 2,097,150 | 1,048,575 0.02 7,806 3,903
5 13 3.104 2,097,150 | 1,048,575 0.1 36,510 18,255

Random graphs with 20 nodes, 20 edges and 2 values per node.

Fall 2022
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Mmoo O m W >

(A=1,B=1)

AND/OR vs(f OI)Q
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OR

OR

OR

OR

(A=1,B=1)

(B=0,C=0)
AND/OR vs. OR
()
[l AND/OR
(B)
1] 4] 1
(E) (c) (E) (c)
8] [ [4] 1] 6] [1] £ 1]
@ & © ¢ @) & Space: linear
6] [11[E] (4] [6] (1] [8] (] 6] [4] [6] [1] Time:
O(exp(m))
O(w* log n)

OR

Linear space,
Time:
O(exp(n))
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CSP - AND/OR search tree

RAEF

A E F

RABE

A B E

B C D[Ry

RABC

A B C

OR

OR

OR

® © ® & © © 6 ¢

®» © ®& ® ©® & 6 ¢

OR
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CSP - AND/OR search tree

RAEF

A E F

RABE

A B E

B C D[Ry

RABC

A B C

OR

OR

OR

® © ® & © © 6B ¢

®» © ®& B ©® ® 6 ¢

OR
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CSP - AND/OR Tree DFS

A B C |Ry B CD|[Re| [A B E|[R A E F R,
000/ 1 000 1] [0o0o0]1 0000
00 1] 1 001 1] [0oil o 00 1] 1 y
010/ 0 010/ 1 010 1 010/ 1
011 1 01 1 0 011 1 011 1 !
1001 1001 1000 100/ 1 !
10 1] 1 101] 0 1 01] 1 1 01] 1 '
110 1 110 1 110 1 110 1
1110 1111 1110 1110
OR ‘°
9 [o] 5[]
OR 9(B) 5(B)
3 [ ap AND node: Combigation operator (prggluct)
OR 3 (c) 1{E) 2 (0 3(E) 3(9) 1(E) 1(0) 2(e)
2] 1l 1R sddeMarginalizatiam operatiori(@ummation) 1Ll ol 2[] ofi]
OR 2(0) 1(®) 1(F) 2@ 1) 2() 2(0) 1(b) 1) 1(® 2(F)
[0] [1] [o] [4] [o] [4] [o] [1] [o] [4] [o] [1]  [o] [4] [o] [4] o] [1] [o] [4] [o] [1]
111001 110111 1110 10 10 11

Fall 2022 103



AND/OR Tree search for COP
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Summary of AND/OR search trees

« Based on a backbone pseudo-tree
« A solution is a subtree

« Each node has a value — cost of the optimal solution to the subproblem
(computed recursively based on the values of the descendants)

 Solving a task = finding the value of the root node

« AND/OR search tree and algorithms are

([Freuder & Quinn85], [Collin, Dechter & Katz91], [Bayardo & Miranker95])
e Space: O(n)
e Time: O(exp(m)), where m is the depth of the pseudo-tree
e« Time: O(exp(w™* logn))
e BFSis time and space O(exp(w* log n)
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From search trees to search
graphs

e Any two nodes that root identical subtrees or subgraphs can be
merged
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From search trees to search
graphs

e Any two nodes that root identical subtrees or subgraphs can be
merged
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Context-based Caching

e Caching is possible when context is the same

e context = parent-separator set in induced pseudo-graph
= current variable +
parents connected to subtree below

context(B) = {A, B}
context(c) = {A,B,C}
context(D) = {D}
context(F) = {F}
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OR

OR

context(A) = {A}

AND/OR Search Graph
®

context(B) = {B,A}

¥
c (A) F context(C) = {C,B}
Y context(D) = {D}
D (B) E @ @ context(E) = {E,A}
Primal graph © ®  context(F) = {F}

Pseudo-tree

Ridudhan dudnduin budnbuds dudodugy
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OR

OR

OR

OR

AND/OR Search Graph
®

c (A)

@ E
Primal graph

F

context(A) = {A}
A context(B) = {B,A}
context(C) = {C,B}
KN context(D) = {D}
@ @ context(E) = {E,A}
®) @) context(F) = {F}

Pseudo-tree
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Context-based caching

® c (n) F
54 D é =
context(C) = {C,B} L
G ~4® Primal graph

@ Y

© ®

!

Cache Table (C)

B C Valu

Space: O(exp(2))
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Imizat

AND/OR Search Graph (Opt

Context minimal AND/OR search graph
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Complexity of AND/OR Graph

« Theorem: Traversing the AND/OR search graph is
time and space exponential in the induced width/
tree-width.

o If applied to the OR graph complexity is time and
space exponential in the path-width.
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Treewidth vs. Pathwidth

\b treewidth = 3

= (max cluster size) - 1

\b pathwidth = 4

@ = (max cluster size) - 1
Fall 2022 @




CSP - AND/OR search tree
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CSP - AND/OR tree dfs
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#CSP
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AND/OR search graph
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All Four Search Spaces

A
B | 0
C 9] 4 9] 4] 9] 4] 9] 4]
D [l [ L4l [ 04 [l Lol [ (4] Dl ¢l [ Lol D4l L4 [ol
E Lol ol e ol tTol T Lo e ol tTel o iTe Lol Tel 1
AN AN A YA A A AT AT A A N AN A VYA A AT A A A A A A A YA YA YA N AW
Fld1d1dAd1d1d1dAd1d1d1d4qd1d {d{d1{AdI{1dAdIdIdIdAdAdI{{d1d]d {d1d1(
Full OR search tree Context minimal OR search graph
126 nodes 28 nodes
OR
OR
OR OR
OR (E) OR
o] [l [é] [A] OR
orR () @) ©) )
Full AND/OR search tree Context minimal AND/OR search graph
54 AND nodes 18 AND nodes
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AND/OR vs. OR dfs algorithms

« AND/OR tree

k = domain size

m = pseudo-tree depth
n = number of variables
w*= induced width
pw*= path width

O(n kw* log n)

(Freuder85; Bayardo95;

e Space: O(n)
e Time: O(n km)
Darwiche01)

« AND/OR graph
e Space:
e Time:

O(n kw*)
O(n kw*)

Fall 2022

OR tree
- Space: O(n)
- Time: O(kn)

OR graph
- Space: O(n kpw*)
- Time: O(n kpw*)



Searching AND/OR graphs

« AO(i): searches depth-first, cache i-context

« i = the max size of a cache table (i.e. number of variables in a context)

i=0 i=w*
>
Space: O(n) Space: O(exp w¥*)
Time: O(exp(w* log n)) Time: O(exp w¥*)
AO(i) time complexity?
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AND/OR branch-and-bound (AOBB)

« Associate each node n with a static heuristic estimate h(n) of v(n)
e h(n) is a lower bound on the value v(n)

e For every node n in the search tree:
e ub(n) — current best solution cost rooted at n

o Ib(n) — lower bound on the minimal cost at n
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Lower/Upper bounds

UB(X)  LB(X) UB(X) = best cost below X (i.e. v(X,0))

N

'v(X,0)

LB(X) = LB(X,1)

[l
/\/\ LB(X,1) = I(X,1) + v(A) + h(C) + LB(B)

v(A) Q Oh© |ge) = 18E0)

x h(B,0) LB(B,0) = h(B,0)

Prune below AND node (B,0) if LB(X) = UB(X)
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Shallow/deep cutoffs

Prune if LB(X) = UB(X) UB(X)
/ LB(X
/ us(x) Q/ (C)
o S LB(X) = h(X,1) N
AR o
A\
Shallow cutoff
©
. . ) _¢
Reminiscent of Minimax shallow/deep cutoffs
Deep cutoff
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Summary of AOBB

 Traverses the AND/OR search tree in a depth-first manner

« Lower bounds computed based on heuristic estimates of nodes at the
frontier of search, as well as the values of nodes already explored

e Prunes the search space as soon as an upper-lower bound violation
occurs
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Heuristics for AND/OR

In the AND/OR search space h(n) can be
computed using any heuristic. We used:

« Static Mini-Bucket heuristics
e Dynamic Mini-Bucket heuristics

e Maintaining FDAC [Larrosa & Schiex03]
(full directional soft arc-consistency)
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Empirical evaluation

o Tasks
« Solving WCSPs
« Finding the MPE in belief networks

e Benchmarks (WCSP)
« Random binary WCSPs
e RLFAP networks (CELARG)
« Bayesian Networks Repository

o Algorithms
« s-AOMB(i), d-AOMB(i), AOMFDAC
« s-BBMB(i), d-BBMB(i), BBMFDAC
o Static variable ordering (dfs traversal of the pseudo-tree)
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Random binary wcsps

(Marinescu and Dechter, 2005)

S-AOMB vs S-BBMB D-AOMB vs D-BBMB

(20,5,100,0.7) w*=12, h=15 (20,5,100,0.7) w*=12, h=15
200 200

180 A
180 +

160 +

140 - 190

120 140 -
100 A
120 A
80 -

time (sec)
time (sec)

60 1 100 -

40 80 -

20 A

. —e— s-AOMB(i) 60 —e— d-AOMB(i)
1 —o- s-BBMB(j) —0O-- d-BBMB(j)
T T T T T T T 40 T T T T T T T
1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
i-bound i-bound

Random networks with n=20 (number of variables), d=5 (domain size), c=100
(number of constraints), t=70% (tightness). Time limit 180 seconds.

AOQO search is superior to OR search
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Random binary wcsps (contd.)

dense

(20,5,100,0.7) w*=12, h=15

180

160 -

140 -

120 A

1981 —e— s-AOMB(i)

d-AOMB())
AOMFDAC

80 A
—v—

time (sec)

60

40 -

20 A

i-bound

n=20 (variables), d=5 (domain size),
c=100 (constraints), t=70% (tightness)

sparse

. (50,5,80,0.7) w*=12, h=15

15 4

o 107 —e— s-AOMBY()
2 d-AOMB()
o —v - AOMFDAC
£
= ;]
b, S AT | ==t el B D T e 5.
0 To———
1 2 3 4 5 6 7 8 0

i-bound

n=50 (variables), d=5 (domain size),
c=80 (constraints), t=70% (tightness)

AOMB for large i i etitive with AOMFDAC -



Resource allocation

Radio Link Frequency Assignment Problem (RLFAP)

1.98
981.98
1,138.87
4,028.59

47,115.40

CELARG6 sub-instances

AOMFDAC is superior to ORMFDAC
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Bayesian networks repository

Time limit 600 seconds

available at http://www.cs.huji.ac.il/labs/compbio/Repository

Static AO is betterraNitbRaccurate heuristic (large i) 133



Outline

e Introduction
o Optimization tasks for graphical models
» Solving optimization problems with inference and search

o Inference
e Bucket elimination, dynamic programming
« Mini-bucket elimination

« Search
« Branch and bound and best-first
« Lower-bounding heuristics
« AND/OR search spaces
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